: ., ™ |

Sy S o

swnner —Through 2 draw DQ parslisel to NB, meeting A5

in Q. Mkmmdqylpdm“ﬁmlhr,ud.

- . AB AN NP/_PB _PA
we evidently 8@1@'3'1’;@ GQTaEa FEE N
HBx DG
gg-g" from similar triaragles 3 thus 6Q= =77 = what
the author calls mean, a-ad consequently AQ or meand- AG =
divisov. Thus finally, PB= I XABY

what the author calls \eitvrsor. Lhus finally, Fffe=—"yr==

mnxhasb; and PA = GAxAB from (1) =
fiom (1) =" Frioe AQ &
spposite link X base  § gain, from (1) f)'; -j-g, whence NP

gt ¢base NA NP
icular ;£ Dase L

thor gl 5,1ty 3435, vhon 24
i DA,:(GNP , and sipalarly for NB.]

901. Rul~ When the diameter of a circle’ is mul-
2yligd +, three thousand nine hundred and twenty-
seven and divided by twelve hundred and fifty, the
quotient is the near® circumference : or multiplied by
twenty-two and divided by seven, it is the gross circum-
ference adapted to practice’,

”~

'To deduce the circumference of o circle from its dinmeter, aud the
dinmeter from tha circumference.—Gan. 3 -

* Viitta, vartula, a oircle, Vydsa, vishkambha, vistriti, vistdra, the
breadth or dinmeter of u eirele. Puridhi, parindha, vritti, nemi (and other
| synonyms of the felloe of a wheel), the circumference of n circle. |

* Sikehma, delicato or fine, nearly precise ; contrasted with sthila, groas,
or somewhat less exact, but sufficient for common purposes.—Gang. and Str,

Bralimagupta puts the ratio of the circumference to the dinmeter as three
to one for the gross value, and takes the square root'of ten times the square

.:ﬁpﬁ-?-mﬂwmamt mm%mh See Brahmg, X1,
. [This s more rough even i for \J10==8:1622..., and ¥ ==
bidsesi—Boy} - 0 i Y.

*4As the dinmeter increases or diminishes, so does the circumference in.
srease or diminish : therefore to find the one from the other, make propor-
Ao he & known circle is to the known circumfergnce, 50 is

-

5
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m-m(mw that if the measure of the di
meter of a circle be 1250, the side of a regalar polyge
of 384 sides inseribed in s circle will varynen.rly&!
(more mtelyttwﬂlba-‘\/-ﬁmx = 3926625 .

This shows the degree of lppmmahan of the ﬁ'lothn m
to the value of =. Converting the fraction into a decimal w
get 31416, the true value of = being 514159, . . ]

©202. Example. Where the mésure of the diame

_ference: and where the circumfe pence is twenty-
ﬁnd the diameter.

" ter is seven, friend, tell the mes.mm of the clrc:%

Statement : diameter 7.

| Answer : circumference 213§fs or hedt
ference 22, i s v,
Statement : circumference 22.
~ Reversing multiplier and divisor, ‘Le diamete
comes out 7ohdy ; or gross dinmeter 7.

gironmferenoce is to the diameter, 5o is the given circumference to the diame
ter sought.

Further, the semi-diameter is equal to the side of & regular hexagon with
in the circle, us will be shown. ?mthuthed&eofamhrw
may be found in this manner :—the semi-dinmeter
being hypotenuse, and half the side of the Loxagon,
the side, the square root of the difference of their
squares in the upright : subtracting which from the
semi-diameter, the remainder is the arrow (or height
of the arc). Again, this arrow beifg the upright
and half the side of the hexagon, a side, the square
root of the sum of their equares is the side of the n. From this
in like manner, may be found the side of a polygon of 24 : and soon
doubling the number of sides in the polygon, until the side be near to th

. arc. The sum of sach sides will be the circumforence of the circle mearly

n-.a-mm:mm&eqw the ward /578
and that of & polygon of maummﬂuu':n. n::-m

mmmumw.ﬁﬂ I Soy aquard of the <

mmmuhml {u‘s‘* nre

- - ..:" —‘_'_' L“.':
vi
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203, Rule. Ina cirele, a quarter of thedinmem
multiplied by the ecircumference is the area. That
multiplied by four' is the net all around the ball.?
This content of the surface of the sphere, mulﬁpliad i
by the diameter and divided by six, is the precise solid,
termed cubie, content within the sphere.*

[This rule gives the well-known expressions for the area of &
sircle, and the surface and volume of a sphere. Ganesa gives

! Or rejecting equal mnltiplier snd divieor, the circumference multipliod
by the diameter is the surfscc.~-Gan.

* Priehtha-phala, superficial content: compared to the net formed by the
string with which oloth is tied to make & playing ball, Ghana-phala, solid
coutent: compared to ncube, aud denominated from it, cabie,

* Dividing the circle into two equal
parts, cut the content of each into
any number of equal angular spaces, W
and expsnd it so that the cironmfer- &m
enoce may become o straight line asin U
the adjoining figure. Then lot the
two portions approach so that the angdlar spaces of the one may enter inte
the similar intermediate vacant spaces of the other, as in the figure, thus con-
stituting an oblong, of which the semi-diameter is .

one side, and half the ciroumference the other, The
product of their multiplication is the area. Half by

half is a quarter. Therefore a guarter of the diameter ultiplied
cirdumference is the area,—Gan. % Wﬁ‘

See in mmmyaummmm&.“mma
the rule, that the surface of a sphers is four times the area of a great cirolo,
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interesting but rongh demonstrations in the case of the area
of a circle and the volume of a sphere, and refers to the
Golddhyiya for the case of the surface of a sphere. See fool- -
note.]

204. Example. Intelligent friend, if thou know well
the spotless Lildvati, say what the area of a circle
is, the diameter of which is measured by seven : and
the surface of a globe, or area like a net upon a ball,
the diameter being seven: and the solid content with-
in the same sphere.

Statement : diameter 7.

Answer: area of the.circle, 382428. Superficial con-
tent of the sphere, 153}}%8. Solid content of the
sphere, 17934835. .

205—206. Rule: astanza and ahalf. The square
of the diameter being multiplied by three thousand
nine hundred and twenty-seven, and divided by five
thousand, the quotient is the nearly precise area ; or
multiplied by eleven and divided by fourteen, it is the
gross area adapted to common practice. Half the.
cube of the diameter, with its twenty-first part added
to it, is the solid content of the sphere.

The area of the circle, nearly precise, comes out as

before 382448, or gross area 38%. Grosssolid content
1793.

[ The area of a circle = Iard', d being the diameter

3927 - 8927
iIiiiBﬁ“ 50007
or more roughly -—gg—d’ = -}id’
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Again, the volume of a sphere -% ™ %’, d being the diameter

| E d' (1 + 5 ) : .,' '

Thus the reasons for the rules are obvious. ] . |

206-—207. Rule' : a stanza and a half. The sam’
and difference of the chord and diameter being multi-
plied together, and the square root of the produet
being subtracted from the diameter, half the remain-
der is the arrow.” The diameter less the arrow being
multiplied by the arrow, twice the square root of the
product is the chord. The square of half'the chord
being divided by the arrow, the quotient added to the
arrow is pronounced to be the diameter of the circle.

[By the word arrow is meant the height of the arc.

Stryadisa gives the following proof of the formula for the
arrow.

Let AB be the chord, CD), the arrow,
and O the centre., Join B0, and produce.
"It to meet the circumference in £, Draw -
the chord E'GF perpendicular to the

diameter DH. Join BF.

Then CD = =} (DH—CG)=% (DH—BF)
=} (DH— v BE*—EF?) =} (DH—+DH*—AB%),

whence the rule.

1 In aecircle cut by a right line, to find the chord, arrow, &e. ; that is, either
g &Mhm. erthodinuiu being unknown, and the other two
| “mhm i m hdpa). The right
'A ﬁﬁtthM( chépa

~ line be u. like the string of & bow ummmm
»m Jine between them is the m(m,mbum

f ﬂfﬂl mqtuaT«-ﬂmnﬂMz"

'“'i 2



e

Y # -
b L o |

R s (120 ) .
Again, CH. CD= AC* (Euclid T1L. 85)
~AB=24C=3,/CH. CD. |
P, _
Also 0 = CH;

: AC?
2 DH=%0 4 CD.]

208. .Example. In a circle of whicli the diameter
is ten, the chord being measured by six, say friend
what the arrow is : and from the arrow tell the chord :
and from chord and arrow, the diameter,

Statement : diameter 10, When the chord is 6, the -
length of the arrow comes out 1.

Or, the arrow being 1, the chord is found 6. Or
from the chord and arrow the diameter is deduced 10.

209—211. Rule:' three stanzas. By 103928,
84858, 70534, 60000, 52055, 45922, and 41031,
multiply the diameter of a circle, and divide the re-
spective products by 120000; the quotients are sever-
ally, in their order, the sides of polygons from the
triangle to the enneagon (inscribed) within the circle.”

-

' To find the gides of regular inscribed polygons.—Gan. and Bdr,
* Describe a circle with any radius at plensure, divide the ciroumference

into three equal parts and mark the points; A
and with these points (4, B, res and
mmeu:ndm, mt‘lmmu?um a\\
w.ich will be equal in circumferends to the "\A""'
first oirole ; and it is thus menifost thot the  \/ /) \

is half a diameter. A o

The side of an equilatersl triangle (inseribed) ina circleis the upright ,
the dismeter is hypotenueo and the side of the hexagon is side of & right-
epce of the squares of the semi-dismeter and dinmeter is the side of the (in.
;d:bodum) equilateral trisngle: vis, for the proposed diameter (120000),
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[In this rule the author gives the fractions by which the
diameter of a ecircle is to be severally mnultiplied, in order to
get the sides of inscribed regular figures from the triangle to the
enneagon. Ganesa shows by a purely geometrical method how
the fractions are arrived at, in the case of the triangle, the square,
the hexagon, and the octagon ; and remarks that a similar proof
cannot be given in the case of the pentagon, the heptagon and
the enneagon. See foot-note. Suryadisa tries to supply the
proofs in these cases, but his attempt is a failure ; for the proofs he
gives are not at all rigid and satisfactory, and it is not worth
while to give them in the foot-note, as Colebrooke does. By the
help of trigonometrical tables, proofs in all the cases may be
given in a general manner as follows :—

Let a denote the side of a regular polygon of » sides inscribed
in a circle of radius ». Then a=2r sinﬁ (see Todhunter’s

Trigonometry, Art. 255). Hence, side offifiscribed equilateral tri-

angle = 2r sin 60° =2 Y2 2,-1'7322508'" = 2r x "8660254...
Now the fraction }$§§§8="866025 ; thus the approximation is
very close. ’ i

The side of the inscribed square = 2r sin i—-ﬁr-‘{—g- 2r X

7071067.... |
Now the fraction i = 7071083 ;" thus the fraction is a
little too large. ;

The side of a square is hypotenuse, and the
semi-diameter is upright and side, Where-
fore the square root of twice the square of the
semi.diameter is the side of the (in )
Square: viz, for the diameter assumed, 84858,

L ;!he-lkko! the mluoohm (mﬂu figure) is hypotenuse, half the
“dﬂnth upright, and tius difference between that and the semi-
Mbﬁoﬁkz Wherefore the square root of the sum of the squares
of lﬂtlﬁo side of the aquare and the semi-diameter less half the side of the
square is the *lﬂfﬂli(w regular octagon : vis., for the diameter
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The side of the inscribed pentagon = 2» sin 36° = 2r X *587785;
from a table of natural sines. Now the fraction 1%%3%% =
“587783 ; thus the fraction iz a little too small.

The side of the inseribed hexagon is equal to the radius.

The side of the inscribed heptagon=2r sin (25° 42" 5)°
nearly =27 x *4338819 from the tables and the theory of pro
portional parts. Now the fraction 53985 = 4337916 ; thus th
fraction is a little too small.

The side of the inscribed octagon = 2r sin 224 = 2 x 382683
from the tables. Now the fraction (45%%% = 382683 ; thus th
approximation is very close.

The side of the inscribed nonagon = 27 sin 20° = 2rx 342020
from the tables. Now the fraction 4% %% ="841925; thus the
fraction is a little too small.

In the appendix to the Golddhydya, ealled Jyotpatti, Bhiskars
has given an elaborate method of constructing the sines o
various angles, adopting the old definition of the sine. (Sec
Todhunter’s Trigonometry, Art, 71.) The values deduced by
his method closely approximate the values given in our modern
tables, there being slight discrepancies in some cases, which
account for the discrepancies noticed above between the values
of the sides of some of the inscribed regular polygons as given
in the text, and their values as calculated from the tables. . A
table of sines and versed sines of certain angles in arithmetical
progression isalso given in the Sdérya-siddhdnta, 1L 15—27, the
values there stated being less accuraté than those deducible from
Bhéskara’s method. See Surya-siddhdnta, Baph Deva Séstri’s
translation, II. 16, foot-note. The decimal notation is vowhere
used either by Bhé.skara or in the Sirya-siddhdnta. See note
to § 138.

213. -Enmple Within a cirele of which the dia-
meter is two thousand, tell me severally the sides of

the inseribed ethtmﬂ triangle and other polygm.

Statement : diameter 2000. -

Answer : side of the triangle, 17&2,15, of thetem-
gon, 141433 ; of the pentagon, 1175} ; of the hexa-



ron, 1000 ; of the heptagon, 8675 ; of the octagon,
7651%; of the nonagon, 68317.

From variously assumed diameters, other chords are
deducible, as will be shown by us under the head of
construetion of sines (Jyofpatti) in the treatise on
Spheries.

[See Golddhydya, appendix, Wilkinson’s translation.]

The following rule teaches a short method of find-
ing the gross chords.

213. Rule. The circumference less the arc being
multiplied by the are, the product is termed first.
From the quarter of the square of the circumference
multiplied by five, subtract that first product, and by
the remainder divide the first product taken into four
times the diameter. The quotient will be the chord.

( 123 ) &

[This rule, as the author himself observes, gives a method -

of finding approximately the chords of givem ares of a cirele.
The commentators give an unsatisfactory and almost fanciful
demonstration of the rule. The nature of the approximation
may be shown thus :—

Let AB be the given arc whose chord
istobe found. Draw the diameter BOC, AL 3B
and join AC, AO., Let 6 denote the
angle AOC, rthe radins, and e the cir- g
cumference of the circle. Then the value

of the chord AB as given by the rule
arc ACB x arc AB x 8r
{-oi--arc A(’meAB
8r )’ = (arc CA)? 2r (427 —40%)
¥+ (arc CAP -~ 408

%\ ' _';Mm,;dya, ﬁut(prodnctj
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-2,- ( 1- __..,), neglecting powers of Ig'b*yond the second

The accurate value of the chord AB =2y cosg

+&c. ). Taking = =42, the valne of the fraction %5 will be

found to be very slightly greater than }. This shows the nature
of the approximation. It is worthy of notice that the rule
gives the exact value of the chord when the arc is a sixth part
of the circumference. The rule appears to have been obtained
empirically after repeated trials. ]

214. Example. Where the semi-diameter is a hun-
dred and twenty, and the arc of the circle is measured
by an eighteenth multiplied by one and so forth (up to
nine'), tell quickly the chords of those ares.

Statement : diameter 240.

Here the circumference is 754 (nearly).

Arcs being taken which are multiples of an eight-
eenth of the circumference, the (corresponding) chords
are to be sought.

Or for the sake of facility, abridging both circaum-
ference and arcs by the eighteenth part of the circum-
ference, the same chords are found. Thus, circum-
ference, 18 ;arcs, 1,2, 3,4, 5,6,7, 8,9, Proceeding
as directed, the chords come out 42, 82, 120, 154, 184,
208, 226, 236, 240.

In like manner, with other diameters (chords of as-.

signed arcs may be found).’
[We can easily test the accaracy of the values of the chords
given above by calculating their actual values from a table of

- g (1-2'.

"1 Up to nine, or half the number of arcs ; for the chords of the eighth and
tenth will be the mudmwﬂlthmotmuvmthudohvuﬁ,gd
g0 forth.—Gaz. ! '
* Gang. &o.
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mmnlnhes. Itwillhafomdtbatthenlmglmmh
some cases less, and in others greater than the true values.] <
215. Rule! The square of the circumference is
| multlphed by a quarter of the chord and by five, and
ivided by the chord added to four times the diameter ; -
the quotient being subtracted from a quarter of the
square of the circumference, the square Yoot of the re-
mainder, taken from half the circumference, will leave
the arc. :
[This rule is derived {rom the preceding one. Denoting the
arc AB (see figure in the note to §213) by 2, we get AB=
Fgfr(c(: a'.);z (§ 213), whence &*~ca 4 i ?SAf A.CB) =0 ;

5AB ¢
_3-1/{4 4(8r+AB)} the upper sign bemgta.ken,

as z is supposed to be less than the semi-circumference. Hence
the reason for the rule is obvious,

The following empirical and approximate rule for finding
the arc is cited by Ganesa from abhatta :—8Six times the
square of the arrow being added to the square of the chord, the
square root of the sum is the arc. If 20 denote the angle sub-
tended by the arc at the centre, and » the radias, the expres-

sion for the arc as given by the rule
= 4/{4+* sin*0 4 6+* (1—cos 6)*}
=1r4/{10+2 cos® 6 - 12 cos 6}

mry 1042 1-Gbo =12 1=+ )}

=7 . 20, (neglecting higher powers of 8), which is the true va.lno'
~ of the arc. This shows the nature of the approximation i
volved in the rule. Inthe case of the semi-circle, the rule gi 4

for the length of the arc the expression 4/10 #, so thstthevalne

d‘rumwbeﬂ:[

216, - Example. From the chords which have been
here foﬂ nd, now tell the length of the a.rca,lﬂmatho-

111 AR B \hmmmmm&adﬁm | »

\

-
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mnhcnn,thonhnwshllmcoﬂp the relation of
" arc and chord.

Statement : chords, 42, 82, 1"0‘ 154, 184, 208, 226,
236, 240. '

Circumference abridged 18. The arcs thence found
are, 1, 2, 3,4, 5,6,7,8, 9. They must be multiplied
by the eighteenth part of the circumference.’

~ [Bhéskara has given no rule for finding the area of a bow
{or segment of a circle. Ganesa cites in his commentary two
rules for this purpose, which are practically the same. One of
them, due to his father Kesava, is as follows : — The arrow
being multiplied by half the sum of the chord and arrow,
and a twentieth part of the product being added, the sum
is the avea of the segment. The other rule due to Sridhara
is as follows : — The square of the arrow multiplied by the
square of half the sum of the chord and arrow, being mul-
tiplied by ten and divided by nine, the square root of the pro-
duct is the area of the bow. Since the fraction 3 is very

nearly equal to the fraction —"—%!-Q, we see that these two ruies

are practically the same. They both appear to be empirical and
give very rough results, as may be readily seen by applying
them to one or two particular cases. Thus, taking the first rule
and applying it to the case when the segment is a semi-circle,

32 b
50 3 the true area bemg—i

'—g, » denoting the radius ; so that in this case the value of »
is taken to be $3, which is greater than the true valne.

memmmmmwmmk

¢ ¢, gaja-danta or clephant's tusk, which may be treated as a triangle ao-
cording to Sridhara ; ddlendu or crescent, which may be considered as eom.
posed of two trhnglos, socording to the same author ; yava or barloycorn,
mmhsMummdwoMurMMao-a
- cordi 7 to Gangfidhara ; nemi or felloe; vgjra or thunderbolt, treated asa
'qmmm'ﬁhtwobommrdhgtoﬂnngﬁhm nﬁhoromph '
Mdamorgmtdnn nd.nnldil-l. \1

we get for the area, the expression

% §



s e
L T ““ ‘i "‘",_J 4 LI
"u ¥, !“1 ? - &

o0 187 )
| |

¢ho same rule to the case when the are of the seg-

{rant, we get for the area, the expression %—3— ’—z,

(= -42)"; so that in this case the value of

m to be £}, which is less than the true value. Ganesa

. gives the accurate method of finding the area of the

snt, namely, by subtracting :he area of the triangle formed

ae radii and the chord of the segment from the area of the
or. The same rule is also given in the Manoranjana. |

sa being

e -

——
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CHAPTER VII'
EXCAVATIOINS' AND CONTENTS OF SOLl.

217—218. Rule’: a couplet and a half. Tnﬁi
the breadth in several places,® let the snm of the mm
sures be divided by the number of places : the
tient is the mean measure, So likewise with the ]
and depth.* The area of the plane figure, mult
by the depth, will be the number of solid cublta '
tained in the excavation. ‘

[The rule is very rough, giving a result much smaller
the true one. It is curious that such a rongh rule was
when fhe author intended to lay down the correct rule lmm
diately afterwards (§221). The tank contemplated is no dot
an ordinary one with slant sides, and we need not take
measurements in several places ; the length and breadth of
- mouth and bottom, and the depth of the bottom from the
being sufficient for finding the volume accurately. See 5221‘

219—220. Example : two stanzas. Where tl
length of the cavity, owing to the slant of the .sidt

\ Xhdta-vyavahkdra, mmmmu excavations,
stacks of bricks and the like, thirdly of sawing of timber, and
‘stores of grain, in as many distinot chapters,
* For measuring an excavation, the sides of whhhmw
* Vistdra, breadth ; dairghya, length ; bedha, depbh. m.nqi
tion ; sama-khdta, o cavity in the form of a
oylinder, &c.; vishama-khita, um&hﬂnhﬁ an ir --‘- j
wiiohi-khita, an acute one, & pyramid or cone, m mesn mea
‘the content of the excavation. 1
‘ﬂahmhﬂdbﬂudhlmhmhﬂh tent.-




| “1"5&‘.?“‘”‘1' s N

!!.!Q)

is mmuoy un, eleven and twelve cnb:jn in 'tﬁtu
several places, its breadth by six, five and seven, and
its depth by two, four and three : tell me, fnend, how
many solid cubits are contained in that excavation,

Statement* lengths, 12 11 10;

breadths, 7 5 6;

depths, 3 4 2.
Here finding the mean measure, the breadth is 6 cubits,
the length 11, and the depth 3. The number of solid
cubits is found, 198.

221. Rule': a couplet and a half. The agegmgnu
of the areas at the top and at the bottom, and of that
resulting from the sum (of the sides of the summit
and base), being divided by six, the quotient is the
mean area : that multiplied by the depth is the neat*

content.* A third part of the content of the regalar

equal solid is the content of the acute one.* )

[This rale gives the exact volume. The tank oontemphﬂ#q
an ordinary one with uniformly elanting sides, Let JLBGﬂ b
. the mouth of the tank, and EFGH its base, both being supp

reotangular, Suppose the mouth of the tapk to be cmmmd
a plane. Draw perpendiculars on this plane from Z, F, a4, }

il

and from the feet of these porpendiculars, draw perpendicalars

' T'o find the content of & prism, pyramid, oylinder and coue.

'%mm the result of thepreudin;mln. which gave s gross or

'Hﬂ!ﬂunuol the breadths nt the mouth nnd bottom is the menn

hm ndhu&emdmhngﬁlum mouth aud bottom is the
wmm ﬁ&pmbﬁemummamunk (Four
Whﬁnrdmdmﬂﬁphﬂhﬁmm This, added

he are w&mﬂmhmnhm in six times

sl ;__-uhmmumzm-mmv
yer befo the 0/ i wheres

!

.‘
2!
4
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“on AB, BC, CD, DA, as in the ﬁgnra Let AD =a, AB=10,
FH=¢, EF=d, and z=vertical |

depth of the tank. Then it will 4 : ' D
be easily seen that the tank is

divided into a rectangular paral- 3 |4

lelopiped whose volume is edz ; F G
four triangular prisms, fwo and | i -

two being equal, the united volume
being 1z {(a—c) d + (b—d)c} ; and four equal pyramids on
square bases, one at each cormer, the umited volume being
32 (a—c¢) (b—d). Hence the volume of the tank

=z {ed+} (a—c)d + } (b—d) e+3 (a=—¢) (b—d)}
=: % ¢{ab + cd +(a +¢) (b+d)}.

The last expression stated in words leads to the rule. The last
part of the rule relating to the volumes of pyramids and cones

is well known. Ganesa and Stryadasa give curious demonstra-
tions of the rule. See the foot-notes.]

222. Example. Tell the quantity of the excava-
tion in a tank, of which the length and breadth are
equal to twelve and ten cubits at its mouth, and half
as much at the bottom, and of which the depth, friend,
is seven cubits,

Statement : length 12; breadth 10; depth 7. The
area at the mouth is 120 ; at the bottom 30 ; reekoned
by the sum of the sides 270 Total 420. Mean aren
70. Solid content 490.

223. Example. In a quadrangular excavation, the
side being equal to twelve cabits, what is the content,
if the depth be measured by nine? and in a round one,
- ot which the diameter is ten and depth five ? and tell
me separately, friend, the content of both acute solids.

Statement of quadrangular tank : side 12 ; depth 9.

Proceeding as dnrected the solid content eoma out
. TR . .l
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1296. The content of the acute solid (quadrangular
pyramid) is 432.

Statement of round tank : diameter 10 ; depth 5.
The content nearly exact is 2927 ; of the acute solid
(cone), 1§82, Or gross content of the cylindrical
tank is 2759 ; of the cone, 25§2.

[The value of = is taken to be $§3§. (See §201).]



CHAPTER VIIIL
STACKS.

224-—225. Rule’: a stanza and a half. The area
of the plane figure (or base) of the stack,” multiplied
by the height,* will be the solid content. The content
of the whole pile; being divided by that of one brick,
the number of bricks is found. The height of the
stack, being divided by that of one brick, gives the
number of layers.® So likewise with piles of stones.

[The stack is supposed to be in the form of a rectangular
parallelopiped, and the reason for the rule is obvious. Buricks
are, however, ugsually arranged in a pile so as to form a frustumn
of a guadrangular pyramid. ]

226—227. Example : two stanzas. The bricks of
a pile being eighteen fingers long, twelve broad and
three high, and the stack being five cubits broad, eight
long and three high, say what the solid content of the

pile 14 ; aud what the number of bricks, and how
many the layers.

' Chiti- vymMm

?To find the solid content of a.pﬂoof bricks, or of ltonenorotherth.lnu

of uniform dimensions: also the number of bricks md of strata mhlnd
in the stack. \

~ 8 Chiti, a pile or stack. A | \ \
* Uohchhrdya, uchehhriti, auchohya, height. oS\ o
‘&tm,hnrwmtnm. .
» .._‘I" . \ :.'. \ - ..> P L] 3 LY . ‘ -l_ : -Lh-
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Statement: length of4 pile, 8 ; breadth, 5 ; height, 3. \
Bricks, § by 4 by §. 3
Answer. Solid coitent of the brick, % ; of the :
stack, 120. Numberr of bricks, 2560. Number of
layers, 24. .
So likewise in the case of a plle of stones.

.
- -
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CHAPTER IX.
SAW.?

228. Raule: two half stanzas.* Half the sum of
the thickness at both extremities, multiplied by the
length in fingers, and the product again multiplied by
the number of sections of the timber, and divided by

five hundred and seventy-six,’ will be the measure in
cubits.

[The faces of the timber to which 4
the sections are parallel, are supposed
to be trapeziums, and the ends are sup-
posed to be rectangular. Let ABCD
represent one of the sections. Then its C
area=4} (AB 4 CD) x perpendicular B

distance between AB and CD=4 (AB+CD) X AD, nearly.
The object of the reckoning is to settle the sawyer’s charge
which is at a certain rate for each square cubit along which the
sawing is made. Hence the above area must be multiplied by

the number of sections to get the total area for wlnch the charge
is to be reckoned. ]

229. Exawmple. Tell me quickly, friend, what the
reckoning will be in cubits, for a timber the thickness

' Krakacha-vyavahdra, determination of the reckoning concerning the
saw (krakacha) or iron instrument with a jagged edge for cutting wood.—
Bir.

* The concluding half of one stanza begun in the preceding rule (§ 225),
and the first hulf of another stanza of like metre completed in ﬁuhﬁﬂw
ing rule (§ 230), ; %

*To reduce superficial fingers to superficial cubits, i XA

. A .
el Al o, N " . , T
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of which is twenty fingers at the root, and sixteen
fingers at the tip, and the length a hundred fingers,
and which is eut by four sections,

Statement : length 100 ; thicknesses 20 and 16,
Number of sections, 4. -

Half the sum of the thicknesses at the two extre-
mities, 18, multiplied by the length, makes 1800; this
multiplied by the number of sections, gives 7200 ;
divided by 576, gives the quotient in cubits, 2%,

230. Rale: half a stanza. But when the wood is
cut across, the superficial measure is found by the
multiplication of the thickness and breadth, in the
mode above mentioned.?

[The reason for the rule is obvious.]

231. Maxim, The price for the stack of bricks
or the pile of stones, or for excavation and sawing,
is settled by the agreement of the workman, accord-
ing to the softness or hardness of the materials.®

232. Example. Tell me what the superficial
measure in cubits will be, for nine eross sections of ‘g
timber, of which the breadth is t.!nrty two ﬁngers,
and thickness sixteen,

Statement : breadth 32 ; thickness 16. Number of
sections, 9.
Answer : 8 superficial cubits,

[The timber is supposed to be in the form of a rectangu]ar
paralleloplped]

‘ ' If the breadth be anequal, the mean breadth must be taken.—Gan, and
fir, i . )

* This ll;lovellod at certain preceding writers who have given rules for
mmmumumabhs\hqnoudby(‘mm and as
Brahmagupta (XII, 49); particularly in the instance of sawyer's work.by
mgmﬁdmbfum;mhodmuma the timber, ‘

|
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CHAPTER X..
MOUND' OF GRAIN.

- 233. Rule. The tenth part of the circumference
is eqnn.l to the depth (helght’) in the case of coarse

. gram the eleventh part, in that of ﬁne ; and the ninth,

in the instance of bearded corn.’ A sixth of the
circumference being squared and multiplied by the
depth (height), the product will be the solid cubits :*
and they are khdris of Magadha.'

! Rdsi-eyavalidra, determination of a monnd (of grain).

* Bedha, depth. Here it i the height in the middle from the ground tc
the summit of the mound.—Sdr,
© * dnu, sikshma-dhinya, fine grain, as mustard seed, &o.—~Gan. As Paspa~
lum Kora, &o.-~Mano, As wheat, &o.—Sir,
" dnanv, sthila-dhdnya, conrse grain, as chiches (cicer arietinum).—Gau,
aud Sdr. As wheat, &o—Mono. Barlpy, &c.—Chaturveda on Dnhm.

Stkin, sika-dhdnya, bearded corn, as rice, &o.

"I'he coarser the grain, the higher the mound, Theruleis founded on M
und experienvé ; and for other sorts of grain, otherp:apgrﬂnu who
as 9} or 10} or 12 times the height, equal to the circumferen 4
Siir, The rule is taken from Brahmagupta, XI1I, 50, . sk § -
~ *This is & rough caloulation, in which the diameter in taken at w
of the circnmference. ﬁemﬂlwmﬂmm W
by taking & more neatly correot proportion the circumference and

 dismeter,—Gan, ' &
~ % 8ee § 7. The proportion dﬂuﬂdﬂwu&uwmwmm\
ince to the molid enbit being detormined, a rule may be readily formed for
computing the number of such measures i a conical mound of grain. 1
Ganesa socordingly delivers rules by him devised for the Ad»$ of Nandi
grama and for that of Devagiri : * the circumference mensured by the human
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| [Tham&lismpposodtobenonknl,ﬂmhmghtb&ngw
i . The circumference of the base being given, the
will of course depend on the vertical angle of the cone,
The rule is very rough, the value of = being taken equal to 3,
as Ganesa remarks.
Let » denote the radius of the bnse, and 4 the height. Then the
(2xr)* A (Gi!'ﬂﬂl‘bﬂnn 2

wolume of the mound = § = r*h= 3=+ % 7 a8
supposing = =3.] :
284. Example. Mathematician, tell me quickly
how many khdris are contaived in a mound of coarse
grain standing on even ground, the cireumference of
which (mound) measures sixty cubits ; and lepnute!j'
sny how many (are there) in a like mound of fine
grain and in one of bearded corn.
. Statement : circumference 60 ; height 6.

" Answer : 600 khdris of coarse grain. But of fine

grain, the height is §¢, and quantity thence deduoed,
4900 So, of bearded corn, the height is 42, and
quantity £900 khdris.

Lhass Rule. In the case of & mound piled againd; :

e side of a wall, or against the inside or outside of a
corner of it, the product is to be sought with the cir-
cumference multiplied by two, four, and one and a
third ; and is to be divided by its own multiplier.’

mhhmabnbMMﬁnthq
Muﬁhhlﬂmﬁq Nandigrima, lit. the town or village of

’E
]
E
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[The reason for the rule is clear l; from the foot-note., Th
circumferences that are supposed to be given in the three case:
are respectively half, one-fourth, and three-fourths of that o
the hase of the complete conical mound. | i

236—237. Example : two stanzas, Tell me
promptly, friend, the number of solid cubits contained
in a mound of grain, which rests against the side of
a wall, and the circumference of which measures thirty
cubits ; and that contained in one piled in the inner
corner and measuring fifteen cubits ; as also in one
raised against the outer corner and measuring nine
times five cubits.

Statement : ({ ‘\3_0/ k’_
' ¢ )

Twice the first mentioned circumference is 60. Fow
times the next is 60. The last multiplied by one an¢
a third is likewise 60. With these the product is alike
600. This being divided by the respective multi-
pliers, gives the several answers,' 300, 150 and 450.

! For conrse grain : but the product is 2222 for fine, and 2009 for beardec

corn ; and the answers are °{§°, 1200, 2800, gpd 2000, 1600 2599 _QGan
&e.




!r‘ CHAPTER XI.
| SHADOW! OF A GNOMON.

238. Rule.! The number five hundred and seventy-
'six being divided by the difference of the squares
‘of the differences of both shadows and of the two
:hypotenuses, and the quotient being added to one,
the difference of the hypotenuses is multiplied by the
'square root of that sum ; and the product being add-
ed to, and subtracted from, the difference of the sha-
' dows, the moieties of the sum and difference are the
~ shadows. '

[The translation of the last sentence is not quite correct. It
- should be, “ and the difference of the shadows being added to and
- subtracted from the product, the moieties, &e.”

The rule, as the author hints in the éxample which iollm
(§239), is founded on the algebraic solution of a quadratic
equation. Ganesa gives it at length after the manmer of the
anthor’s Vija-ganita. It is however very long and not at all

2 Chhdyd -vyavakdra, determination of shadow ; that is measurement by
means of & gnomon,

s The difference of the shadows and difference of the hypotenuses being
given, to find the length of the shadows and hypotenuses.—Sir.

This rule is the first in the chapter, according to all the commentators

o:up!{ﬂiquin. who begins with the next, §240, and places this after

§244.
ﬂyd bid, prabhd, shadow.
i, NATE, a goomon, usually 12 fingers long.
~ Karna, use of the triangle, of which the gnomon is the perpendi-

b uhf,mmd‘nwmm

: ' . .:'\._:",g-
: & & | & e, .2 : b A |
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aea.r md so it has not been given in the\fooﬂma. Tho r,
- may be demonstrated after the manner of1 modern algehra
~ follows :—
~ Let ABC be a triangle, and AD perpen-
dicalar to BC. Then BD, DC are called
the shadows of the sanku or gnomon AJ),
which is supposed to be 12 fingers long ;
BD, D being supposed to be the shadows . |
on a horizontal plane of the gnomon AD, B © D %@ (
produced either by sunlight at two different hours of the day
or by artificial light. The object of the rule is to find thesc
shadows, the difference of AC, AB, and of CD, DB bemg
" supposed known.
Let B)=a, DCe=x 4 a, AB=y, AC=y + b, @and b belng
known, and the measurements being in ﬁngers.
_ Then y*—a® = (y +b)f—(2 +a) =

> b b’ )

whence by squaring and substituting «*+ 144 for 3°, we obtmn

the quadratic s :
w'+ ot ( tAm i:tibbc) =0,

solving which we get # = } { -'a <+ 61/(1+ 2L )}
(the upper sign only being admissible),
mdz+a-}{a+b¢(1+ 3 )}

. These results stated in words lead to the rule. The rule is not
of much importance. ] ;
239. Example. The ingenious man, who tells the
shadows of which the difference is measured by nine-
teen, and the difference of hypotenuses by thirteen,
I tike to be thoroughly acquainted with the whole of
S '. algebta as well as arithmetic. '
- Statewent : difference of shadows, 19 3
of hypotenuses, 13. (Gnomon 12.)

'




Dstferenre o'f thelr sqna.res 192. By ”tllll ﬂivido--
576 : quotient 3. Add one. Sum 4. Sqmwe root 2.
By this multiply the difference of hypotenuses 13 :
produet 26. Add it to, and subtract it from, the
difference of the shadows 19. '

[The transiation here is incorrect ; it should be, “add to i,
and subtract from it, the difference, &c.” See note to §258.]

Half the sum and difference are the shadows, viz,,
48 and 1. :

Under the rnle in 6 134, the gnomon bemg the up-
right, and the shadow the sxde, the square root of the
sum of their squares is the hypotenuse. Thus the
bypotenuses are 5L and 8.

240. Rule': half a stanza. The gnomon multiplied
by the distance of its foot from the foot of the light,
and divided by the height of the torch’s flime less the
gnomon, will be the shadow.

[The rule follows from similar triangles as exp]amed by Suryn-
désa, as follows :—

Let A be the position of the light, CD) the
gnomon, and DF its shadow., From 4 draw 4 -
AB perpendicular to £ produced. Through T
D draw DF parallel to AE. Then from & \\ ok
the similar triangles CDE, FBD, we get N [vx ;
DE _ BD BD.DC SNt
20 = 5 e DE= gy OO ey L1
- =AF. Hence the rule.] |

241. Example. If the base between the gnomon
‘and torch be three cubits, and the elevation of the
light _';th:'eeﬁcubits and a half, say cjuickly, f’riend, how
L

. 1 The eleva otthelight md«.(horllonhndhhnoootmtm txﬂ
~ the foot of the 'bolngzivu,wﬁndmahndw.—m Hnd
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much the shadow of a gnomon will be which measures

~ twelve fingers.

Statement : gnomon } ; distance between gnomon
and torch, § ; elevation of the light, 3.

Answer. Proceeding as directed, the shadow comes
out 12 fingers. |

242. Rule': half a stanza. The gnomon being
multiplied by the distance between it and the light, and
divided by the shadow, and the quotient heing added
to the gnomon, the sum is the elevation of the torch.

[As Sdryadasa remarks, this rule also follows from similar
triangles. See figare in the note to § 240.]

243. Example. If the base between the torch and
gnomon be three cubits, and the shadow be equal to

sixteen fingers, how much will be the elevation of the
torch ? And tell me what the distance is between
the torch and gnomon (if the elevation be given.)

Statement : distance between torch and gnomon, 3;
shadow #.
Answer : height of the torch 11,

244. Rule® : half a stanza. The shadow, multi-
plied by the elevation of the light less the gnomon
and divided by the gnomon, will be the interval be-
tween the gnomon and light.

[This like the preceding rule also follovs from slmils.r
triangles. | .

Example, as before proposed (§ 243 )
Answer : distance 3 cubits.

* To find the elevation of the toroh, the length of the shadow, and o
(horizontal) distance being given,—Sir, :
*To find the (horizuntal) distance, the elevation of thohnhudhuth

o!thuhadovbdn‘ﬂm—(}n.udsdr - p)

‘h-..
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945. Rule® : a stanza and a half. The length of a

shadow multiplied by the distance between the termi-
nations of the shadows and divided by the difference
of the lengths of the shadows, will be the base. The
product of the base and the gnomon, divided by the
Jength of the shadow, gives the elevation of the torch’s
flune,’ ; Ly
In like manner is all this, which has been before
declared, pervaded by the Rule of Three with its vari-

ations, as the universe is by the Deity.’
[Let A be the position of the light, 4
C, E, the positions of the foot of the ;

gnomon, and CD), EF, the corresponding N\
gshadows. Let BC = a, BA=y, CD=a, \
EF=b, CE=c, the measurements being 3

in fingers.
Then from similar triangles we have,
g ARTL " A (R L
z+a a’' z+b+c 5 !
whence z = .
b=a
2 a(b+c—a)
Xidot G- — e S i (1),
and p _12(‘:;+G) 12(:4;6-}-0)

whence the reason for the rule .is obvious. Bhéskams own

explanation is practically the same as the above, but it is not ¢

clearly put. " He at once states a proportion which is equivalent
to eqnation (1) a.bove, but he does not explain how it is ob-

tained. ] .
mupmoaadul intwoplmthodﬂmuw
B fermgee ‘

elevation of {belight, and the base.—Gan and Sdr.
"miﬁb { from Brahmagupta (XIT, 54}, _
; meiohwm:mdm

and the length of the two chadows being glun,tp find the -

; |

an well ss the rules contained under the present bead, s those before

» .
a0 Fonall " )
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246, Example. The shadew of a gnomon mea.
gnring twelve fingers being found to be eight, and
that of the same placed on a spot two cubits further
in the same direction, being measured twelve fingers,
say, intelligent mathematician, *hqw much the distance
of the shadow’ from the torch is, and the height of
the light, if thou be conversant with computation, as
it is termed, of shadow. |

- Statement: shadows, 8, 12; mterval between tlne,

positions of the foot of gnomon, 48. .

Here the interval between the termination of the
shadows is in fingers 52. The first shadow 8, multi-
plied by the interval 52, and divided by the difference
of the length of the shadows, viz., 4, gives the length
of the base 104. It is the distance between the foot of
the torch and the tip of the first shadow. So the length
of the base to the tip of the second shadow is 1586.

The produet of the base and gnomon, divided by
the shadow, gives both ways the same elevation of
the light, viz., 64 cubits.

“In like manner, &c.”*—Under the present head of
measurement of shadow, the solution is obtained by
putting a proportion: wviz., if so much of the slmdow,

. as is the excess of the second above the first, give thp

base intercepted between the tlps of the shadows,
what will the first give? The dlstances of the terli;u-’

~ nations of the'shadows from the foot of the torell
~in this manner eeverallv found. Then a second pm-n

2

'All the mmcutnhouapwrtohme read * gnomon’ in thﬁ,plhoo;\"f
one copy of the text exhibite ‘aht:lpw' atharudhg:ud‘tlhm '
be correct. - _
% Reference to the text, §245, ['l‘beauthorhmnmbmip ’-.'
whlthehuhinhhuhhu.—b} P A :

-
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rtion is put: if, the shadow being the side, the gno-
on be the upright; then, the base being the side,
hat will be the upright? The elevation of the torch

thus found; aund is both ways (that is, computed
ith either shadow,) alike.

[See note to § 245.]

So the whole sets of five or more terms are ex-
lained by twice putting three terms and so forth.

As the Being, who relieves the minds of his wor-
sippers from suffering, and who is the sole eause of
i roduction of this universe, pervades the whole,
1d does so with his various manifestations, as worlds,
aradises,” mountains, rivers, gods, demons, men, trees,”
ad cities; so is all this collection of instructions for
smputations pervaded by the rule of three terms.
'hen why has it heen set forth by so many different
Lvriters’, with much labour and at great length)?
'he answer is —

247. Whatever is computed either in algebra. or
v this (arithmetic) by meaus of a multiplier and a
ivisor, may be comprehended by the sagacious learned
3 the rule of three terms. Yet has it been composed
¥ wise instructors in miscellaneous and other mani-
ild rules, teaching its easy variations, thinking there-
y to increase the intelligence of such dull compre-
»nsions as ours.

\ Bhuvana, worlds. Rhavana, pnradises, the abodes of Brahmi and the
of the gods, (The reading here adopted by Colebrocke in appurently
I!m:‘lcn-h-l'andit Jivinandn Vidyhssigara's edition in which we
hala-bhuvana-blhdeanena, which rendered becomes, ‘ who in the oreator
all the worlds the words, *worlds' and * paradises’ in Colebrovke's
- aslution, being omitted in that case.—Eo. |

- Naga, eithar tresof mountain. The term, however, isread in the text

ne of the gonmmentators besides Ganesn. y
Sridbara aud the rest —Mano. Ax Brabmagupta snd otherr,—Gang.

| "W’ﬁtéﬂlﬂ s : : .a".l -10!
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CHAPTER XIL
PULVERIZER. |

248952, Rulo: five stanzas.
248. In the first place, as preparatory to the in

vestigation of a pulverizer,' the dividend, divisor ant

' Kuttaka-vyavahdra or kuttakddhydya, cetermindtion of a grinding ¢
pulverizing multiplier, or quantity such that a given nnmber being muly
‘plied by it, and the roduct added oa given quantity, thesnm (or, if th
additive be negative, the differenco) may be divisible by a given divise
without remainder. Kutfaka or kutta from kutt, to grind or pulverize; (t
multiply : all verbs importing tendency to destruction ulsc signifying multi
plication.—Gan.) The derivative import of the word is rotained in
present version to distinguish it from multiplier in geueral ; mnm
restricted to the particular multiplier of the problem in question. . 9

~According to the remark of Ganess, this chapter as well as the following
chapter on combination belongs to algebra rather than arithmetis; an
they are bere introduced, ns he observes, and treated without employing
nlgebraic forms, to gratify such ms are unncquainted with analysis. Se
F{ja-ganita, Chap. TI, from which the present ehapter is borrowed, th
contents being copied, with some variation of the order, m:ymh
word. \
Ganesa notices xn objeotion, namely, hat this subject ought not fo Tiw
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additive }{hmﬁty are, if practicable, to be reduced
by sowse sowe number.’ If the number, by which the divi-
‘ denf and divisor are both measured, do not also mea-
sare the additive quantity, the question is an ill put
(or impossible) one.

249—251. The last remainder, when the dividend
and divisor are mutually divided, is their cominon
measare,” Being divided by that common measure,
they are termed reduced quantities.’ Divide mutually
the reduced dividend and divisor, until unity be the
remainder in the dividend. Place the quotients one
under the other, and the additive quantity beneath
them, and cipher at the bottom. By the penult
mu]nply the number next above it and add the lowest
term. Then reject the last and repeat the operation
until & pair of numbers be left. The uppermost of
these being abraded’ by the reduced dividend, the
remainder is the quotient. The other (or lowermost)
-being in like mauner abraded by the reduced divisor,
the remainder is the multiplier.

252. Thus precisely is the operation when the
nmmber of quotients is even. But if the number be

' Kshepnox yuti, nddidn {rom Rehip to cast or throw in, and from yu
Lo mix, Tianddhs, mbtuctiu quantity.

* Apavartana, sbridgment.—Gan. Reduction to lenst terms, division with-
out remainder ; also the number which serves to divide without residue, ;ﬁ
common m—&h (It really the greatest common mmm—lb]

/ * Dridha, fivm; reduced by the common divisor to the loast term,
d‘;- 3 Weﬁhlﬁg reduced additive, as well as to the dividend u%

* Thehd m mtam.ﬁmdrma divided, but the residne
ken, disregardin mmm»-m ‘As it were  residue after reposted
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""*-”mia, the numbers as found muét\be su‘i)m;ted from
their respective abraders, and the residues will be the
true quotient and multiplier. -

[This Chapter, as Ganesa remarks, properly belongs to Algeb:a
and not to Arithmetic. We have already seen, however, that
the present treatise deals with both Arithmetic and Algebra.

The whole of this Chapter is occupied with problems produc-
ing indeterminate equations of the first degree, and the object
of the several rules is to find positive integral solutions of such
equations. The reason for the above rule will be best understood

frem the example in § 253. Let y denote the multiplier and
‘221&? + 65

195
object of the rule is to find positive mtegral solutions of this

equation.

x the integral quotient Then we g =gz, and the

Dividing by the common measure 13, we get _E%')ij = &,
. 15g—1Ty = 5......(1).

This equation is of the type Ax — By = C, A being less

than 2, and the rule refers to cases of this class. ( ‘rcnvert:ig nto

1 1
b¥e+&e.
Let i be the convergent immediately precedmg f Then we

knuw thut e=qC, y=pC, or 2=(B=gq) C, y=(A-p) C, is
one solution of equation (1), according as Ag— Bp=+ 1 ; and
that the general solution is #=a+ B!, y =+ At, where a and
B are one set of values of z and y, and where we may give to
t any positive integral value, and also such negative integral
values as make Bt and At numerically less than « and 3 respec-
twvly (See Todhunter’s Algebra, Arts. 630, 631.) Now the
: G D e, thelaw
~of formation being well known (see Todhunter’s Algebra, Ari

604) ; and the object of the rule in § 251 m@d&eu}u‘é f

the convergant 7 and thenoethevalm&ﬂ‘w

B
a continued fraction, and suppose the result i is — = ) L

- succesive convergents to g are
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The rule, however, is very vaguely and obscurely expressed,
and it is difficult to understand its working. An explanation of
the rule by means of a particular example is given by Krishna
in hit commentary on the Vija-ganita, from which we may'deduce
the following general explanation. Let us first consider the case
where the number of quotients exclusive of the last one is two,
viz., a, b, the additive being . Then according to the rule we get

the series a, b, C,0. The rule next directs us to multiply the
penultimate (C) by the number preceding it, wz., b, and to add the
last term, viz., 0, to the product. We thus get 4C+0or bC,and
we have now to replace the previsns multiplier 4 by this quantity
4C, and reject the last term 0. We thus have the new series,
a, bC, (', with which we have to repeat the above operation :
that is, we have to multiply the penultimate 4C, by a, and add the-
last term €' to the product; whence we get ab C'+ C, by which we
have to replace the multiplior a, and we have to reject C. The
series thus becomes abC'+ C, bC, and this consisting only of two
terms, we infer according to the rule that ¢C=abC+C, and
pC=bC. But we know as matter of fact that in the case we
are considering, ¢=ab+1, and p=>; thus the rule holds good
in this case. We may now prove by induction that the rule
bholds universally. For supposing the number of quotients
exclusive of the last one to be three, viz., g, 0, ¢, all we have got
to do is to take the additional quotient ¢, so that we have to

write b+% for 4 in the above expressions for ¢C, pC; and we get

1
lnthmmelg a(b+ )C+ a(bcC+€?)+‘cC’wml
1 beC+C
(b+ )C
4C=qa (beC+ C)+cC and pC=beC+ C. But it is easy to see
fromthevorymtnra of these expressions that they are precisely
what wmﬂgeb‘ymofﬂm rule, if we take into consi-
- deration the te. Thus we see that the rule is univer-
. 1 the present example, a=1, b=7, ¢=2, and 7 is
: H”' Y-db-l-ls 741, and ¢C=
T,00d pC=7x5. And’in his caso dg—Bp

-‘
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=1, . #=40, y=235, is one sdlution._ Hence putting a=40,
B=35, and t = =2,1n the general expr’fasaions for « and y, we
get 2=40—17%x2=6, y=385~15x2=5, These are the least
positive integral values. Putting t= 1, we get =23, y =20,
and g0 on. Or taking #=6, y =15, as one solution, we may get
others from the expressions 6417 ¢, 5+15 1, by giving to ¢ any
positive integral value. Thus putting (=1, we get 2=23,
y =20 ; putting t=2, we get #=40, y=35 ; and so on, Thus
the reason for the process in § 253, as well as that for the rule
in § 262, is clear. The meaning of the term abraded as used by
the author is also clear. ] '

2538. Example. Say quickly, mathematician, what
that multiplier is, by which two hundred and twenty-
one being multiplied, and sixty-five added to the pro-
duct, the sum divided by a hundred and ninety-five
becomes exhausted.

Stutement : dividend 221

' divisor 195
Here the dividend and divisor being mutually divided,
the last of the remainders (or divisors) is 18. By this
common measure, the dividend, divisor and additive,
being reduced to their least terms, are dividend 17,
‘divisor 15, additive 5. The reduced dividend and
divisor being divided reciprocally, and the quotients
put one under the other, the additive under them,
and cipher at the bottom, the series' which results is 1.

Addit ve'65. *

g

8

s M s TG O

Then multiplying by the penult the number above

‘it and proceeding as direeted, the two guantities are
obtained 40. These being abraded by the reduced
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Jdividend and divisor 17 and 15, the quotient and multi-
plier are obtained 6 and 6. Or, by the subsequent
rale (§ 262), adding them to their abraders multiplied
by an assumed number, the quotient and multiplier
(putting 1) are 23 and 20 ; or putting 2, they are 40
and 35; and so forth,

254, Rule. The multiplier is also found by the
method of the pulverizer, the additive quantity and
dividend, being either reduced by a common measure
(or used unreduced’). But if the additive and divisor
be so reduced, the multiplier found, being multiplied
by the common measure, is the true one.

[The reason for the rule will appear from the solution of the
example in § 255.]

255. Example. If thou be expert in the investi-
gation of such questions, tell me the precise multiplier

by which a hundred being multiplied, with ninety
added to the prodact, or subtracted from it," the sumn

or the difference may be divisible by sixty-three mth-
out a remainder.
Statemgnt:dmdend 100, .
s divisor 63 Additive 90.
The ruotient and multiplier are found by proceed-:
ing 83 before, 30 and 18.

Or, the dividend and additive being reduced by the
common measure ten, we get dividend 10, divisor 63,
additive 9. Placing the quotients of recnprocal dnvmon, |
the addiﬂw quunpty md cipher, one under the gnhar,

1 — s
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" the series is 0. And the multiplier is found by the

QLWL O

former process 45. The quotient' (3) is here not to
be taken ; and the number of quotients (of the series)
being odd, the mult plier 45 is to be subtracted from
its own abrader 63; the true multiplier is thus found
18. The dividend being multiplied by that multiplier,
and the additive quantity being added, and the sum
divided by the divisor, the quotient is found 30.

Or, the divisor and additive quantity being reduced
by the common measure nine, we get dividend 100,
divisor 7, additive 10. Here the quotients, the addi-

tive and cipher make the series 14. The multiplier
3
10
0

is fonnd 2, which multiplied by the common measure 9,
gives the true multipiier 18,

Or, the dividend and additive being reduced, and
further the divisor and additive, by common measures,
we get dividend 10, divisor 7, additive 1. Proceeding
as before the series is 1. |

2
. |
The multiplier hence deduced is 2, which taken into
the common measure 9, gives 18 ; and hence, by mulii-
plication and division, the quotient comes out 30.

' [This probably means thalatquotlent. There is, hmver. no foree in
 the remark; the last quoﬂentbdngslwluﬂnddnnduﬁowcih

L
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Or, adding the quotient and multiplier as found, to
(multiples of)) their respective divisors, the guotient
and multiplier are 130 and 81 ; or 230 and 144 ; and
so forth. ‘

[Putting y = multiplier, and 2 = quotient, we get the equa-

tion 682 —100y=90...... (1). If we convert 133—- into a con-

tinued fraction, the number of quotients will be found to be

large, and so it will be tedious to form fz To make the pro-

cess shorter, let us first consider the equation 632 — 10y=19......
(2). Now if from (2) we find sets of positive integral values
of #and g, it is clear that those values of y and 10 times the
corresponding values of 2 will be sets of positive integral values
of # and y satisfying (1). The general solution of (2) will be
found to be a=(10~3)9410¢, y=(63—19)9+63t. Putting
t=—6, we get =3, y=18, as the least values. Thus 2= 30,
y =18, are the least values satisfying (1). In the text, the least
value of y is found from the expression 63 - (19 x 9+63¢"), by
putting ¢'= — 2, and the reason for this is stated to be the fact
tlut the number of quotients (exclusive of the last one) is odd.
The explanation is that the number of quotients exclusive of

the last one being odd, % is less than -y (Todhunter’s A]gebra,

Art. 603), and so Ag - Bp=~1, and .. the general solution is
r= (B~ q)C'-{-Bt y=(A—=p)C+At......(8). In the text, the
value of y is derived from the expresmon A= (pC+At) (4).
Supposmg that the expressions in (3) and (4) give the same
values of y for certain values of ¢ and ¢, the relation between
such values will be given by t+¢/=1~C. Thus it is clear that
we can derive valaes of y from both these expressions, but.,poi
from the expression pC +At when the number of quotients
exolnliwof tha last onebodd. This also exphmsthoshto—
mmt in §252.

) -y,iireﬁndvahesdamdy&omthouqm
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Lasﬂy if we ﬁnd valnea of # and yfrom the equation 72 - 10,
‘=1, ntmeasytoseethat 10 times theése values of 2, and 9 times

. the corresponding values of y will satisfy 1) Thus the reason

for the rule in § 254 is obvious. ]

256. Rule’ : half a stanza. The multiplier and
quotient, as found for an additive qaantity, being sub-
tracted from their respective abrad ts, answer for the
same as a subtractive quantity.

Here the quotient and multiplier as found for the
additive quantity ninety in the preceding example,
namely, 30 and 18, being subtracted front their re-
spective abraders, namely, 100 and 63, the remainders
arve the quotient and multiplier which answer when
ninety is subtractive : vz, 70 and 45.

Or, these being added to arbitrary multiples of

their respective abraders, the quotient and wultiplier
are 170 and 108, or 270 and 171, &ec. ‘

[Let € be the additive or subtractive quantity. Then the
corresponding equations will be Az —=By= C......(1)
Az=By= =C......(2).
Let x=a, y=[, be a solution of (1). Then Ada—B =C.
: A (B—a)=B (A-f)=~C.

& #=B—a, y=A=p, is a solution of (2), whence the
reason for the rule is clear. It will be readily seen that the
genera.l solution of (2) is #=(B~a)+ B, y=(4—p)+4t]

257. Another example®. Tell me, mathematician,
the multipliers severally, by which sixty being mul-
tiplied, and sixteen being added to the produol:, or
subtracted from it, the sum or difference my be
divisible by thirteen mtho’ut a remainder. -

'mrnlemwhonthommmﬁtyhm.’g

'W:Mmﬁchnnﬂdbﬂnﬂﬂ.hﬁmﬂbyh
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Stdtement : dividend 60 G -
divisor 13 . Addltlvo 16.;

Tle series found as before, is 4.

1

1

1

1

16

0

Hence the multiplier and quotient are deduced 2
and 8. But the number of quotients (of the series)
is here uneven ; wherefore the multiplier and quo-
tient must be subtracted from their abraders 13 and
60 ; and the multiplier and quotient, answering to
the additive quantity sixteen, are 11 and 52. These
being subtracted from the abraders, the wmultiplier
and quotient, corresponding to the subtractive quan-

tity sixteen, are 2 and 8.

258. Rule' : a stanza and a half. The intelligent
caleulator should take a like quotient (of both divi-

sions) in the abrading of the numbers for the mul-
tiplier and quotient (sought). But the multiplier and
quotient may be found as before, the additive quanti-

ty being (first) abraded by the divisor ; the quotient,
however, must have added to it the quotient obtained

in the abrading of the additive. But in the case of
a subtractive quantity, it is subtracted.

[The reason for the rale will appear from the solution of the
example which faﬂown.}
359, / hmph mct is the multiplier, by wh
e being u;d twanty-threa added toth

-
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product, or sabtracted from it, the sum or difference
may be divided by three without rellmmdet ?
Statement : dividend 5 10e-0 99
divisor 3

Here the series is 1 and the pair of numbers found

. 1 |

23 |

0
as before ‘;g . They are abraded by the dividend and

divisor, respectively. The lower number being abrad-
ed by 3, the quotient is 7 (and vresidue 2). The
upper number being abraded by 5, the quotient would
be 9 (and residue 1) ; nine, however, is not to be
taken ; but, under the rule for taking like quotients,
seven only, (and the residue consequently is 11).
Thus the multiplier and quotient come out 2 and 11.

Aud by the former rule (§ 256) the multiplier and
quotient answering to the same as a negative quantity
are found, 1 and the negative quantity—6. Added
to arbitrary multiples of their abraders, double for
example, so that the quotient may be positive, the

multiplier and' quotient are 7 aud 4. So in every
(similar) case.

Or, statement for the second (part of the) rule :

dividend 8 pgditive abraded' 2. ‘-

The multiplier and quotient ‘hénce found as before-

_are 2 and 4. These subtracted from their respeehve
- divisors, give 1 and 1, as answering to the subtractive

quantity. The quotient obtained in the abrading of

-~ the additive, (mx 7) being added in one instance tnd

' 'amwmms.mmmvﬂm,*;

i " Ag .y \.' [‘..
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subtracted in the other, the ‘i'ehults are 2 Epdul | an-
swering to the additive quantity, and 1 and —6 ar swer-
ing to the subtractive : or, to obtain a poaﬁtfvb 0~
- tient, add to the latter twice their d.msors, and ﬁo
result is 7 and 4.

[Putting y =multiplier, and z = quotlent, we get the equations
3a—DBy==23...(1). Taking the upper sign, the general solu~
tion will be found to be z=2x23+5, y=1x23+8t The
least positive integral values are got by putting t= -7, wiz, "?é
z=11, y=2. The meaning of the first part of the rule in
§258 is that the same negative value is to be given to ¢ in the =
expressions for # and y. To explain the second part of the rule,
we observe that equation (1) may be written™?. g' S #7-1'
suppose. We may then solve 3X—J5y=2......(2), the values
of y being the same in (1) and (2), and the vallmbof @ being
deducible from those of X, from the re: ‘tion ~ X%7.] - =

s

260. Rule': one stanza. If* o0 additive
Quessits or if the additive be - = *;e d}ﬂnor,p;"f"é.:
the multlp 181ty 2 . mmmm W 2o tia | :;
tient as the additive divided by the divisor.® Eya i’f

[The rule is clear enough. ]| . "7 ; i

261. Example. Tell me prbmpt]y, mathematician i
the multiplier by which five being multiplied and dd.s i
ed to cipher, or added to sixty-five, the division by'L »
thirteen shall in both cases be without remainder. l

Stawme t : dividend 5 s Ry

> R lelBOl' 13 Addltlve 0. ‘

Tﬁere being no additive, the multiplier and quottent
mﬂ tm‘}«ﬁ-rqr 13 md\? ;.0or 26 and 10 and so forth, *; |

¥
f
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Smtement dwi‘c’!end 5 Adbaater

‘f’f«?;w" | ~ divisor 13 °

8, -—-J"vala

o o

-
L

. -
=

By the rule (§ 260), the multiplier and quotient come
out 0 and 5; or 13 and 10 ; or 26 and 15; and so
forth.

[Putting y=maultiplier, and « =quoﬁeht, we get in the first

case the equatlon5vlzo =2 ; and in the second case, the equation

R .
oy EG"- @. The general solution in positive integers of the

first equation will be readily found to be &=15r, y=13r ; and
that of the second, @=15 (1+7), y=13r, where » may be zero
or any positive integer. ]

Rule.! Or, the dividend and additive being abraded
by the divisor, the multiplier may thenee be found as
before ; aumd the quotient from it, by multiplying the
dividend, 2° » the additive, and dividing by the
dlvxsor 5

Inthe . 18.953), the red----a dividend,
dpmor gt = BEUILVE respectavely are, 17,15, 5. Abrad-

e by the divisor (15) the additive and dmdend be-
ome 5 and 2 ; and the statement is :—

?V;E:?dlg Addltlve e Ul " %
Proeeedmg as before the two terms found are 5, 85.

" The second one, abraded by the divisor (15), gives the

maultiplier 5; whence, by multiplying with it the divi-
dend (17) and adding (the additive), md dundmg (by
the divisor), the quotient comes out 6.

[The reason for the above rule is clear. Intﬂwothon
‘baAnv—By-C Mmﬂgﬂr&n&m& C less than

mhmﬂdd’uo—&
s, however, in

'.' ' This i found mmdth
16 other o
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A, Dmde B by A ; let K denote the quotient, and B’ tlm re-

mainder. ThnsB-KA+B' and g-K-l-B, Gonverb‘g

’

and% into oontinned fractions, and let ? and 5 be the conver-

/

gents immediately preceding g and % . Then o K +9{

523’_1‘-9- Thas p=p’, and Ag—Bp = A(Kp +¢)~ (KA-}-B’)p"
=.-.Ag'-B’p'. Hence it is evident that the values of y found

from Ae— B’y = C, will be the same as those found from Az~ By

=(; and y being known, x is of course known from the

equation z-lB'-Z—ﬁ It must be remarked here that the above

rule applies only when the additive C is less than the divisor A,
so that the additive abraded by the divisor remains unchanged.]

262. Rule for finding divers multipliers and quo-
tients in every case : half a stanza. The multiplier and
quotient, being added to their respective (abmding)
divisors multlphed by assumed numbers, become mani-
fold.

- The influence and operation of this rule have bem

already ghown in various instances.
[See note to § 252.]

263. Rule for a constant pulver:zer : one stanza.
_ Unity being taken for the additive quantity, or for the
subtractive, the multiplier and quotient, which may be
thence deduced, being severally multiplied by an arbi-
| trnry additive or subtractive, and abraded by the re-

1

e

'f!i

' spective divisors, will be the multiplier and quol.lent fot

lﬁdlqnn;p_gg quanhty -

~ In the ﬁﬁt ehmﬂé (§253), the reduced divide
‘tﬂ‘ r itk ddmve unity furnish this ate-
e 8% ;AR B
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~ Here the multlplxer and quotient (found in the usual

manner) are 7 and 8. These multiplied by an assumed
additive five, and abraded by the respective divisors 15
and 17, give the multiplier and quotient 5 and 6, for
that additive. '

Next, unity being the subtractive quantity, the mul-
tiplier and quotient thence deduced are 8 and 9. These
multlphed by five and abraded by the respective lel-

- sors, give 10 and 11.

=\

]

So in every (similar) case.

Of this method of investigation great use is made in
the computation of planets. On that account some-
thing is here said (by way of instance.)

[The above rule is not a new one. The equation is supposed
to be dz— By= +1...(1), and from what we have already seen,
the general solution of this is #= ¢+ B, or=(8—q)+.B¢, and
y=p+At, or=(A—=p)+At. If now the additive or subtrac-
tive be any integer whatever, . e., if the equation be Az— By =
=+ C...(2), we have only to multiply ¢ or B ~g, and p or 4 -p
by Cin the above expressions for  and y, in order to get the
general solution of equation (2). We may thus regagd the
general value of Y found from (1) as a steady quantity from
which we may derive the general value of y satlsfy'mg (2). ¢
This shows the propriety of the expression constant pulverizer.)

264, A stanza and a half." Let the remq,mder of |

seconds be made the subtractive quantity,' sixty the
dividend, and terrestnal days® the divisor. The quo-

* The present rule is for uding' a _planet's phoo and thaehpud uum,
whuthe!ﬂcﬂmgboumdshdm;lun—ﬁm.

* The number of terrestrinl days in a lalpa is stated at 157791 7
See the Ganitddhydya of the Siddhdnta-siromani, 1, 20--21. [Br:m
trial day is meaunt the mean nohr day, when itis Inhnfnr ﬂnm of

. \ ,:. . -l b b‘ e :.‘_ . ._
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tient deduced therefrom will be the seconds ; and the
multiplier »vill be the remainder of mmnt.es From
thiz. ag®in the minutes and remainder of degrees are
found ; and so on upwards. In like manner, from the
mmninder of exceeding months and deficient days,'
may be found the solar and lunar days.

The finding of (the place of) the planet and the
zlapsed days, from the remainder of seconds in the plan-
at’s place, is thus shown. Sixty is there made the
dividend ; terrestrial days, the divisor ; and the remain-
der of seconds, the subtractive quantity : with which
the multiplier and quotient are to be found. The quo-
tient will be seconds ; and the multiplier, the remain-
ler of minutes. From this remainder of minutes taken
(as the subtractive quantity), the quotient deduced will
be minutes ; and the multiplier, the remainder of degrees.
The residue of degrees is next the subtractive quantity;
errestrial days, the divisor ; and thirty, the dividend :
he quotient will be degrees; and the multiplier, the
mainder of signs. Then twelve is made the dividend;
errestrial days, the divisor ; and the remainder of signs
he subtractive quantity : the quotierit will be signs ;
nd the multiplier, the remainder of revolutions. Last-
y, the revolutions in a kalpa become the dividend ;
trial days, the divisor ; and the remainder of re-

stronomical measurement ; but for practioal purposes, it is taken as the
e from sunrise to sunrise, which would make its doration variable. See
olddhydya, Wilkinson's translation, 11, 3, Bipd Deva Sdstri's note : Sirya-
nta, Burgess's translation, I, 34—40, vnote.—ED, ]

. ““"‘Aﬂ, lﬂ!llllva months ; Avamadina, subtractive days. See
“‘“ﬁvﬁv 9. [See slso @olddhydya, TV, 10—16, note: Sirya-
--60, m—nn.] The adhimdsas in a kalpa are 1698300000
'lmw x 12], being the excess of the lunar over
© solar in & Zalpa are 25082550000, being the excess
the lﬁl‘dm over the terrestrial days.

s ] o

[
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S volutmns, the subtmcttve quantity the. quoﬁmt w‘vﬂ]
be the elapsed  revolutions ; {‘the muat,ph@-, the
" number of elnpsed days.! Examples of this veews fin
 the Siromani) in the chapter of the problems’ (Tn-
prasnddhydya). :

In like manner, the exceeding fnonths in a kalpa are
made the dividend ; solar days,® the divisor ; and the
remainder of exceedi'.ng months, the subtractive quan-
tity : the quotient will be the elapsed additional months;
and the multiplier, the elapsed solar days. So the defi-
cient days in a kalpa are made the dividend ; lunar
days,' the divisor ; and the remainder of deficient days,
the subtractive “quantity : the quotient will be the
elapsed fewer days ; and the multiplier the elapsed
lunar days.

[The reason for the ruls for finding a planet'a place and the
elapsed time will be best understood from the illustration given
by Ganesa and Gangddhara in arbitrary numbers. Put the
terréstrial days in a kalpc 19, the revolutions of the planetin
the kalpa 10, the elnpsed days 12, Then we evidently get the
proportion, 19 : 12 :: 10 ; number of revolutions already per-
formed by the planet., whence the revolutions = 6,%. Thuas the
planet has performed 6 complete revolutions, and % of a revo-
lution, so that to find the phnets place, we must mdnoe the

"l‘heehpuddmo!thempatothﬁnofo:whhhﬂnphmﬁ‘lﬂ*ak
found. Bee Ganitddhydyd, 1, 4749

* [See also Golddhydya, Chap. XIIT,—ED.}

* The solar days In o kalpa are mmeomm {tmum r
Mmydyﬂ'tvm , .

(The number of solar ym?qlﬂ;‘ is moomom. Bﬂ Stirya-i
dhdnta, 1, 19, note.~Ep,] "
_ 4 The lunar days, Mﬁmnﬁemﬁum_
“are 1602999000000 iz the kalpa. mmzmm_. .
dhydya, 11, 8, note, The terrestrial days in a kalpa are 15779164500
 8eo ibid., IT, 8, note, These mmlcuumuth St rya-giddhdn
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g,m ,& to mgns (rdm). degrees, minutes and seconds. Now
as there are 12 signs in one revolution, 30 degrees in one sign,
60 minotes in one degree, and 60 seconds in one minute, we get

& of a revolution = 3 signs, 23°. 41".3"%, and this result

indicates the planet’s place. Now suppose the remainder of -
seconds after division by 19, f.e., 8, is alone given, and we have

’Eo find the planeta place by an inverse process. Let y denote
the remainder of minutes, and « the integral number of seconds.
Then it is clear from the process which we adopted in reducing .

the fraction %, that 60'! = x, the general solution of

which is given (§256) by .r- 60 = (574 60¢), y =19 — (18 4-19¢).
The only positive integral solution is got by putting ¢ = 0 ; then
# = 3, y = 1. The quotient # is the number of seconds, viz., 3;
and the multiplier y is the remainder of minutes, viz,, 1. Itis
easy to see that there can be only one positive integral solution
satisfying the conditions of the problem. For # must obviously
_be less than 60, and y less than 19 ; sothat57+60tmustba s
positive and less than 60, and 18 + 19t must be positive and less i
than 19. Hence there can be only one value of ¢ satmfying
these conditions, and consequently only one positive integral
solution satisfying the problem. Making the necessary changes
in the coefficient of y and in the subtractive quantity, and

- repeating the above process, we clearly obtain the number of

- minutes, degrees and signs indicating the phmet’s place, and

' the elapsed days. Thus the reason for the rule is clear.

- Similarly, to ﬁnd the number of solar dnys which have elapsed
from the begmnuhg of & kalpa up to any given epoch, suppose

y 8 -y, denote respectively the saura days in the /lelpa and
~ the saura days elapsed, and A, a, the corresponding additive
- months. Now since one additive month occurs in every 32§

sohr months (GoWya, IV 9,10), we evzdentll get the
. proportion, A"y-sa,vhmm a--g’==~+;gmpm

1 %a-pmperfmtwn. Gomqundy
:qponhvembgmlsolnhonoftbneqwm
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will give the solar days and the integru.l ber of nddi:tm |
months that have elapsed. Since by snppo%:l‘: y is less than
S, and « less than A, we can show as above| that there can ‘he
only one positive integral solution, satisfying the conditions of
the problem. %
* The case of finding the elapsed lunar days from the glveq‘
remainder of deficient days or avamas, is brecmely similar to
the above, it being observed that an avama oceurs in 64,% lunar
days (Golddhydya, 1V, 12).

- In a period of 32} solar months there are 33} lunar months
very nearly ; this excess of the number of lunar months, viz.,
one lunar month is called an adhimdsa or additive month, be-
cause a proportionate multiple of it is to be added to the solar
months in any given period in order to convert them into lunar
months, Again, in a period of 64 lunar days there are 634y
terrestrial or mean solar days very nearly ; this difference be-
tween the two numbers, viz.,-one mean solar day, is called an
avama or subtractive day, because a proportionate maltiple of it

is to be subtracted from the lunar days in any given period in
order to convert them into mean solar days.]

265. Rule for a conjunct pulvenzer If the divisor
be the same and the multipliers various, then, making
the sum of those multipliers the dividend, and the sum
of the remainders a single remainder, and applying the
foregoing method of investigation; the precise mulsi- -
plier so found is denominated a conjunct one. \%5

[The reason for the rule will appear from the solution of ‘Ewl

example which follows. ] 4

266. Example. What quantity is it, which mnlh )
tiplied by five, and divided by sixty-three, glves a
residue of seven ; and the sa.me multiphed by tml

¢ 1 Sanslishta-kuttaka unmmm a distinct pulverizing
multiplier belonging to conjunct residues.—Gan. A multiplier deducy
from the sum of nnlﬂﬂand.thto!mM s 2
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and divided by sixty- thme, a Sdviad i Of ?

Declare the number.’

Here the sum of the multlphers is made the dmdend,- |

and the sum of the residues, a subtractive qnanuty ;
and the statement is as follows :—

‘dividend 15 Subtractive 21. Or reduced to
‘divisor 63"

least terms :—

dividend 5 Subtractive 7.
divisor 21°

Proceeding as before,” the multiplier is found 14

[In this example we have two simultaneous equations in-
volving three unknown quantities. Let y=quantity required.
Then we have evidently, 3y=63m+7, 10y=63n+14, where
m and n are certain positive integers. Put m 4 n=w ; thus,
682~ 15y = — 21, whence y can be found by §256, and the reason
1ur the rule in §265 is obvious.]

1[&0 Golddhydya, XIII, 13—15,—~ED.]
'tl’he quotient ms it comes out in this operation is nottobotcm but it
is brh be separately sought with the several original multipliers applied to

this *qmtity and divided by the divisor as given, —~Gan.
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CHAPTER XIIL
COMBINATION OF DIGITS?

267. Rule?! The product of multiplication of the |
arithmetical series beginning and increasing by unity
and continued to the number of places, will be the
variations of number with specific figures : that divi-
ded by the number of digits and multiplied by the sum
of the digits, being repeated in the places of figures and -
added together, will be the sum of the pertnutations

[Let there be n digits. Then evidently there are | » num
which can be formed with all these digits. Consider any o pne .5
of these digite, and denote it by d. In [_n;l_cases, d is in the |
units’ place, in as many cases d is in the tens’ place, in as m.ﬁn}' |
cases d is in the hundreds’ place, and soon. Thus the sum aris-
ing from the d alone is |n - 1{d + 10d + 100d + . IO“"“d}

Proceeding similarly with the other digits, we get the sum of
all the numbers = |[n—1 X sum of dxglts X (1014... +-10+ 1)

.. L... X su of digits X (10 ... + 10 4 1), whick staked

in words leads to the rule: The meaning of thephrmMnu

repeated in the places of figures and added W?m' mohuom :
Seefoot-notetoﬂa] T a |

! Anka-pdsa-vyavahdra, ommo! digih unuh-l mixing of the

‘mumbers, as it of
por'y mm&ms‘:.m numerais, their mmmmcmgdm

| ’!Doﬁndthenmbuo!thommwﬂnlmuamgﬂd
ﬂmmm-en.msd:. s ‘H\.
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268. ,Exdinple. How many variations of m;mber-

can there be with two and elght or with three, nine and

eight, or with the continued series from two to nine ?
Tell promptly the several sums of these numbers.

Statement of the first example: 2, 8. Here the
number of places is 2. The product of the series from
1 to the number of places and increasing by unity, will
be 2. Thus the permutations of number are found 2,
That product 2, maultiplied by the sum of the figures
10,is 20 ; and divided by the number of digits 2, is 10.
This repeated in the places of figures (*9,) and added
together, is 110, the sum of the numbers.

Statement of the second example : 3, 9, 8.

The arithmetical series is 1, 2, 3, of which the pro-
duct is 6 ; and so many are the variations of number.
That mvltiplied by the sum 20, is 120 ; which divided
hy the number of digits 3, gives 40 ; and this, repeated
in the three places of figures and summed, makes 4440,
the sum of the numbers.

Statement of the third example: 2,3,4,5,6,7, 8, 9..
TI writhmetical series beginning and increaging by unity
81,23, 4,5, 6,7,8. The product gives the permu-

tation of numbers, 40320. This, multiplied by the sum

of the figures 44, is 1774080, which divided by the
number of terms 8, is 221760 ; and the quotient being

repeated in the exght places of ﬁgures and summed, the

total is the sum of the numbers, 2463999975360.

269. Example. How many are the variations of
form of th god Sambhu by the exchange of his fen
s held reciprocally in his several hands, nmdy,

‘ ‘pl phant’s hook, the serpent, the tabo

cull, the dent, the bedstead, the dagger, tbc

i
t



ro ,mﬂm B oA 4 Hari by the exchange
f the mace, the. discus, the lotus the conch?
 Statement : number of places 10.

- In the same mode, as above Bh the vaﬁat}ons of

-~

form are found 3628800, So the variations of form of -

Hari a.re.&‘l.

270. Rule? The permutations found as before, be-
ing divided by the permutations separately computed
for as many places as are filled by like digits, will be
the variations of number, from which the sum of the
numbers will be found as before.

[Let there. be n digits ; and suppose p of them to be d,, g of
them to be d,, and the rest unlike, namely, d., d,, &e. f_rhau

@e variations of number will clearly be= _lg&. (See Tod-
hanter’s Algebra, Art. 497.) The number of casés in which d,
is in the units' or tens’ or hundreds’ &e. place m{ Tz ('J.‘od-
hunter’s Algebra, Art. 497); and hence the sum arising frotq: d,

' SBamblu ot Siva is represented with ten arms, and holding in his
bands the ten wenpons or symbols here specified ; and, by Wgﬂm

several attributes from one hand to another, a varintion may be in
the répresentation of the idol, iu the same manner as the image of Hari or
Vighnae ie varied by the exchange of his four symbols in his four hands.
The twenty-four differeut representations of Viskna, avising from this

 diversity in the mauner of placiug the weapons or attributes in his

hands, are distinguished by as many discriminative titles of the god

‘to those figures in the theogonies oF Purdnas. 1t does not Wﬁhilil-

2 thutﬂﬁuhnhuinllhmadtnﬂhuyd ‘the more WM

millions of varied representations of Siva,

© The teu attributes of mmm,-m«hmuﬁ"ﬁ.n

' .ahpm;m“uu.smmm-nm,mm-

ﬁgm A bor ; mm;mmwm«-
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. a=1" | *
alone is —==E|1 (10"—‘ ...... +10+1) d,. Snnihrly the M wﬁ:
arising from d, m’%ﬁ (10"—’+ ...... + 10 4 1)d,, and tba,t
arising from d,, d,, &c., is
; [:'_’-L (10" 4 ..eeee 4104+ 1) (d, +d, +&c..)
Hence the sam of all the numbers is
| MR | d, d, do""d‘"‘&c- &
-’;-(10 l-l: ..... .+10+1){' IE-ll_q..-}I.BIH_I + LEII }
“ bl (pd,+ qd, +d, +d, + &) (10" + ... 4+104+1) _1"'5_"{
ot l; 7 xsum of digits x (10*+...4-10 1), whence the
rale.] . _ :
271. Example. How many are the numbers with
two, two, one and one? And tell me quickly, mathe-
matician, their sum : also with four, eight, five, five and A

five, if thou be conversant with the rule of permul;a- ¥
tion of numbers. |

Statement of the 1st éir.ample 2,2, 1,1. Here the
permutations found as before (§267) are 24. First, '
two places are filled by like digits (2, 2), and the per.
mutations for that number of places are 2. Next two
other places are filled by like digits (1, 1), and the per-
mutations for these places are also 2. Total 4. The
permutations 24 divided by 4 give 6 for the variations
of num,ber' vz, 2211, 2121, 2112, 1212, 1221, 1123 L
The sum ,ﬂf the nnmbazm ﬁound as before 9999 i hA
I { le mblnﬂmnlnhumd“pﬂdn} b o

o f
s e

e

- 5 - "

e 9; which being repeated in four places of
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" varistions 20 viz., 48555, 84555, 54855, 58435, 55485,
 B5B45, 55548, 55584 45855, 45585, 45558 55455

85545, 85554, 54585, 58545, 55458, 55854, 54558,
58554, The sum’' of the numbers comes out 1199988,
972. Rule’: half a stanza. - The series of the num-
bers decreasing by unity from the last® to the number
of places, being multiplied together, will be the varia-
tions of number, with dissimilar digits.
[This rule gives the ordinary formula for the number of

permutations of n things taken  at a time, viz.,, n (n = 1) (n - 2)

273. Example. How many are the variations of
number with any digits except cipher exchanged in six
places of figures ? If thou know, declare them.

The last number is nine. Decreasing by unity, for
as many as are the places of figures, the statement of

the series is 9. 8. 7. 6. 5. 4. The producl: o_f these

is 60480,
274, Rule': two stanzas. If the sum of the (hglts

be determinate, the arithmetical series of numbers from
one less than the sum of the digits, decreasing by

- unity, and continued to one less than the places, being

. divided by one and so Eh and, the quouenta being

*The variations 20, multiplied by the sum of the figares 27, k 540,

- which, divided by the numboro! digits 5, makes 108 : and this b

edia five places of figures and summed, yields 1199988, ;'.‘_ R
'hmmmm.mqmam!ﬁ. '_ er '; '
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variations of number. This rule must be
to hold good, provided the sum of the digits be lelﬂ
than the number of places added to nine. s

Mi-"s

A oompendmm only has been here delivered for fear
of prolixity, since the ocean of calculation has nﬁ
bounds,

[Let &= the sum of the digits,

~ m=the number of digits,
- and let s=n<4-m.

Then by supposition, n4+m < n49, or m<9, or m+Lnot
79, so that.even if n -1 of the n digits be 1’s, the remainder of
the sum, m+1 being not 7 9, can form the remaining digit.  «

Now let the n 1’s composing n be denoted by 1% 1%, 13
wensaenelyy and the m 1’s composing m, by 1,, 1, L. ln
Then, if we fix 1*in the first place on the left, and take the
different perrautations of the remaining n - 14m symbols 1%,
1"f",...4-;,....1l and 1,, 1,, 1,......14, of which the n—1 indexed 1's
ar¢o considered fo be alike and of one sort, and the other m 1’s
are considered to be alike and of another sort, and place each of
these permautations to the right of 1%, and regard the sum of
each inde.ed 1 with the group of 1’s with suffixes, if lﬁr,*f
foimnng it on its right as forming a digit of one of the re-
quired nambers, |

we shall have a series of numbers like the following :— 5
(1% 1, 1) (13 5 1, 1) e oe s (124 0o Lut)oes(12 1) (1),
(11, 1, 13 1) A=Y (12 e e 1, ) el (13) oL

A ‘ LA L '...l....‘. LR A A L A L R R R ]

msm will evxdenﬂyamnhm all the requu-o&
IM_M_AM"‘M& liunbsr of these numbers being
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‘series from this to one less than the nu
vided by unity, &. being exhibited,
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