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.-~··.gh D draw DQ - - 11 .81 10 NB, moeLlog AD ."M'''· L~ ""-d ., D" , .• ,,- d 
• oil Tb<.- the triangle! AQ]) a.D 40"'-' U'O 5UUU1'or) an 
m ",. 0 An AN NP PE PA 
we evidonUr getA7l-;;W - T,G-oq -m'" . (1). Now 

HDxDG gg _ e; froID similar Iri&",gles .; thus GQ- ell - wh.L 
. L the __ 11 ....... _ a..ad ootueqne.utly AQ or ~h+AG
""e flU Of' uu.u;, ~-..... GQ x AD 
whnt the aothor calls ~ioilOf'. TbU! finally. P.B-----;rQ . 

base GAxAl/) ttom (ll_ .... ·x ; ; IUId PA- AQ from(l_ 
divilO" 

"rposite.l~nkxb:\SQ. Jignin, from (1) ~ -~. whoneD NP 
dlt'tlQr NA .NP 

other perpendicular ,( base. LMtly,w -Wi • whence NA 
- dloil"r ]) uG 

DAxNP d '~Ilarly for !rD.) 
c:: ])G • an su--

201. Ru1-· When the diameter of. circle' iB mul • 
.! '" lieCl 1- J three thousand nine hundred and twenty. 
seven and divided by twelve hundred and fifty, tho 
quotient is the near' circumforence: or multiplied by 
twenty-two and divided by seven, it is the gross circum
ference adnpted to pro.etice'. 

, 
• 'to dOl1oue tb, oiroam.terenoe of • airol. from ttll dlamelier, aud tluI 

diamete:r lfW11 thf, oireumfereooa.-aea. 
• r,.itt", Nttw.Z.., • oital0. y,dlO, w.'ua,.U", t'''trie(, "In4,.., t.be 

breadt.b or dl .... etel' of • eirelo. Ptlri4.ll, IMri,,4114, vri/ti, _i (and otber 
'1IIOb1m. of the telloe of .. ""heel), the circumferono. of .. olrole. 

• 811""_, dbllo.!Io or ani, no.rl,. preci .. , oonuutad with ,e.l,U., ~ 
Or IOmewhat Ie. u:.ot, bot eulBol6at for oonuaOJ1 ptu'pOllM.-0aD6. "nd 811t. 

BrahlUJUpte. pntl the ratio of tho circnmlOfenoe '-0 Utldi.m.ter ... Lhreo 
to one ror the rro- ,...lno. and te.lr.OI t:be.lIluue rootJof t4n Urn., the IK)ttue 

of \be dl.l.1I!;ett:r for the n.~ ".111.1 of tho ehoa.m.fetf!no.. See DrMm,.'XlJ, 
to. ~illt mG1:'e roup enD Owl,.. ; for .,,110 _ ' ·18n ... I and Y _ 
J.Ift861.-ao.) ~ 

• AI. the d£e.oNter itl~ or dlmi'OI.shoe. 10 doli thl circnmterence in. 
~ or dlaiulP; thontcN to find me OlIe from lobo ot.bn, mike proper
~,M\.bt ~ ..... Q.f • kaoWll ci:role '- to the tuG""' oiroDtDfer 001, 110 11 
the livan dWne<..er t.o the cirwmtcrouctl lO\1.rb~; and eou.nno1,. II \be 
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[Oan .... bow. (..,., ..,.,.not.o) IhAL if tb. measure of u", dj, 

meter of Q. circle he 1250, that of the side of a regular polygo 
of S81.ides itooribed in th e circle ,rill be very noorly 892 
(more ano ... .,ly it will bo-" .Il8"GB3x 12~ -a926'6!~ .•... 
This shOWI the uegroo of appro!\. "imation of the £'TaatiOD fH 
to the mile of 11". Converting the fraction into a decimal ,. 
get 3'14.16, the true Taltle of ... ooing h'\·1~159 .... J 

202. Example. Where tho m~,.J.ure of the dinme 
ter is seven, friend, tell the mea.sun: of the circur 
ference: nnd where the circumfe renee is twe'uty-tw. 
find the diameter. 

Statement: diameter 7. 

Answer : circumference 21 HI!-, or gross circum 
ference 22. 

StAtement: circumrerence 22. 
Ueversing multiplier Rnd divisOl', ~ I,e dinmetc. 

comes out 7 rth; or gross diameter 7. 

ohoa.mf ..... " II t.o the 41&meter. 10 bl1ho rtHD circumfereuee.the diUHI 
wlOqbt. 

PllI1lIor, \ho .m.i-dtamettJr II equal ~ the , Id. of .. reflll.r M1agoD .iI .• 
In the oIH1le, .. will be ah(I''''n, 'From th!. the tide of .. rermr dGd~OI 
ma1 ~ foa.Dd In lobJe IIIt.JIner :-lohe lfI",t-dia.llUlt.er ...:::: 
WDt hfpot6DllM, and b.Jf t.he lide o( t.he heur"n, ~ ... 
t.he aid ... the aquare I"OOt ot t.he dUfere,aoe or \lith 
."ur. ta the upd,h': labt.~IDI which hom the 
.eml·dlamet&r, the remalnder ia the arro" Cor beliM 
or t.h' atCI). Arain, thil a,ro", bfIillr the np,l,ht 
ud halr toM aide of the bn:~lI, .. tide. \be Iqtll.re 
1'00\ of the IUlD of tb~ ",uaJ'eI it t.be aide ot ~ dodOClofOO . Prom &111 
La like lIIIouDer, m.a.J be foaDd the eIde ot 0\ po1,fOC of If .Id.: .od 110 011 
doablia, the aamber of IIideI La lbe poQ'l:08. uutil the lide hi aear" tb 
ara. The ,ala of ncb lid .. will be \M elrcualo,.raa. of tboe ciJ1IM .. rlJ 
That. the diameter bela, 100, tM IIde ot t.btll w.o.pa iI &he 1111'4 1,. 
and that of a pol1l0a ot 18' tid .. II aea,l, eqaal to tbe tfO, B1 oomp90t. 
don I~ CKNI. 0'11.' the .urd ¢.A86S3. No" tobl proportlon, if io the &q .... 
ot tbe dil .. ,t.o!r pub at 100. r ic- , 10000, tbil ba thllqllanl or the eire-IUD 
t~CMI. "" .. '8688. thea ToO u. aqcaar. of \he .. 1lID«l dia .... ' 1260, ff __ 
1£42:>00, "bat. .rill be t.h. eiroumiueDoef Anaww , UI.I. IIIUft NOt. an 
.... nhoa' relUlnder.-GaIl. 
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203. Rule. In a circle, a qUArter of the diametc,' 
multipl ied by the circumference i. the area. That 
multiplied by four' i. the net aU around the baU.· 
This content of the Burface of the sphere, multiplied 
by the diameter and divided by six, is the precise solid, 
termed cubic, content within the sphere.-

[Tha rale give! the wcll·k:nowD expressions for the IlJ'Q8. of lit 

Jirc1e, and the 81lrfftOO and volume of a sphere. Gaoesa giYCI 

'Or rejecting "'lui m.n.ttJpUcr aQd di.-itor, tho cirowalonwot Dlfllt.fpUed 
by t.bo di.ulleter 111 the al rt.oo.-G&lI. 

t Pri#M.""plt4l., IUperJl.cial ooutent.: oowpued to the 0" tormed b,tho 
Mllr with which oloth fa fled t.o make .. pl.,wl' ball. 9MU .. -,IwU_, lOUd 
OODIlaDt.: oomp&red W a co.bt., .ud dODOmluat..d from it;. cabla. 

I Dl.idinrthocitcleillt.ot.oeqo.al C\ 
t-rla. cot the oonlo6nt ot ft,Ch loto 

tonI cumber of eq1lA1 t.lI,o.lar .pa.oea, ~===~ 
a.nd upand l~., th., iobe clronmfer. r~ 
e:D0IIlU7 b«Iome .. 8tt~bt Uoo .. in 
the acSjoInio, 1irUN. Thon ~ the 
t.wo. portJon. approt.Oh 10 ~ the angel .... tip..,.. of the 001 ... , entIU lAto 
t.be .unu.rint.ermodiata ncaDt..~ of t.hIiothar, .,in t.ba DKUre, thu ooa· 
IJtUUUI'II aD oblour. of ",hloh the IIIlmJ-dlrome&er i .......... "" ....... ....,,, 
ODe tide. I.Ild halt the clro1l.lllferelloe the other. Th. Kf\1\f\f\t\f\J\ 
PJ'oduotot t.hefr lfIultiplieatiollatbe a.r-. Halth1 ~ 
hall ill .. qUlUt;er. Therefore. qa.l"ter of lobo 41am~ .... 1l1tlplkd bl the 
cl.rOlUDlereDOfl ia \be ....... -au. 

8eo In the O.z44A¥I~ of u.. 8tddAPt...nro ..... " • dtmoDlltratiol1 or 
the rulfll that the nrt_ of .. ,pb.,. hi tour "lilt. 'be wet. of .. ,f(lall oltofe, 
oreqoa1to t.hecizOtuDtef'Oll08 mulU plied hI the 4famekt._nw. (BIN the 
o.tUAtGV" WilkhalOD'. tranalat.ioa., Ul, 0Jr-B1h) 

To dem~ Ule Illi. tor tht IOlid (l1" ... itat. of .. ~Mte, .uPP9M tbe 
ephere dirided Illto "IJ\U1 UW. ppami • or loDe IUI«II. with IUl -clot.e 
Up .n4 ~IlU'll but. .. 18 the Ullather h7 .. b.1ob the _urfaol I, QI .... ared. Ole 
hellbt. of .ch ptrt.&ld bela, ~uJ to the radtu. of tho ~I" TN lIMe 
oJ -.ell PJramiJ 11 .. lluh of tM 110&1. h, which ~ dimeouoal 0.1 tbeluldaoe 
.,.. r6C.koued 1 and t.be altitude beb.f • ...uod~, O"'\hfnJ~r tAelr '0 • 
• D~ It Lbe 0QItI\em: -tor .. D-S'-llapod exc.ritiou I, on.·~lnl oJ nco 
oaftLioD iG the form. of .. rOCl6qaw par.Uelopiped of t.b. ~ and 
ltelfht, .. will be IhowD (1121). TherefoJ'e (Dlli~ tUon 1010) .. 4th put 
.r lob. diameter .. the OODt.e= of ooe .uob PJl'UI14itAt.l portion I aa4 Uaat 
_lI1upi!ed 1),- tbelUfMe rl •• \U.alld conteat. Df tM Ipbln.-llU. 
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interesting but rough demon.'!trationa in. the case, of the area 
of II cirde and the volw.ne of a sphere, artd refers to the 
Goldd1!yaya fOl" the case of tho surface of a sphere. See. fOQt
note.] 

• 
204. Example. Intelligent friend, if thou know well 

the spotless LUavati, say what the area of a circle 
is, the diameter of whi(!h is measured by seven : and 
the surfllctj of a globe, or area like a net upon flI ball, 
tIle diameter being seven: and the solid content with
in the same sphere. 

Statement: diameter 7. 

Answer: area of the. circle, 38!-t~. Superficial con
tent of the sphere, 153tH·!. Solid content of the 
sphere, 179~. 

205-206. Rule: a stanza and a half. The square 
of the diameter being multiplied by three thousand 
nine hundred and twenty-seven, and divided by five 
thousand, the quotient is the nearly precise area;, or 
multiplied by eleven Rnd divided by fourteen, it is the 
gross area adapted to common practice. Half tb 
cube of the diameter, with its twenty-first part added 
to ~t, is the solid content of the sphere. 

The area of the circle, nearly precise, comes out as 
before 38 lm, or gross area 3St. Gross solid content 
179i· 

[The are.'l. of a cirolil "" ! 'lrd', d being tbe dil\Il1eter 

= 3921 cZ" , 3.921 d" . 
4 x 1250 "" 5000 ' 

22 
or lIJ,oro roughly = '4 x 7<l' 



.. 
• ( 119 ) 

Again, the volume of a. sphere = i 'IT ~, d being the diameter 

22 s 11 
-7 x 6d = fl£i3 roughly 

= ~d8 (1 + il)' . 
Thus the reasons for the rules nre obvious.] 

206-207. Rule!: n stanza and a hatf. The sum 
and difference of the chord and diameter being multi
plied together, and the square root of the product 
being subtracted from tbe diameter, half the remain
der is the arrow.' The diameter less the arrow being 
multiplied by the arrow, twice the square root of the 
product is the cbord. The square of h~Jf\the chord 
being divided by the al'row, the quotient added to' the 
&U0W is prolJounced to be the diameter of the circle. 

[By the word W)!'1'Q'W is meant the height of the nrc.. 
S1iryadAa& gives the following proof of the formula for the 

arrow. 

Let AB be the chord, CD, the arrow, 
and 0 the centre. Join BO, and produce 
It to meet the circumference in E. Draw ' 
the chord EGF perpendioular to the 
diameter DH. Join BF. 

D 

E 'H F 

Then CD=t CDH-CG)""t (DH-BY) 
--t (.DH-v BE'--EJ1'l)". t (DH-.v D.Id'l-AB~), 

whence the rule. 

I In a oirole cut by a right lIDS. to find the chord, arrow, &:0.; that is, etthe~ 
the chord, the Drll);W, or the diarooter being ullknoWll, and the other two 
ginn, to ft'rul bbe-,o)le from the obbers.-Go,n. and Slk. 

• A portion of the circumference is Q bow (dlurtnU8h, CMp4). The right 
liDe bet .. een ita exbremitiee, like the striDg of a bow is ita chord litl"f, jyt!, 
,"114, fII'a"''t'~. The line betwoon them ill the r.rrow (I4ra, vllu), as resem
b liDg ODe set OD Q boW.-GIW, and Sd.~. 
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Again, CH. CD_AC' (Eo.Ud III. 85) 
. ·.AB_2A.C_~';CH. CD. 

AC' 
.IJ>o IJJ5 - CH; 

;.DH_~+CD.l 
208. .E:mmple. In n circle of whicH the diameter 

is ten, the chord being menslll'ed by six, Bay friend 
what the an-ow is : and from the nrrow tell the chm'd : 
and from chord and arrow, the diameter. 

Stntement: diameter 10. Wben the chord is 6, the 
length 0; the Brrow comes out 1. 

Or, the arrow being 1, the cllOrd is found 6. Or 
fl'om the chord and Mrow the diameter is deduced 10. 

209-211. Rule,' three .t.n.... By 103923, 
84853, 70534, 60000, 52055, 45922, nnd 41031, 
multiply the diameter of a cirde, nnd divide the 1'0· 

epective products by 120000; the quotielltB are sever~ 
ally, in their ol'der, the sides of pOlygOll8 from the 
triAngle to t1lsennengon (inscribed) within the circle.' 

• To fllld tbaliidM of wut.r IDlICrlbed pol'l'Oo .. -Gao. alld 86!'. 
I Deeoribe. olnll. wl~ aD1 radial a\ pi_are, dirida the clronlllfereuoo 

10.100 three equal puU; Uld uu.rk t.he poio.t. ; A 
ADd with th_ poiDt. (A , B, l') .. ceotre. and ~ 
'WIth the l&JD.e ndiuI, dlllCribe tbreo cirolea. 
'II'.:loh wtli be equal iD Mumfortllot to the 
ar-. olrcle I "tid i' 11 thua lIIU1itlllt. that the 
lido of tho regular hourou withlD the oi:010 B 
tl half .. diamet.e:. 

Tho ,ido 01 an equilateral triUl,lo (uulOrtbed) ill .. clrol, is the uPticht . 
t.b, dlamltU iI h,ypot.eu_ ud the 1141 of ~ he:x-cw II lido of • fi(h~ • 
.... led tdu,ie. See abo1'l1 Ii,Ule. Theulo~e the 8Qllale fOOt of the dUrer. 
&CoOl of the .llqo.UOl of the ..... -dialD8W all4 diameter it the akle of t.he lin. 
1'Qribed) eqU1atera.l triaD,1e: N., for t.ht propoeed. dWaeMr (1)0000). 
lOSlliS 
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[In this rule the author gives the fractions by which the 
diameter of a circle is to be severally multiplied, in order to 
get the side of insctibed recrruar u!ZUres from the triangle to the 
cnneagon. Ganesa hows by a purely geometrical m thod how 
the fractipns are arrived at, in the cas of the triangle, the square, 
the hexagon, and the octagon; and remarks that a similar proof 
cannot be given in the case of the pentagon, the heptagon and 
the enneagon. See foot-note. Stiryadasa tries to supply the 
proofs in these cases, but his a.ttempt is a failure; for the proot's he 
gives are not at all rigid and satisfactory, and it is not worth 
while to give them in the foot-note, as Colebrooke doe. By the 
help of trigonometrical tables, proofs in all the en es Dlay be 
given in a general manner as follows :-

Let a denote the side of a regular polygon of n sides insoribed 

ill a circle of radius '1'. Then a ... 2,. Bill~ (see Todhunter's 

Trigonometry, Art. 255). Hence, side 0 'nscribed t'quilateral tri
angl ... 2,. sin 60' = 2'1' ':1../ = 2'1' 1'732~508 ...... 21' x '8660254 ..• 

Now the fraction H 8 8 g 8 = '866025 ; thus the approximation is 
very olos~. 

The side of the inscribed square ... 2'1' sill 1"" 2r ""'; - 21' X 

·7071067 .... 
• 

Now the fraction "2'OVO~: '1071083 , 
Ii ttle too large. 

The side of a aquare is hypotenlllle, and the 
semi·diameter is upright IUld side. Where. 
fore the aqnare root of twioe the aquare ott1lo 
l!emi.dio.meter ie the side ot the (inscribed) 
eqnare: iii •. , tor the diameter assumed, 84858 • 

thn the fraction is a 
• 

. The Bide of the regular ootagon (see above figure) is hypotenuse, lmlt tho 
Slde of the square is upright, and th'l difference between that and the semi. 
diameter Is the sid". Wherefore the eq re root of the SI1m of the i!<luaree 
of half the Bide of the agnare and the semi· diameter le88 halt the aide of the 
eqlllU'6 is the sipe ot the (Inmbed) regular ootagon: 'lJiz., for the diameter 
&II put, ~6922. 

The proof of the aides of \he regular pentagon, heptagon &tid enneagOIl 
canllOt be shown in a similar manner.-Gnn. 
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The side of t inscribed pentagon .... 21' sin 360 
- 21'x '587785. 

from a table of natural sines. Now the fraction .z/oVo\" 
'587783 j thn the fmotion is a little tob small. 

The side of the inscribed hexagon is equal to the radiu • 
The side of the inscribed heptagon =21' sin (250 4lr 51" 

nearly = 21' X -4338819 from the tables and the theory (}f pro 
portional parts. Now too fraction ~~)o(J~oGQ = '43379'16 j thus th, 
fraction is a Ii tile too small. 

The side of the inscribed octagon'" 21' sm 22t 0 = 2r X '382683· 
• 

from the tables. Now the fraction 'f\'u"oV1r =- '31>2683 ; thus th, 
approximation is very close. 

The side of the inscribed nonagon = 21' sin 20" = 21' X '3420'20J 
from the tables. Now the fraction t,Nd'r}a = '341925 j thus tht 
fraction is It little too small. 

In the appenclix to the, fiJolddJay.dya, called .lgotpattd, BMskan 
has given an elaborate method of constructing the Bine~ oj 

various angles, adopting the old definition of the sine. (Sec 
Todhunter's Trigonometry, Art. 71.) The mlues deduced by 
his method closely approximate the value's given in our modern 
tables, there being slight discrepancies in somtl cases" wli 'b 
aocount for the discrepancies noticed above between the valllOle 
of the sides of some of the inscribed regular polygons as given 
in the text, and their values as calculated from th& tab-It\!' A 
table of sines and versed sines of certain angles in ariihmetical 
progression is also given in the Surya-siddltdnta, II. 15--27, the 
values there stated being less lloCC,urate than those deducible from 
BMskara's method. See SUrya-sidd.Mm.ta, Blq>u. Deva Sastti's 
translation, II. 16, foot-note. The deoimal notation is Ilowhe e 
used either by BMskara or in the S12rya-aiddMnta. See note 
to § 138. 

212 . -Example. Within a. circle of which the dia
meter is two tnousand, tell me severally the sides of 
the inscribed equilateml triangle Uoud othel' polygon~. 

Statement: diameter 2000. 
Answer: side of the triangle, 1732Jo; of the teu'a

go», 1414!-&; of the pentagon, 1175t6-; of the hen-
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~on, 1000 j of tue heptagon, 867 iw j of the oetngon, 
165H; of the nonngon, 683H-. 

From variou ly assumed diameters, other chords nre 
Ideducible, as will be shown by us untler the bend of 
constructiou of sines (Jyotpntti) in the treatise on 
Spherics. 

[See Golddlt!/d!/a, appendix, Wilkinson's trnnsllttion.] 
The following rule teaches a sllOrt method of find

ing the gross chords. 
213. Rule. The circumference less the nrc being 

multiplied by the arc, the product is termed first.1 
From the quarter of the square of the circwnfel'ence 
multiplied by five, subtract that fil'st product, and by 
the l'emninder divide the first product taken into four 
times tho diameter. The quotient will be the chord. 

[This rule, as the author himself observes, gives It method 
of :linding npproximately the chords of givell nros of n circle. 
The oommentators give an unaatisfactQry DJ,td almost fanciful 
demonstratiun of tho rule. The natw'e of the appro:rimation 
may be shown thus :-

Let AB be the given arc whose chord 
is to be found. Dmw the diameter BOC, . 
and join AC, AO. Let 6 denote the 
angle AOC, '1' the radi'l1s, and 0 the cir
cumference of the circle. Then the value 

of the chord AB a given by the rrue 
arc A CB X aTO .AB X 8'1' ... t c2-arc ACB X are AB 

8'1' ~ (to)2 - (nrc CA)2 t 2'1' (4.,.2 - 482) 
= tc2 - ttC)2 t- (a.rc CA)~ - 4,..£+62 

...... 1_W; .. 2,.{ 1- (!)'} { 1- (,';)' +&c. } 
1+ 27 

I Pratilam4, adY4, first (p.roduot). 
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"'" 2r. (1- g). neglecting powers of ~ ~yond the second 

(I ((It 
The: accurate value of the chord AB = 2r C05'2 = 2r 1- 8 

+ &c. ). Taking '/r :, y, the value of the fraction 4~ will be I 

found to be vory slightly greater than t. This shows the nature 
of the approximation. It is worthy of notice that the rule 
gives the exaot value of the ohord when the arc is a sixth part 
of the ciroumference. The rule appears to have been obtained 
empirically after repeated trials.] 

214. Example. Where the semi-diameter is a hun
dred and twenty, and the arc of the circle is measured 
by an eighteenth multiElied by one and so forth (up to 
ninel ), tell quickly the chords of those arcs. 

Statement : diameter 240. 
Here the circumference is 754 (nearly). 

Arcs being taken which are multiples of an eight
eeuth of the circumference, the (corresponding) chords 
are to be sought. 

Or for the sake of facility, abridging both circam
fel'ence and arcs by the eighteenth part of the circum
ference, the same chords are found. Thus, circum
ference, 18; arcs, 1, 2, 3, 4, 5, 6, 7, 8, 9. Proceeding 
as directed, the chords come out 42, 82, 120, 154, 184, 
208, 226, 236, 240. 

In like manner, with other diameters (chords of as
signed arcs may be found).' 

[We can easily test the. ccuracy of the values ' of the cbords 
given above by caloulating their !l(,LUoJ values from a table of 

I 
I Up to nine, or balf the number of &ro& ; tor the ohords at the eighth and 

tenth will be the same, and 80 will those of the sevent.h r.nd eleventh, and 
60 fortb.-Ga". 

t Gang. &0 • 
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natnrnl sines. It will be found that the values given Ilre in 
some cases less, and in others greater than the true values.] 

215. Rule.1 The squllre of the circumference is 
multiplied by a quarter of the chord and by five, and 
divided by the chord added to four times the diameter ; 
the quotient being subtracted from a quarter of the 
square of the circuIDference, the square toot of the re
mainder, taken from half the circumference, willleo.ve 
the arc. 

[This rule is derived from the preceding one. Denoting tbe 
arc AB (see figure in the'note to §218) by III, we get AB= 

8'1' (0-11:) m 5 AB.oo 
-tc0-(O-III)III (§ 213), whence a:'-CIII+ 4 (Sr+AB) -0; 

:. ~ -111-'; {~- 4 t8~~)}' the upper sign being taken, 

as III is supposed to be less than the semi-oircumference. Hence 
the reason for the rule is obvious. 

The following empirical and approximate rule for finding 
the arc is cited by Ganesa from Aryabhatte. :- ix times the 
square of the arrow being added to the square of the ohord, the 
square root of the sum is the arc. If 28 denote the angle sub
tended by the arc at the centre, Tld r the radius, the expres
sion for the arc as given by the rule 
=';{4,J! sin2/J+6r2 (l-oos 8)'} _ 
... r';{10+2 C081 8-12 cos 8} 

... rr{ 10+2 (1-~+ ...... )t-12 (1-~+ ...... )} 

= 'I' • 28, (neglecting higher powers of 8), which is the true value 
of the arc. This shows the nature of the approximation in
volved in the rule. In the case of the semi-oircle, the rule gives 

for the length of the arc the expression ';10 ", so that the value 

of ,.. is nssumed to be JIb,) 
216, Example. From the chords which have been 

here found, now tell the length of the arcs, if, mathe--
I To lind the t.ro from the chord given. 
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matician, thou have skill in. computing the relation of 
arc and chord. ' 

Statement: chords, '42, '82, 120, 154, 184, 208, 226; 
'2'3'6, 240. I ' 

Circumference abridged 18.' The arcs thence found 
are, 1, 2, '3, 4, 5, 6, 7, 8, 9. They must be multiplied 
by the eighteenth part of the cirCllmference.1 

[BhAskara has given no rule for finding the area of It bow 
or segment of a circle. Ganesa cites in his commentary two 
rules for this purpose, which are pra,ctically the same. One of 
t;bem, due to his father Kesa'Va, is as follows: - The arrow 
being multiplied .by half the sum of the chord and arrow, 
and a twentieth part of the produot beiqg added, tbe sum 
is the MIOO of the -segment_ The other rule due to Sridhara 
is as follows: - The square of tbe arrow mlutiplied by the 
square of half tbe sum of tbe chord and arrow, being mul
tiplied by ten and divided by nine, tbe square root of the pro,,: 
duct is the nrea of' the bow. Since the fraction »is very 

neady eqnal to the fraction .v~: we see that the.'<e two ru!es 

ure practically the Bame. They both appear to be empiricai und 
give 'Very l'Otlgh resultJs, as may be readily 13eeu by applying 
them to one 01' two particular cases. Thus, taking the first rule 
and applying it to the case when the,segment is It semi--circle, 

21 3~.2 
we get for the area, the expression 20 2' the true area being 

p. 
1r; , 'I' denoting the radius; so that in this case the value of 1r 
is taken to be H, which is greater than the true value. 

, SUryadW and 'Gan/r"Mha.ra 1I:ouice ather ilg'UreB omitted by the Ilulillor, 
6_ g., $q}a-l1anta or elepha.nt'a tusk, whioh may he treated asa triangle ao
cordin/r to Sridhara j Mwnclu or orescent, whioh may be considered as oom. 
posed of two triangles, aoco.rding to the eame authoT ; yaoa or ·bar\oyoom, ~ 
convex lens, treated ail OO'Dsisting either of two triangles or two boWll, an
cordi l' to Gangadhara ; ncmi or felloe; IIa,jra or thunderbolt, treated as. 
quadrila.tera.l with two bowB, acoording to GangildhlU'a; 8atlkll" or conch ; 
1/lridaliga or great drmn j AIId senral others. 



• 
• 

( 127 . ) 

• the same rule to the cas hon the arc Qf the eg-
. 21 1,9 

{rant, we get for the area, the expreSSIon 20' 4' 
('IT - 2) '1''Z h · thi 

.. %1. being 4 -; so t at in's oase the value of 

.m to be.u-, w hieh is less than the true value. Gane a. 
, gives the accnrate method of linding th ar a of the 

~n namely, by subtracting :ilie area of the triangle f l'med 
ue radii and the chord of tbe segment from the area of the 
>1'. The same rule is also given in the Manoranjana.] 

• 

-
• 
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CHAPTER VII. 
EXCAVATIONS' AND CONTENTS OF SOLl 

217-218. Un!.': a couplet and. half. T.ki 
the breadth in several places,t let the sum of the mt 
sures be divided by the number of places: the qu 
tient is the meRn men8ure. So likewise with the leng! 
and depth.' The area. of the plane figure, mull rliE 
by the dopth, will be the number of solid cubits COl 

tniued in the excavation. 
[Thtl rute is very rough, giving a result much !lnltlUer thl 

the tru(· one. It is curious that such B rong!1 rule Wtl5 giv' 
wben t'tIe aulhor intended to lay down the oorrect rule im.m 
diately afterwards (§221). The tank contemplated is no don 
no ordinary onB with elant sides, and we need oot take tl 
measnremeots in 90vernl plaoes ; the length nnd breadth of tJ 
mocth tuld bottom, Bnd the depth of the bottom from the mout 
being sufficient for 6mling the volnme accurately. See ~221 

219-220. Example: two st""z... Where tI 
length of the cavity, owing to the slnnt of the side 

'XMt..", .. tu14,.... The author treatll fln.t or a~",t.iou., MIOI)odl, 
et.cu or bricke and the Ub, thirdl, of .. 1rin1' 01 thaw,.nd lourthl'r 
lito,.. ot grau.., lD .. mlo, diAtiIID~ chapt.era. 

'll'or m_arla, an escandon, the dd_ ot which ate trapula..--Ou • 
• Vilt4r.., brMd.l,b; llairglll1-, lnrtJl, 1 HilM, depth. .KA4e., lUI UOf 

tion; __ Wu., .. c ... tty In the form of .. ~t.urulaf ~f'l.lIek1pl 
o,Uader, &0. ; tti#l_lMt4, • cnU, io !.he lann 01 UIo Irrfl(ulat _ 
,,~ds . .uu.. an acute ODe, .. p,l'UDld or 0001. & ..... ....:Uf, IlIDaU al'* 
8AtU •• ,It~A, the oonieot ot the DO .... tion • 

• The Inogulu IOlid II reduced. t.o a replAr oae, to IIlId itl 0CI1 ... -l 
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is mensured by ten, cleven and twelve cubits in three 
scvel'Al plnces, its breadth by six, five nud seveu, nnd 
its depth by two, four aud three: tell me, friend, I,ow 
many solid cubits ttre coutnined in thnt cxctwntiou. 

Statement: lengths, 12 11 10; 
breadths, 7 5 6; 
depths, 3 4 2. 

Here finding tLe lUean measure, the breadth is G cubi~, 
the length 11, nnd the depth 3. The number or solid 
cubits is found, 198. 

221. Rule': a couplet nud n hnlf. Tl,e nggregntc 
of the nrens nt the top and at the bottol11, nDd of tllnt 
resulting from the sum (of the sidel!! of the ,umlllit 
and base), being divided by six, tue quotient is the 
nlenn nrea : t1H\t multiplied by the depth is tl16 nentt 

content.' A tlJird pArt of tile content of the regular 
equal solid is the content of the ncute one." 

[This role giVe! the exact volante. The tank oontemplatOO il4 
au ordinary one with uniformly slanting sides. Le~ JUJGD bo, 
the mouth of the tank, nnd EFGH its bnse. Loth being !u})po.50d 
reolnog[llnr. Suppose Ole mouth of the tupk to hG covcl"f'd Ity 
D. 1,lano. Draw perpclldieul:lrs on this plane irom E. Jf~ G, B. 
and from the feet of these porpelld,iculara, draw pol'pontUculltMi 

I To (Iud Lhe COU~L of a pti.D, pyramid, cylinder aDd COlle, 
t Oontraet.ed wi~b tbe roult. of tho preo&dlal ro,le, _bleb K'&". a ,I'OIU or 

approx imate we&IInre. 
I naif ths IUIn of ibe breAdtbl "" tbe lJiOUth .nd boI.lionlla the melll.t 

brNd~b ; aod balf t.he IIU. of tbeloortb. at tbe mO\ltl\ and bottota "the 
1110&. len,th : tbeir prodaot f, ~be ..,~ at ~b. middle of .. he tank. (lrour 
tlnaM tb",~ '- t.he prodao~of tbull!'af' of tlaeilsll"b alld br/Uld,h.) 'J'ht., t.dded 
to OUOl the -rea at; ,be lIIouth Ull. OMG t.be lJ'ea ., the Ioct.knD. lIai:l: Limet 
the mean Utll -G.Ul, 

• ,h t.lJe beito. of the aoute exe .... tiou 1. deep, by fiuding au .,. .. tor It I 
io tbe UW1111r beforl dlrtoekd. t.be rqulat lIlu"" IOlid la pfocluoed I wbere. 
tore propeftiou ill mad : iClnch be ~ oopteQt.. auumilll' tb"" pla*. _ba" 
u th. cootent LakiDr oe' Thu the oou'tl;lt of t.b.e tea"olar eqnal.Ud, 
dJrid.t by tlrree, fa t.bat pC t!w MUt.e oae,-Sdr, 

~X t 
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on AR,BC, CD, DA, as in the figure. Let AD =a, ABcll, 

I"" E 
d 

EH=c, EF=d, and z = vertical 
depth of the tank. Then it will IA 
be easily seen that the tank is 
divided into a rectangular paral- Q 
lelopiped whose volume iii cdz; 
four triangular prisms, two and 

' F 
V. 

JJ two being equal, the united volume 

c 
• ]) 

!,~ 
H 

G -. !'" ,(J 

being jz ! (a-c) d + (b-d)c} ; ;md four equal pyramids on 
Square bases, one at each corner, the united "Volume being 
}z (a--c) (b-d). Hence the volume of the tank 

=z {c.d+t (a-c) d + t (b -d) c+t (a - c) (b-d)} 
.." ,z Xk{ab + cd +!a + c) (0 + d)}. 

The last expression stated in words leads to the rule. The last 
part of' the rule relating to the volumes of pyramids and cones 
is well known. Ganesa and Suryadasa give curious demonstra
tions of the rule. See the foot-notes.] 

222. Example. Te11 the quantity of tIle ex caVIl
tion in 1\ tank, of which the length nod breadth are 

-equal to twelve and ten cubits at its moutll, and half 
as mllch at the bottom, and of which the depth, friend, 
is seven cubits. 

Statement: length 12; breadth 10; depth 7. The 
area at the mouth is 120 ; fit the bottom 30 ; reckoned 
by the sum of the siues 270. Total 420. Mean area 
70. Solid content 490. 

223. Example. In n qundranguIllr excavation, the, 
siue beillO" eqnlu to twelve cubits, what is the coutent, 
if the depth be m£:'aslll'ed by nine? and in a. round one, 
ot which the dinmetet' is teu. aud depth five? and tell 
me sepr~rately, ti'iend, the coutent of both acute solids. 

Statement of quadrangular tank; side 12 ; depth 9. 
Proceeding as directed, the solid coutent comes out 



, 
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1296. The content of the acute solid (quadrangulal' 
pyramid) is 432. 

Statement of round tank: diameter 10 ; depth 5. 
The content nearly exact is.aW ; of the acute solid 
(cone), .l..W. Or gross content of the cylindrical 
tank is J.. 11' 0 ; of the cone, ~H2.. 

[The value of W' is taken to be ffU. (See §201).] 

.. 

• 
• 

• 
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CHAPTER VIII. • , 

• 

STACKS.1 , 

m-225. Rule': a stanza and a 11 nl f. The area 
of the plane figure (or base) of the stack,8 multiplied 
by the heigltt,4 will be the solid content. The content 
of the whole pile; being divided by that ~f one bl'ick, 
the number of bricl{s is found. The height of the 
stack, being divided by that of one brick, gives the 
number of layers.6 So likewise with piles of stones. 

[The stack is supposed to be in the form of a rectangular 
parallelopiped, and the reason for the rule is obvious. Br-io!.i.s 
are, however, usually arranged in a pile so as to form a frustum 
of It quadranguJar pyramid.] 

226-221. Example: two stanzas. The hricks of 
a pile being eigbteen fingers long, twelve broad and 
thl're high, and the stack beiug five cubits broad, eight 
long and three high, say what the solid content of the 
pile hi; and what the number of bricks, and how 
many ~be layers. 

l 

------~----------~--~--~~~----~-.--

, CMti·lJya"altd.l·a. 
• To find the solid content of ll. pile of bricks, or of stones or other tbings 

of uniform dimeusions: e.lso the number of bricks and of strata contained 
in the stack. 
- . Ohili, a pile or ~tack . 

• Ucll.chll1'd.ya, 1/ckckllriti, aM.licll.!lfl, heigbt . 
• Stara, layer or 8t~tum. 

\, 

\ 



\ 

( 13S ) 

Statement: length of! pile, 8 ; - br~adth, 5 ; lJeight, 3. 
Brick t b i by l 

Answer. Solid COllrent of the brick, ; of th 
stnck, 120. Numbel of brick) 2560. Number of 
layers, 24. 

So likewise in the c~se of. a pile of stones . 
• 

- • • • • • 
• • • • . . -

~ . • • r J • 

• 
. . • 

• 
• .. . 

... . ~ . • • • .. 
• ) 

• 

• • • 

• 
• • 

• 
• • • • 
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CHAPTER IX. 
SAW.l 

\ 

228. Rule: two half stanzas? Half the sum of 
the thickness at both extremities, multiplied by the 
length in fingers, a.nd the product again multiplied by 
the number of sections of the timber, and divided by 
five hundred and seventy-si.x,8 will be the measure in 
cubits. 

[The faces of the tim1er to which 
the sections are parallel, are supposed Ar .... ---__ ~.D 
to be trapeziuOls, and the ends are sup-
posed to be rectangular. Let ABCD 
represont one of the seotions. Then its 
area .. 1- (AB + CD) x perpendicular B 

c 
distance between AB and CD=t (AB+CD) xAD, nearly. 
The object of the reckoning is to settle the sawyer's charge 
which is at a certain rate for each square cubit along which the 
sawing is made. Hence the above area mnst be multiplied by 
the number of sectiolls to get the total area for which the charge 
is to be reckoned.] 

229. Example. TeU me quickly, friend, what the 
reckoning will be in cubits, for a timber the thickness 

I Krakaoha.-,YQ MhO' ,.a. determination of the rookoning concerning the 
aaw (kra;kacha) or iron instrument with a jagged edge for outting wood.
Sur. 

Il'he conoluding h"lt of on6 stanza begun in the preceding rule (§ 226). 
and, the first hIM of another stanl4 of lik!l metre completed in the talloW'. 
ing rule (§ 280). 

• To reduoe 6l1perlioieJ. fingen to superfioial oubita, 
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of which is twenty fingers at the root, nnd sixteen 
fingel's nt the tip, and the length n hundred fingers, 
and which is cut by four sections. 

Statement: length 100 i thicknesses 20 and 16. 
Number of sectiolls, 4. 

Half the sum of the tllicknesses at tlle two extre
mities, 18, multiplied by the length, makes 1800; this 
multiplied hy tIle unmber of sections, gives 7200 ; 
divided by 576, gives the quotient in cubits, ¥. 

230. Rule: half a. stanza. But when the wood is 
cut across, the superficiaJ measure is found by tl1e 
multiplication of the thickness and breadth, in tlle 
mode above mentioned. l 

[The renson for the rule is obvious.] 

231. Maxim. The price for the stack of bricks 
01' the pile of stones, or for excavation and sawing, 
is settled by the agreement of the 'wOI'kman, MCOI'd. 
ing to the softness or hardness of the materials.' . 

232. Example. Tell me what the superficial 
measure in cubits will be, for nine -<:ross section of a 
timber, of which the breadth is thirty.two fingers, 
and thickness sixteen. 

Statement: bt'eadth 32 ; tbickness 16. Number of 
sections, 9, 

Answer: 8 superficial cubits. 
[The timber is suppo ed to be in the form of a reotangular 

parallelopiped. ] 

I If the bleMth be unequal, the moon breMth must be tn.ken~G,.u, .. ud 
811r. 

• 'rhis Is le\"e1/ed at certain preceding writers who have given rules lor 
computing ep6ciJio prices or wages, as A'ryu-bhatt& quoted by Gnoesa, and BIt 

Brahmagupta (XII, 49); partionlarly in the instanoo ot sawycr'a work, by 
varying \.he divisors IAlcording to the difference of tho timber. 
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CRAPTER X. 

MOUND' OF GRAIN. 

233. Rul.. TI,. tenth part of the circumfereDce 
is equal to the depth (l,eighl.') iD the cnse of coars. 
'grain; the eleveDth part, in th,,( of fine ; nnd the niDth', 
iD the illstaDc. af hearded corD.' A sixth of the 
cit·cumf.rence beiDg squared .ud multiplied by th~ 
depth (height), the product will be the .olid cubits :' 
nnd they' are khan. of Magadha.' 
--------------------------------. 

• Jld'Ii-.,aMhdra. det.arminntJoD of "monnd (01 grain). 
1 Bttllt.tJ, depth. Bere it. fl the beight In the middle from the ,ronnd tc. 

the lIuul)nlit 01 the monnd.-S6r. 
• A •• , ,u.,u,h,,,.dAdIlYII, ftoe (rain, .. mtatard eoed, oko,;....(Jao.. A. Pup.-

1um Kef, kO.-.IIIIM. A. wbeat, &o.-86r . 
.th41111, ,t.luH".dhlf"YlI, eoal'M crain, AI! ohlcbea (cloer arietinum).--Gau. 

and Bdr. Ae wbeo.t, &o,-MtlM. DIU!",. &o.-obato.neda on Brahm. 
&i: . .tilt, hM • .,A4,,)' .. , ooarded oorn, .. rice, ~. 
'l'be OO&NMlr the grain, the higber the moend. Tha·ml.i.founded on t.rial 

.. od C'Xperienbe ; and lor other ~rta of gralo, otberp.~on. may be takenl 
All 9, or 106 or 12 tim81 the heigbt., equal to the circlnDlereoce.-Gtn. , ad 
Sdr. The rule i, tekea from Brabma,upta., XU, 60. 

t Tbil i. a rough calonlatiOll. in whlcb tne dram.Vir II taken at oue.third 
of the airoumforecO/t, The oontent. may be fOtUll1 with (reater preclalOll 
bT ta'l:lnr a mON Ue&t1T correct proportion bntweell the oircumlerenoe and 
dia.wuter.--oan. 

• See § 7. The proportion of t.be Ud.rf or othor dry m8Ua.re of anT pro". 
jnee to the IKllid cnbit beinJ'det"rm,ined, .. role ma, be readily lormed lor 
oompotin, the Jllunbn of linch meuu1"8ll"in .. conical mound of rram. 
O.nese. aooontingl1 deU .. " rulM by him dedHd for the i,w", of N""" .. 
gra"", and tor that of DtrNig'''': 'the drcumferenoe me ... red by ~h. hllllDu. 
cubiL, lMfUared Iud dil'lded by lixt.een, rh'. the .U4", Of N.1Uligl"6_,' aDd 
bl II:rLII tJlat of .lHwJ,if'i.' (lMRlgiri, lit. mout.ai. of tb. rrOOl, it beCiMr 
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[The mound is supposod to be oonionl, the heigbt beiug lltu.t.OO 
/u-bitrarily. The circumference of the base being giveu, tho 
beight will of course depend on tho "crticuJ angle of the oone. 
Tbe rule is "ory rougb, Ultl yulue of .. being taken equaJ to 8, 
,as Ganesa remarks. 

Let ,. denote tbe radius of Ote hl\5(\, nnd II, the height. Tbo.D tb6 
(211"")' (oiro1lIDfefell")' \'olumeof the mouad_! 11" r4- ax4 • xh- 6 .A, 

upposing .... 8.J 
284. Example. Matuewnticinn, tell me quickly 

how mnny khar(., are contniued in n mouud of cORrse 
gl'ain standing Oil even gl'Olllld, Lbe cir'ouOlrcrCnoo of 
'\Vhich (mount!) mensures sixty cubits; :\ud seplu'fttely 
)8ny how mnny (are there) in n like D.,ouud of 6.00 
grain :md in one of benl'ded corn. 

Stnlement: cil'cumference 60 j height 6. 
An.".r: 600 kM.ri. of coorse grain. But of 6no 

grain, the ileight is If, nod qUAlltity tuence ~edllced, 
tW. So, of benrded corD, the height is 'gQ, and 
qunutity .... J'-" kh6ru. 

235. Rule. In the case of R mound piled Against 
he side of fl Willi, at' Ilgninst the inside or outside of A 

cornel' of it, the product is to be 80ugbt with the cil'· 
cumJel'euce multiplied by two, four, Rnd one "od A 
third i nnd is to be divided by it. own multiplier. l 

kG01f1l b, t.h4I n ..... ot D.IIlIIt. ... ". wh~b llI. Empuor U,la.IlUIIM 00Jt00 

IIIn'fId 011 n in t.h4I Htb cen~q. Nt ... ""'_. lit.. Lb. Wwll or ,01.,. of 
/'IA~l. 8h ... bull and ,Chi4Je, ..... Iu. W. Autolq_ GAllie. AQCI" .haatld 
01»11& N .. n ..... of ~frl.) n. IIIJ'Lb., obNn. !Jato Ole cubl. 
t.tIlIDdtd b, th. text. f •• ,,_IUO' ia u .. with .,t.t.lI •• called til yal,., 

'..-Ja,-f f Aoci. U .... ttClual to 8uob "!lOUd OQbt~ will ootI\.Wa t.wat3,jI" 
....... ~ t,h". qaart.e ..... 

........ ~...u.~_ad I.halt "'0000 ; IIlLhoiDDuoomClt •• I'IDft.I'W 
jof ..... ; OIl" .,uoat.b4loat.ef oons •• thne qolUt.era. no clrolllDrUtlllOO 
' ........ 5o.lin ponIoa til • clrealar but; Uld Lbo raleA.nd.t.b. oollWut.fIII ,_,....000. .... tJ.a diri&. it 1D &h. praponfoa o! t.b. part. Be, Gua.,b. 
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[The reason for the rule is clear from the foot..note~ Tb 
circumferences that are supposed to be given in the three cas 

" 
are respectively half, one-fourth, and three-fourths of that o. 
the base of the complete conical mound.] 'I 

236-237. Example: two stanzas. Tell me; 
.promptly, friend, the number of solid cubits containeu 
in a mound of grain, which rests against the side 01 
a wall, and the circumference ot' which measures tllit'tJ 
cubits ; and that contained in one piled in the inner; 
corner and measuring fifteen cubits; as also in on~, 
raised against the outer corner and measuring nine, 
times five cubits. 

Statement: 30 

i 
• 

Twice the first mentioned circumference is 60. FOlU 

times the next is 60. The last multiplied by one and 
a third is likewise 60. W'ith these the product is nlih; 
600. This being divided by the respective multi i 
{.liers, gives the several answel's/ 300, 150 and 450. 
-I .... 

I For coar~ grain: but the product is !.ll2 for fine, and au 0 for bel\rd~ 
1 l 9 

corn' and the answers are 30-'lct lG~O .~oo. and 8000 H2 0 ~6 0.J Gao , n, 11' l' ' it' $' v·~ 

&0. 
• 

.... 
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CRA.PTER XI. 

SHADOW1 OF A GNOMON. 

238. Rule. 2 The Dumber five llUndred nnel seventy. 
six being divided by the difference of the squnre~ 
of the differences of both shadows and of the two 
hypotenuses,8 nnd the quotient being added to one, 
the difference of the hypotenuses is multiplied by the 
square root of that sum ; and the prochlct being ndd-

I ed to, and subtracted from, the difference of the sha
dows, the moieties of the sum anu difference are the 
Sbn.UOWB. 

I [The translation of the Inst sentence is not qllite correct. It 
should be, "and the difference of th~ shadows beillg added to and 
subtracted from the product, the moi~ties, &c." 

The rule, as the author hints in the example which follow!! 
(§ 239), is founded on the algebraic solution of u. quad.tl~tic 
equation. Ganesa gives it at length after the manner of the 
author's Vija-ganita. It is however very long and not at aU 

, Clih4J16 '~lIa"aMra, determiuAtion ot shAdow; that Is mea.Ulement by 
meane of n gnomon . 

• The difference of the shAdows and difference of the bypoteuulIeI being 
giveu, to find the length 0 the .hadOWB And hypotenueee.-Slir. 

This rule i., the first io the chapter, aecordiolf to all the oommentators 
except SI1tyAdAaa, who begioe with the next, §240, and pJacOll this litter 
§2H. 

• ChMlItf, bU,I'rabM, shAdow. 
Sank .. , _a, .ri, a gnomon, usually 12 lingers long. 
KarM, hypotenuse of the triaogie, of which the gnomon Ie tho perpendi

oular, and the shadow the base. 
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( clear, and so it has not been given in the foot-note. The 
may be demonstrated after the manner of modern algebra 
follows :-
Let ABC be R. triangle, and AD perpen
dicular to B C. Then B n, n C are called • 
the hadow of the sanku or gnomon AD, f! 
which is supposed to be 12 fingers long; 
Bn, D Cbeing supposed to be the shadows ~=--±-_=--=---'.\ 
on a horizout.al plane of the gnomon AD B a: D X.!Z { 

produced either by sunlight at two different hours of the day 
or by artificial light. The object of the rule is to find thes( 
shadows, the difference of AC, AB, and of OD, DB being 
snpposed known. • 

Let BD=a:, DCoa; 1'- a, AB=y, AC=y + b, It and b being 
known, and the measurements being in fingers • 
. Then i-{J:s = 0; + b)2_(o: + a)2 = ~44; 

a2 _. bi 

. ... by = aa: +- 2' 
• 

, 
whence by squaring and substituting a:~+ 144 for !l, we obtniJ?
the quadrlltic . 

'+ + ( (J,2_ b2 _144b
2

) 0 
3J aa: 4 a2_b'i. ... ' 

solnng which we get III = t { - (I + b-/ ( 11+ ):6b2 ) }, 

(tho upper sigu only being admissible), 

and x + a = t{ a + b -/(1 + a~~6b~) }. 

The e results stnted in words lead to the rule. The rule is nol 
of luuch importance.] 

239. Ex.ample. The ingenious man, who tells tlle 
shadows of which the difference is measured by nine· 
teen, nnu the difference of hypotenuses by tuirteen, 
I tllhe' to he thoroughly acq uninted with the whole of 
Illgehrn liS \vell as arithmetic. 

Statement: difference of shadows, 19; difference 
of hypotenuses, 13. (Gnomon 12.) • 
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Difference of their squr4res 192. By tbis dh'hle 
I 

576 : quotient 3. Add Ollt>. Sum 4. Square root 2. 
By this multiply the diifet'ence of hypotenuses i3 : 
pl'oduct 26. Add it to, nnd subtract , it from, the 
difference of tIle shadows 19. • 

[The translation here is incorrect j it should b , "add to it. 
and subtract from it, the difference, &c." See note to § 238.] 

, Half the sum aod difference nre the slanuows, viz .. , 
¥ and l j , , 

Uuder the , rule in § 134, the goo,mon being the up
right, Qnd the shadow tbe side, the squnre root of the 
SUID of theIr squares is the hypotenuse. Thus tIle 
hypotenuses nre .!if aud :H/. 

240. Rule}: balf a stanza. The gl)OmOn mnltiplied 
by the distallce of its foot from th~ foot of the Jight, 
and divided hy the heigllt of the tOI'cll's flame less the 
gnomon, \\' ill be the Slla-dow, • 

(The rule follows from similar triangles as oxplailled by Sutyu.
dasa, as follows ;-

Let A be the position of tIle light, CD the 
gnomon, and DE its shadow. From A draw A 
.AB perp~ndicular to ED produced. Through 
D draw DF parallel to AE. Thcn fro[/! 
the similar triangles ODE. FBD, we get 
DE BD BlJ . DC 

, 

• 
, ' . 

• 

-~ ' • DC = IfF' ,vhence DE= AB _ eI)' .,' CD B 1) E • 

=' AF. Hence the rnle.] 
241. Example. If the base behveen tIle gnoml)n 

and torch be three cubits, and t4e elevntion of the 
light, thl'ee cubits nod a half, sny q ickly, friend, llOW 

" 

I The elevation ol the light and (borizontlll) III,tanco of ita foot from 
the toot of the gnomon being glvclI, to lind the ahndow,- G1I1I. 
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much the shadow of a gnomon will be which measures 
twelve fingers. 

Statement : gnomon l ; distance between gnomon 
and torch, t ; elevation of the light, 3. 

Answer. Proceeding as directed, the shadow comes 
out 12 fingers. 

242. Rulel
: half a stanza. The gnomon being 

multiplied by the distance between it nnd the light, and 
divided by the shadow, and the quotient being added 
to the gnomon, the sum is the eleva.tion of' the torch. 

[As Suryadasa remarks, this rule also follows from similar 
triangles. See figare in .the note to § 240.] 

243. Example. If the base between the torch and 
gnomon be three cubits, and the shadow he equal to 
sixte~n fingers, how much will be the elevation of the 
tOl'ch? And teU me wilat the distance is between 
the torch and gnomon (if the elevation be given.) 

Statement : distance between torch and gl\OmOn, 3; 
shadow -t. 

Answer: heigbt of the torch ¥-. 
244. Rule~: half a stanza. The shadow, multi

plied by the elevation of tile light less the gnomon 
and divided by the gnomon, will be the interval be
tween the gnomon and light. 

[This like the preceding rule also follows from similar 
triangles. ] 

Example, as before proposed (§ 246.) 
Answer : distance 3 cubits. 

1 To find the elovation of the toroh, the length of the shooow, ..ad the 
(horizont&l) distance being giveu.-Sur. 

sl'o find the (horu,ont&l) diat..uoo, the elc vation of tho torch and leDlI'Lh 
of the shadow bcillg glven.-Gan. and Sur. 
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245. Rule l
: R stnnzn and a half. The length of a 

shadow multiplied by the distance between the termi
nations of tbe SIHl.doWR and divided by the diffel'ence 
of tIle lengths of the lmdows, will be the base. Tue 
product of the base :1Od the gnomon, divided by tIle 
length of the shadow, gives the elevation of the tOl'ch's 
flalue! . 

In like manner is all this, which has been before 
declm'ed, pervaded by the Rule of Three with it vari, 
ations, as the universe is by the Deity.' 

[Let A be the po ition of the light, ..d 
C, E, the position of tho foot of the 
gn mon, and CD, EF, the corre. ponding 
shadow.. Let BC=.x, BA=y, ClJ=a, 
EF= b, CE=r, the measurements being 
in finger. 

Then from imilnr triangles we have, 
.!J 12 !/ 12 

.c+a"' -a' .x+b+c=T; 
ac 

whence x .. i~ . 
u-a 
a(b+c-a) 

,". x + a = - " ..••• (1), u-a 

d 12 (Jl + a) 1 _ 2-,(,-;r~+~b_+-,--r) an tJ - ... 
"a b' 

.B CD E F 

• 

whence tho ren~on for the rule .is obviou~. BhUsknm's own 
explnnation is prnctil'ully tho snme as the aboye, lIu it is n(>~ 
clearly put. lie at onoe tate U pl'opomon which i oquivnhmt 
to equation (1) aboye, bnt he doe not e);.plaill how it i ob
tain d.] 

, 'l'be gnomon being let up 8noce i ~Il in two place" the d! lanco ~t"cen 
which ia known, alld tho length of the L,,",o ,b.do". hein~ ginn, t.o find the 
ell,vauon of \be lith!;, a d the bMe.-Gan lind Stir. 

S The rule is lY.Irrowed from Brahmagupt.t. (XII, 114 
• Tbe anthor intim that the ,,110\e preceding erwt.em of c:ompntation, 

all ,.,ell 18 the rolea contained under the pre-en' bud, .. t.ho.e bero 
deliveled, ia 10UJIded 011 ~Qe rule 01 ptoport ou.-Gu. 
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246. Exallllle. The slwdow of a gnomon mea· 

sllring twelve fingers being found to be eight, and 
that of the same plnced on a spot two cubits further 
in ~he snme direction, being measured twelve fingers, 
any, intelligent mathematician, hQW' much the distanr.e 
of the shadow1 from the torch I is, and the heigl.t of 
tIle light., if thou be oonversnnt with computation, as , 

it is termed; of sl1adow. . , . , 
. Statement: shadows, R, 12; interval l~etW'een tile, 

positioll'S of the foot of gnomon, 48. . 
Here the intel'val between the termination of the 

sharlows is in fingers 52. TJle fil'st slllldow 8, multi· 
plied by the interval 52, nnd divided by the difference ' 
of the length of the slHldows, viz., 4, gives the length 
of the lmse 104. It is the distance between the foot of 
the torch and the tip of the first shndow. So the length 
of the bnse to the tip of the seconu shadoW' is ) 5A. 

The product of the base and gnomon, divided by 
the sltadow, gives both ways the same elevation of 
the Jigll t, viz., 6! cubits. 

" In like manner, &c."'-Under tIle present head or 
men Ul'ement of shadow, the solution is ohtained by 
putting n. proportion: r;.iz., if so much of t.lle shndow, 

I fiS is the excess of the second above the fi rst, gi ve the 
bn e int,ercepted betwe~n the tips of the shadows, 
whnt will the fil'st give? The distnnces of tlle termj. 
Jlntiol1s of the'slladows from the foot of the torch are 
in this manlier severally found. Then a second pro· 
----------------------------------------------

1 All tbe , CQIDtnelltlltors appeAr to bava tead • gnomon' in this pl~ce ; but 
one oopy of the text exbibits '$ba1Qw' a8 the rewiiog: and tbiic seems to 
b& oorrcct. 

t Reference to the text, §24''\, [The Buthor hero parportJl to erplAin fuJly 
wbat he haa hinted at belore.-ED,} 
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rtion is put: if, the shadow being the side, the gno
~n be Hie upright j then, the bnse being the side t 

hot will he the upright? The ei."ntioll of the torch 
thus found; and is both ways (that is, computc\l 

ith eitLer shadow,) nlilte. 
[See note to ! 245.J 
SO the whole sets of five or Illore terms are C.t

mined by twice putting three terllls nlH.J so forth. 
As tl, e Being, who l'elieves the minds of his n or

lippers f1'om suffering, nn(1 who is tIle sale cnuse of 
.II l'OJuction of this uni\'e rsc, pervades the whole, 
1d does so wiLli Ilis variolls mnuife~tntionB , ns worlds, 
~mdjses/ mountains, rivel's, gods, demons, mOll , tl'ces,' 
;ld eWes; so is nil tllis collection of instrnctions for 
)mputationo: pcrn\ded by the rule of tllI'ce terms. 
~h en why Iln8 it heen set fortI.! by so lllOIlY different 
writers', with mucu labou r nnd nt g rcnt leugth)? 
'he answer is :-
24.7. Wllatevel' is COUlIH1t(>o chller in algebra Or 

I tl,is (arithmetic) by mcaus of (\ l1Iultiplier nnd n 
iv isor, mny be compl'clJent.ied by tile sagncious leatHed 
~ the I'ule of three terms. Yet I'RS it heen composed 
r wise instructors in miscellnlleQIlS and ollieI' Illnni~ 
,ld tutes, tC:lI;hing its easy vnrintiolls, tllinkillg there
y to illcrense the intelligence of s lich dull COUl rt'e~ 
~llsions :\8 ours. 
' llhr<lltll, 'World.. .BMrIlM, pnr-'ilftl, tile 6bod~ 01 8r.llm4lU1d th .. 
~ or the ,OIl.. [Tile f'NdlIlJ belf'l .dopted 0, Colebrooke II Appt.NllltJ, 
fercnt (rom tb.t ip~Pandi~ Jll'ho.uJ. Vid,AtIi,an,', .. htioo In "'-hlch ..... 
r. t4Ul.,U"'fwItli--Ucr'l"I,.ell4. whIch rOGdered becomOl, • .... bo T. the Oru.tor 
.U the worM.; t.h. word" • world.' . ud ' ratadH' io Colebrooke'. 
ut.tfoG. bel,ur omll.tetl ;0 Ill ... eue.-Eo.J 
X.f/tl. eltbor t ref,l(l (roonIJWo. Tbe ."m. bow.,er, II /"tI.lln lila t.ezt 
IOtt' of tbeocr!7nn,ntl'Ol'II belfd •• Gene.. 
j, SrfliblU1l aud ~e ,.l-J(ul'. A, n ... hmAlupta and ot.h",,-.o*nt. 

DIM 10 
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CliAPTER XII. 
PUJ,VERIZER. 

248-252. RuJ. : five SL'DzaS. 
248. In the first plnce, as prepflrntory to the in 

vestigntioll of n pulverizer,I the t.lividend, divisor fllll 

'Rwttdo.rylnaMr,. or httniJd1ly5NIJ, cet.ermiu';Uon of a grinding ~ 
pulverizing luultiplier, or quant.itlluch t.hatagi,eu DlIntOOr beh!, mal' 
pliM by it, and the l"odno~ lidded tJ" riven qoantlt,.!.he sum (or. If tb 
additive be negative, tho difference) rna, be dh'i,lble by .. gi'flu di.iso 
witbout remaiuder. K1ttflr1t4 or httlf rrom .bU, to (rtudor putnril8; (t 
multiply: al1 Torlle tmpartiul{ lendt'nc1 to d(!lltfuction II.J8t' Ilguifyiug multi 
pl!cathm,-Gan.) Tbe deri,. .. dve Import of the word it rut-iUlI lu th, 
preaent "I"ioo to dfAtingniBh it from multiplier in genera! i htta"lf. bei!ll 
l'ettrieted tD the particular lUultipliPf of the problem in qUOiUOD. 

Acoordiug to t.he remuk of GaDetI., thil oliapter M well as thu tollowilll 
obeptAlr OD CO'IDbinatioD belongl to al,abn. rather than arit.hmel.io; IU, 

t~ ate here inttO\lu0fII1 , ... he ()~nll8, and treated witbout IIJJlrioyiol 
algebraio fOnD,. to graUfy lnoh al are uoftOClul.i.nted with II.na1r.1. 8., 
l1Ia-gall:UQ, (lhall, n, (TOm wbieb tbe prllllllllt tlbaptAlr 1.1 borrowed, tit 
con~lltA being oopied, with .!!Ome ,.adatioll of tbe order, lIeor!1 word to 
wonl. 

Ganeea Dotieea lUI objectio1l, namely. tbil~ thi •• object oorM ooli t.o I,~ .... 
been introduced toto a tfetro~ite on aritbmetio, wblle " pal8AJ'e; of A. ' rya 
bhatt.a ~11 diltinilli8bee it from both aritbmNic and algebr ... : .. t 

mulUfArioUi docmne of th8 planeu., adthmetio. t.b. puheriul' (lullf .... ' 
and .nalrail (tV-) and the reet of lb, lCienc)8 trea.tior ot NeD (or ph11ioa1 
objeate." He aOIWel1l the cbj«lt.iou bl U,iOIl lba~ Q1at.bemaUQI (,falita 
OOlIai.tI o( two hranebe. treativl' of iUIOWtl and ot unknown qllanti, 
(~tJit4"lUjt4 and nrydt.,llJllit.): that t.be in'.~ilaUOIi ot the puh., 
l'iur i, comprehended tn al,eb",; aod thl the tepuate ment.ion of Lhi 
lubjeot b1 A'r,..bbatla and ot.ber aDOhlll~ autbon 1,lute"rled to indiCAte U 
~imcult)t arid iWllOrtauoe. lu Drahma,upta', work, the whole of at .... ' 
I, compriMd "Drier the LlU6 or lCldt.JU~ltlti,,, chapler OD t.he pidftrWal 
See Bf)lbm., Ch. XflII. 
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Additive <\\\un.tityt nre, if I'rn.cticnble, to he reduce(l 
by 80t1'. ~ number.' If the number, by which the divj· 
den j nlHI dil-isor nre both measured, do not nlso mell" 
6 .... re tlJe additive quantity, the question is lUI ill put 
(or impossible) one. 

249-251. Tile last remniuc.lel', when the div idend 
nud divisor nre 1Uutunlly divided, is theil' comlllOu 

mensllre,' ~eitlg- divided by that common mensul'c, 
lucy lUC termed reduced qunlltities.' Divide mutually 
the reduced dividend nnel divisor, uutil unity be tl.e 
l'crunindCl' ill the dividend. Place the qUOtiCAt60110 

uuder the other, nnd the additive qunntity bcucntlt 
them, and cipllcl' at tbe bottom. By tlJe penult 
multiply trl~ llum}Jcr next nlJove it um) ndd the I O 'l'(> ~t 
term. 'rlten reject the lost and repeat thu operz\tioll 
11Iltil :\ pnil' of Ilumbel'£. be left. Tile uppermost of 
tiu?se b~ing nhrlldcJ4 

•• by the reduced dh'ilienu, tiJe 
l'cmniudcr is tlle quotient. The oth('l' (01' lowel'lI1o~t) 
hcing ill like mnuner nbrnded by the reduced divisor, 
111e l'emnillder is the multiplier. 

252. Tlms JlI'ecisely is tlte operation when the 
IIl1mhel' of quotients is even, But if the number be 

• Lltqfl or pri, Illldit.h'e; from lIlip to out or j,brolll' lu, and trona t
t.o miJ:. n""Jdi .. , "ubtrlltcUn QuaD~it.l. 

t APlltfU'tl1"", abrWgQleut. -GaD. lIednetion to IGAllt tarna, dh'ldoD with. 
oat Ntnaloder ... l~Q the Dun.bel' whlob HUM to dIvide witholltruidoe. ~b. 
ClOmlllOo mealure,-Sdt. [I t. i. ' ''11011, t.h. gl'Mt.en commou 1:Ileuor~,-ED.) 

/ • .Drirl"a, linn; ndooed b, the oommOD dlYi.Ior to the I II"~ !.enD. rita 
worO I, .pt/lieable to tbe redQO$d aMi!bo, .. _eU .. to the di .. ldend aud 
dh'iIor • 

• 11fdtll IIbncted; from tald , to pare or abr~. : dl .. lded, but the redJna 
ta~". d~latdiA' t.ba q,uotiIDI._8d,. A. h _ere .. ,.woe after repMttd 
allbt.raaUOI1I._ G1nr. 

r"A,,"'.u, tbe abrader ; th. d{filOr -p1c:1- lu ,uab operatIon. 
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ouu, the numbers as found must I be sub~,:·!\.cteJ from 
their resp~ctive abraders, and tLe residues wiH . be the 
true quotient and multiplier. 

[This Chapter, as Gancsa remarks, properly belongs to Algeb.:a 
anrl not to Arithmetio. We have alre::tjJr seen, however, that 
tho present t reatise deals with both Al'i t.hmetic and Algebra. 

The whole of this Chapter is occupied with problems produc· 
illg indeterminate equations of the first degree, and the obj eot 
of the ~everal rules is to find positive integral solutio1l5 of such 
eqnlltioD '. 'i'he Tea on for the above rille wi.ll bo best understood 
f nUlI the example in § 253. Let y denote the multiplier and 

221.1) + 65 
.1' the integral quotient. Then we get 195 = .1', and the 

ouj ct. of the rule is to find posithe integral solution of this 
equation , 

17y + 5 
Dividing by the common measure ] 3, we get l5 = a:, 

:, 1ib-17y = 5 ..... . (1) . 
This equation is of' the type A:I' - By = C, A being lo~ 

than B, nnd Lho rule refers to cases of tLiB cla sli. 'Cllvert! into 

a continued fraction, aml suppose tho rosult. is !!..A = a + 61 ~. 
+ c+ 'c. 

L"t 2 b the conyergent immediately 'preceding !!..1' Then we 
J> L 

know tha.t a: = qC, y=pC, or ,t=(B-q) C, y = (A -p) C, i 
oU(· solution of equation (1), according as Aq-Bp= + 1; and 
tbr.L the general solution is .v=a+Bt, y =t3+At, where a und 
f3 :ll'e ono et of values of ,v [md y, and where wo may give to 
t l1uy po itivo integral yalne, aud also SllCh negativo integ1'll1 
volllcl.' a mal,e Bt and At nUDlel'ically los thun a and t3 respec
tivl·ly. (eo Todhuuter's Algobl'u, Art. 630, 631.) Now the 

. B a (171+1 ave +a+ c 
sncceslVO cPuv6rgcnts to .. are 1-' l ' l l' &c., tho Jaw 

4 ) ~+ . 
of forrnntiOi being well known ( eo Todhunter' Algebra, ArL 
604) ; and the object of the rule in § 251 i ' to finu the ,-alue of 

tIle convergent 9.., and thence the "nlne of tbCl quantities qC, pC. 
P 
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The r tle, howewr, is very yaguely nnd ob curely expre .ed, 
and it is difficult to understand it working. An e 'planation or 
the rule by means of a particular example i giv(ln by Krishna 
in his commentary on the Vfja-ganit(J, from which wo may'dedl1Ce 
the following general explanation. Let u first conjd I'the ca 
where the nwnber of quotients exclu iYe of the la~t. one is two, 
,·iz., a, 0, the additive being C. Then according to the rule we get 
t,he series a, b, C,O. The rule next dirocts us to multiply th 
penultimate (C) hy the number preceding it, t'iz., 0, and to ad£! the 
last term, viz., 0, to the product. We thus get b + 0 01' b C, and 
we have now to replac(l the previ)us mulliplier h by thi~ quantity 
be, and reject the last term O. We thus have the now seric~, 
11. be, C, with which we have to repoRt t.he above opel'l\tion: 
thAt h, ve have to multiply the penultimate be', by a, antI add tue 
Jast term C to the product; wL nee we g t. all C + C, 'Y which we 
have to replace the Illultiplier a, and we have to reject . Tho 
eries tho become. ab C + C, b C, and this consi ting only of t.wo 
term~, we infer according t.o the rule that qC - abC + C, nnd 
I'C=OC. But we know tiS matter of fact that in the cn~e we 
llre considel'ing, 'l=ab+l, and p=o; thus the rule holds good 
in this ca_e. We may now prove by induction thnt the rule 
bolds universally. For suppo ·jng the number 0(' quotiont.s 
t' 'cIu ive of the last. one to be three, viz., Po, b, c, all w~ h",ve got 
to do is to take the additional quotient c, so that w have to 

write b +! for L in the above expre sions for qC, pC; and we get c 

a.( b+~) C+ C 
inthiscase2..f:... (' .a(bcC + C>+cC sotll{~t 

pC . ( b+D C bcC+C' 

<jC=a (boC+ C) + cC, aml pC=boC+ C. But it is eMy to see 
from the very nature of these expressions that they are procise] y 
what we would get by means of the rule, if we take into consi
~ero.tion the quotient c. Thus we see that the rule is univer
sally true. In tho pre~ent exam pIe, a -1, b - 7, c - 2, and 7 is 
the last quotient but on. Hence, q-ab+1-7+1, and qC= 
7 X 5+5; p=b = 1, and pC -7 X 5. .And ','in this case Aq-Bp 



• 

( 150 ) 
." 

=~, :. a=4:0, y=35, i$ one Ilolution. Hence puttiug «=40, 
{3 = 35, and t = - 2, in the general e1>1>c ' .sions for .11 and y, we 
ge1\ .x= 40-17 x 2." 6, y= 35 -15 x 2 = 5 These are the least 
po~itive integral values. Putting t = -I, we get It' :: 23, y ... 20, 
anti so on. Or taking IV - 6, y = 5, as one solution, we may get 
others from the expressions 6 + 17 t, 5 + 15 I., by giving to t any 
positive integral value. Thus putting l t == 1, we get $=23, 
J! =20; putting t=2, We get 11: =4.0, y=35; and 80 on. Thns 
the reason for t.he process in § 253, as well as that fol' the rnle 
in § 262, is clear. The meaning of the term abraded (IS used by 
tho author is also clear.] 

253. Example. Say quickly, mntltemn.ticinn, what 
tllnt lUultipliet is, by which two llUndred and twenty
one being mllltipli~d, and sixty-five ndded to the pto
dnct, the SUIU divided. by n hundred nnd ninety-five 
becomes exhausted. 

Staternent: dividend 221. AJdit ve 6f>. 
divisor 195 

H ere the dividend nnd divisor being mutually divided, 
the last of the remainders (or divisors) is 13. By this 
common meaSUI'e, the diviuend, divisor nnd aUditive, 
being reduced to their least terms, nre dividend 17, 
divisor 15, additive 5. The reduced dividend and 
divisor beiug 'divided reciprocal!.' aud the quotients 
put one under the othel', the nodi tive uuder them, 
and cipher at the bottom, the seI'ies' which results is 1. 

• 

7 
5 
o 

Then multiplying hy the penult the uumhet· ahove 
it aud proceediug M directed, the two quantities are 
obtained '40. These being nbt·lt(led by the reduced 

35 
--~.~----~.--------------.----------~----~. 

I Talli, Berjea • 
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uivideod and divisor 17 nnd 15, the quotient nnd multi
plie)' nre btained 6 aod 5. 01', by the subsequent 
rule (§ 262), adding them to their nbrnders multiplied 
by nn nssnmed numher, t.he quotient and multiplier 
(putting 1) are 23 and 20 ; or pULting 2, they are 40 
:lIId 35; nnd so forth. 

254. Rule. The lDultiplier is nlso found hy the 
method of the pulverizer, the additive quantity and 
dividend, being either reduced by n common mell ure 
(01' used unreduced '). But if the additive nnd divisor 
be so reduced the multiplier fOllnd, being multiplied 
hy the common measure, is the true one. 

[The reason for the 1'\116 will nppellf from the solution of the 
es.ampl in § 255.] 

255. Example. If thou be expert in the investi
gntion of such questions, tell me the precise multiplier 
h ' which a IHlndred being multiplied, with ninety 
added to the product, or subtracted from it,' the sum 
or the differenc<l IUlty be divisible by sixty-time with
out a remainder. 

Statement: dividend 100. Additive 90. 
divisOI' 63 

The rfuotient nnd multiplier nre found by proceed
hg :lIS before, 30 and 18. 

Or, tlie dividend and additive being l'educetl by the 
common men ure ten, we get dividend 10, tlivisor 63, 
additive 9. P lncing the quotients of reciprocal tlivisioD, 
the additive quantity and cipher, one untler the other, 

--~--~------~-----------------------------
I GIlu. 
• Au eUlllple of the IlUbleqQ8Dt rule ill § 2541. 

• 

• 



• 
• 

1 •. 0 
t Ie senes 18 6 . 

3 
9 
o 

• 
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And tbe multiplier is found by the 
I 

• 

former process 45. The quotient! (3) is here not to 
be taken; and the number of quotients (of the series) 
being odd, the mult plier 45 is to be subtracted from 
its own abrader 63; the true multiplier is thus found 
18. The dividend being multiplied by that multiplier, 
and the additive quantity being added, nod the sum 
divided by the divisor, the quotient is fouud 30. 

Or, the divisol' and additive quantity being reduced 
l,y the common measure nine, we get dividend 100, 
divisor 7, additive 10. Here the quotients, the addi · 
tive and cipher make the series 14. The. multiplier 

3 
10 
o 

is found 2, which multiplied by the common measure 9, 
gives the true multiplier 18. 

Or, the dividend and auditive being rednced, and 
furtlJer the divisol' and additive, by common measures, 
we get dividend 10, divisor 7, additive 1. Proceeding 
as before the series is 1. 

:2 
1 
o 

• 

The multipliel' hence deduced is 2, which taken into 
the common mensure 9, gives 18; and hence, by multi· 
\)lication .and division, the quotient comes out 30. 

J [Thia probably means the lO4lt quotient. There is, however, no force ~D 
the remark; the last quotient being alwaya excluded under the rule iD 
§§ 260-261.-ED.J 
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Ot', nudiug the quotient nud multiplier as found, to 
(multiples of) theil' respective divisors, the quotient 
and multiplieJ' nl'e 130 anu 81 i or 230 and 144 j and 
so forth. 

[Pottillg y = multiplier, and .~ = quvtient, wo get tIle equa

tion 63:c-100y=90 ...... (1). If we convert !-:; into II. cou

tinued fraction, the number of quotients will be fouad to be 

largl', and so it will be tedions to form 2. To make (,ho pl'O-
F 

cess 8bm·tor, let us first COJ1~id r the equation 63.,:-lUy=9 .. .... 
(2). N ow if from (2) we find set of positivo iut,ogml vnlues 
of J: and y, it is clenr that tho e value of!J and 10 timos tho 
corre ponding value of a; will be sets of po Hive iut< grnl vaIn s 
of .~ and!J satisfying (1). The general solution of (2) wm bo 
found to bo .v = (10 - 3)9 + lOt, y"'" (63 -19)9 + 6ill. Putting 
1= - 6, we get x = 3, y = 1 , as the lea t vnlne . Thus .v = 30, 
.'1 = 18, tue the loast valnes sntisfying (1). In the ted, tbe least 
yalue of 31 is found from the expression 63 - (19 X 9 + 63t'), by 
putting t' ""' - 2, nod the reason for this is slated to be the fact 
thut the number of quotient (oxclusive of the 11\ t 011 ) is odd. 
The explanation is that the number of quotients xolu jy of 

the bst one being odd, ~ is less than ~ (Todhunter's Algebra, 

Art. 603), and 0 Aq - Bp= -1, and : . . the gencl'll! olll ion is 
.2: - (B-q)C+Bt,y=(A-p)C+At ...... (3). In the text, the 
value of y i derived from the expres ion A - (pC+At') ... (I). 
Supposing .•. that the expressions in (3) anI (4) give tho !!nIDe 
nines of y for certain valne of t and tl, the relll.tion IJ tween 
such valnes will bo given by t + tl"", 1 - C. Thus it is clenr that 
we can derive values of y from both these e:tpres lOW, but pot. 
frem the ell.']ll·ossion pC+At, when tbo number of quotients 
exclusive of the lllst one ii, odd. This also explaiu.~ the state
ment in §25.2. 

SimiJaruy, if we find values of .2: nnd y from the equation 
7:I: -looy"" 10, theEe values of .2: and 9 times tho corc(lsponding 
values of !I will satisfy (1). 
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Lastly, if we find ,ralues of m and '!I from. the equation 7,t -lOy 
= 1, it is e y to see that. 10 time the value of~, and 9 tim c 
the corresponding value! of y will satisfy 1). Thus the reason 
for the rule in § 254. i obvious,] 

256. Rule l
: half a stanzA.. The multiplier anu 

quotient, as found £01' an additive quantity, being sub
tracted from their respecti ve nbmtlel's, nnswel' for the 
same as a subtractive quantity. 

Here the quotient and multiplier as found f01' the 
ndditive quantity ninety in the preceding example, 
namely, 30 and 18, being sn btl'acted f["orn their re
spective abraders, namely, 100 and 63, the remainders 
are the qnotient and multiplier which answer when 
uinety is subtrncti ve : viz" 70 and 45. 

01', these being added to arbitrary multiples of 
theil' respective aumuers, the quotient au multiplier 
nre 170 and 108, 01' 270 and 171, &c. 

[Let C be th additive or subtractive quantity. Theu thE> 
corre ponding quatious will be A.v -By = C ...... (l). 

h-By= - C ...... (2). 
Let lC ~ a, Y . p, be a solution of (1), Thon Aa-B = C. 
:, A(B-a)-B(A-f3)=-C. 
:. a:=B-n, y=A-{3, is a solution of (2), whence tbe 

reason for the rule i clear. It will be readily seeu that the 
general solution of (2) is 1l =(B-a)+Bt, ,v",,(A-f3)+At.] 

257. Another example', Tell me, mathematician, 
tlle Ulultipliers severally, by which si. ty being mul. 
tiplied, nnd sixteen being :tdded to the product, or 
subtracted fl'OI11 it, ~he S)lm or difference may be 
divisible by thirteen without a retnaindel'. 

J The rule serves whell tho additive qUo.utity is negative.-GIW. aDd Sl1r. 
• 'fhis additional example is uuuoticed by Ganes"" but expounded by the 

ru.t of the OOllImentatore, ADd fonnd in o.ll copie" of the text tha.t hayO 
been oolleled • 

• 



• 
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Stntemeut : di viuend 60 
divisor 13 . Auditive 16. 

Tlte serie found fiS before, i& 4. 
1 
1 
1 
1 

16 
o 

Hence the multiplier and quotient nre dednced 2 
nnd 8. But the llumoer of quotient (of til ~ries) 

is here tineven ; :wherefore the multipliet' auu quo
tient must be subtracted from their abrnders 13 nuu 
60 ; aud the multiplier and quotient, au wering to 
the additive qunutity sixteen, are 11 nnd 52. Tbese 
beiug subtracted from the abraders, tlte lDultiplier 
nnd quotient, cOlTes)Jondiug to the subtmctive quan· 
tity sixteen, are 2 nud 8. 

258. Rulel
: 1\ stanza nnd it half. The intelligent 

calculator should take n like quotient (of both divl-
ions) in the abmuing of the numhers for tIle mul. 

tiplier and quotient (sought). But the l1lnltiplier and 
quotient may be found as before, tho additivo quanti
ty being (fir t) abraded by the <.livisor ; tIle quotient, 
however, must have added to it the quotient obtnined 
in the abrading of the additive. But iu the CAse of 
0. subtractive quantity, it is subtracted. 

[The reason for tho rule will a.ppear from tho solution of the 
l':mmple which follows.] 

259. Example. What is the multiplier, by which 
<five being multiplied and twenty-three added to the 
----~-------------------------------

I Applicable WUII !.be adIlltiYe qlUlQtltr exctedoo "UD dividond ADd dlviaor. 

~. 
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product, or subtracted from it, the sum 01' difference 
Ulay be divided by three without remainder? 

"Statement: dividend 5 Additive 23, 
divisor 3 . 

Here the series is 1 and the pair of numbers foullu 
1 

23 
o • 

tiS before 46 
23 ' They are abmued by the dividend and 

<livisor, respectively, 1'1Ie lowe~' number being abrad· 
ed by 3, the quotient i~ 7 (and residue 2). The 
upper number being abraded by 5, the quotient would 
be 9 (and residue ' l) j nine, however, is not to be 
taken j bu t, undel' the rule for tnking like quotients, 
seven only, (nnd the residue consequently is 11), 
Thus tlle multiplier and quotient come out g and 11. 

And by the former rule (§ 256) the llluitipliel' and 
-quotient answering to tile same as a negative quantity 
are found, 1 nnd the negative quantity-6o Added 
to arbitrary multiples of their abraders, double for 
e_' ample, so that the quotient may be positive, the 
multiplier nnd quotient tire 7 and 4. So iu every 
(similar) case, 

Or, statement for the second (part of the) rule: 

(lividend 5 Ad·l't' b.·1 dl 2 
d" 3 • ul lve a Inue , IVlsor 

The multiplier and quotient lienee found itS 1Iefore 
are 2 and 4. These subtracted from theil' respective 
divisors, give 1 and 1, 1\8 answering to the subtl'active 
quantity, The quotient obtained in the abrading of 
the additive, (viz. 7) being added in ODe instnnce and 

, 28, abraded by the divlaor S, gives the quotient 7 and ~ .. i~ ... 2. 
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subtracted in the other, the re uIts ore 2 and 11 an
swering to the additive quantity, and 1 and - 6 answer
ing to the subtractive: or, to obtain n positive quo
tient, add to the latter twice their di i ors, and the 
result is 7 and 4. 

[Putting .y = multiplier, lind a: "" quotient, w get the equa tions 
3x- 5y '" ±23 ... (1). Taking the upp r sign, th gl1H rul _olu
tion will be found to be /l." = 2 x 23 + 51, .!I = 1 x 23 + 3t. The 
least positive integral values M' got by putting t", - 7, ,.ir:., 
;1:= 11, y=2. The meaning of the first part of the rull> ill 
§ 258 is that the same ne[Jatl've value is to 110 gi v n to t in th 
expre sion for III and y. To explain th E cond part of' th nIle, 

wo observe that equation (1) may b written5Yi2=.I.'=i=7=X 

uppose. W e may then ~olve 3.:: -5Y=2 ...... (i), th vulue 
of y b ing the same in (1) and (2), and tll vl~hlC, of ,( b iog 
deducible from lhose of .x, from the re; ·tion Y±7.] 

260. Rulel
: one stanzn. If J 0 additive 

q 1. ... - L;~.ty or if the addi ti ve be . 
the mulLipliet· lLouJ ~, v,,~~ ~ 'Gr~C\ a L 

tient as the additive dividcd by the divisor.s 

[The rule i clear enough.] 

~e clivi 'or, 
t1 c quo-

261. Example. Tell me pr.>mptJy, mathenllltir.inn, 
the multiplier by which five being multiplied nnd add
ed to cipher, or added to ixty-five, the divillion by 
thirteen shall in hoth cases be without rcmnindet·. 

Statement: dividend 5 Add't!' 0 
d·· 13' A 1 ve . lVlsor 

There being no additive, the multipliel' nnel quotient 
a.re 0 and 0 ; or 13 an;d 5 ; or 26 and 10 ; and 80 forth. 

I Applicnllle It there be DO ndditive, or it it bo divuible by the divisor 
without remainder. 

• U i 80 jn the I~tter" e; bat in tho former (whore the IIddilhe i. Dull). 
the qUOtiODt I. olpher.-~ur. 
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S atement : diyid nd 5 Add't~ 65 
d·· 13' 1 ~ ve • IVlsor 

By the rule (§ 260), the multiplier :mci quotit:nt come 
()ut 0 and 5 ; or 13 and 10 ; or 26 and 15; and so 
forth. 

[Putting y -= multiplier, nd a: =quoti t, we get in the firt 

h t · 5y+O d' th d h . case t e equa Ion . 13 = x; an In e seeon ea e, t a equaL10ll 

5V+ G5 Th 1 I t " 'ti' : L_ f th '13 -= 1.1). e ganera so u Ion In po 1 ve m""ger 0 e 

first eqo:ttion will be readily found tQ be X = 51', y=13r ; and 
that of the econd, X-= 5 (1+9'), y = 13r, where r may be zero 
.or uny po itive integer,] 

Rule,1 0.·, the dividend and additive being abraded 
by the divisor, the multiplier may thence be found ns 
before; !U.lJ the quotient from it, by multiplying the 
.dividend, II' .,. the additive, and dividing by the 
.divisor, 

In the ( <& 253), the l'p(l .. --~", uIVldend, 
<livi~or (1' .. .. ,.u.l~lve respectively are, 17, 15,5. Abrad
er .... y the divisor (15) the additive Ilnd dividend be
come 5 and 2 ; and the statement is :-

dividend 2 Add't' 5 
d" 15' live . IVlsor 

Proceeding as before the two terms found 'are 5, 35. 
The second one, abraded by the divisor (1.5), gives the 
mu1tiplier 5 ; whence, by multiplying with it the divi
.dend (17) and adding (the additi e), and di vid ing (by 
the divisor), the quotient comes out 6. 

[The reason for the above role is clear. Let the equation 
b Aa:- By .. C, and uppose B groater than A, a.nd C les_ than 

I Tbls fa found in one cory of tbe t<l%t. lind is expounded only by Gillig .... 
-dhll.l1I, being nnnoticed by the o~ber OODImOD~tou. n occurs, bowe,er, Iu 
the eimilu chapter of the T'(ja-ganita, §6%. 
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A. Divide B by A; let K denote the quotient, and B' the re

mainder. Thus B = KA + B ', and :. ~ ,.. K + :!.'. Convcrt~ 

nnd~A' into continued f actions, and let q nud ~ be the conver-
p p 

gent immediately preceding ~ nnd ~~. Then; = K + r,: ... 
K '+1 . p. Thu p=p', and Aq-Bp=A(Kjl+q')-(KA+B')p' 

p 
= Art - Bli. Hence it i evident thnt tho valu . of b' found 
from A.z-B'y= C, will be the ame a those found from Ax- B!/ 
= C; and y being known, .11 i of coun) known fJ'om the 

. By+C equation a: = Ott • It must be remarked here that th !1 bovo 

rule applies only when the additive C is Ie. s than the divisor A, 
so that the additive abraded by the divisor l' mains unchang d.] 

262. Rule for finding divers multiplier nnd quo
tients in every en e: half a stanza. The multiplier :lnd 
quotient, being added to their respective (abrading) 
divisors multiplied by assumed numbers, become mani
fold. 

The influence and opera.tion of Lhis rule have been 
alrendy shown in various instances. 

[oee note to § 252.] 

263. Role for a constant pulvel·izel·1 
: one stnnza. 

Unity being taken for the additive qunntity, or (or the 
r subtractive, the multiplier and quotient, which may be 
I thence deduced, being severally multiplied by an al'biI trllry additi"le or subtractive, anJ abl'aded by the re-

spective d ivisors, will be the multiplier nnd quotient {or 
I such assumed quantity. 

In the fi rst example (§253), the reduced dividend 
a.nd divisor with additive unity furnish this stnte-

I ,s,ltirll.idlda, Itetody pulnriMr. 
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ment : dividend 17 . Additive l. 
divisor 15 I 

Here the multiplier and quotient (found in the usual 
manner) are 7 and 8. These multiplied by an assumed 
ndditive five, and abraded by the respective divisors 15 
and 17, give the multiplier and quotient [) and 6, for 
that additive. 
. Next, unity being the subtractive quantity, the mul
tiplier and quotient thence d~duced are 8 and 9. These 
multiplied by five and abraded by the respective divi
sors, give 10 and II. 

SO in every (similar) case. 
Of this method of investigation great use is made in 

the computation of planets. On that account some
thing is he1'e said (by way o~ instance.) 

[The above rule is not a new one. The eqU'Ltion is supposed 
to be .A.l:-By = + 1. .. (1), and from wbat we have already seen, 
the general solution of this is $= q+ Bt, or= (B -q) +B~, n.nd 
y = p + At, or = (A - p) + At. If now tho additive or subtrac
tive be any iIl.teger whatever, i. e., if the equation bo .J.1x - By = 

± C ... (2), we h:1Ve only to multiply q 01' B - q, (Iud p or A - P 
by C ill the above expressions for X aud !/' ill order to get the 
general olution of equation (2). We omy thus rega..td the 
general yalne of y found from (1) a' a steady quantity from 
which we may derivo tho general vahlo of y . ati fying (2). 
This shows the propriety of the expres ion constant pulve,.ize)'.] 

264. A stanza and a half. Lf't the remainder of 
seconds be ma.de the t3ubtracti~e quantity,1 sixty the 
dividend, and terrestrial days2 the divi or. The quo-

• The" prescnt rlllo iij for finding IL planet'o pineo and the elapsed time, 
when the traction "bove seconds is "lone given.-Gan. 

• The nnmber or tenestrial days iu a kalJ!o, is aLated at 167791G~50000. 
See the Oa11itodl'lIollo, of the Siddlui'lta.'i,·oll"mi. I. 20-·21. [By a t~r'l'rI
i"ial dBY is menut the 1IIeal~ ,ola,· day, wh~n it is taken lor the purpose of 
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tient deduced therefrom will be the er-onds; anll the 
multiplier ... rill be the remainder of minutes. From 

,H,;·R. ..gam the minutes and remainder of degree/:) are 
found; and so on upwards. In like manner, from the 
remainder of exceeding months an cleficient d ys,1 
may be found the solar and lunar d y . 

The finding of (the place of) the planet and the 
~htp ed day, from the remainder of econds in the plan· 
t's place, is thus shown. Sixty is there made the 

dividend; terrestrial days, the divisor; and the remain· 
er of econds, the subtractive quantity: with hich 

the multiplier and quotient are to be fOlln. The quo· 
will be seconds; and the multiplier, the remain-

1er of minutes. From this remaindet' of minute taken 
as the subtractive quantity), the quotient (leduced will 

minutes; and the multiplier, the remainder of degrees. 
The re idue of degrees is next the subtractive quantity; 
tp.rrestri:o.l days, the divisor; and thirty, the dividend: 

quotient will be degrees; Ilnd the multiplier, the 
:reroai of signs. Then twelv i made the divirlend; 

the divi or ; and the r mninder of i ns 
subtractive quantity: the quotient will be signs; 
the multiplier, the remainder of revolutions. La t· 

, the revolutions in a kalpa become the dividend; 
;en~es:tril\l days, the divisor; nnd the remainder of re-

>rtl1)nollDic&i measurement; but for practioal purpoeca, I~ Ie tRlreu ae tbe 
frolU lunriae to lundle, wbioh would make It. doration nrl.ble, See 

rlnlll.'dltyay,., WllkJDIOO', tranllation, II, 3, B'pd DeYa ~trl'l DO : urVA' 
I4dJlallt:,., Borgeea'i trusl.tlon, I, ~4-40, UOte.-ED.] 

I Adhi-mal,., addi"ve mooth,; .1t'amad;"., lubtraotlve d.,... See 
~DJtita.!hv(llla, I, (2. (See aleo OoladhVIfVa., IV, 10-16, 1Iote: 'rlla. 

'7--60, 1l0te.-ED.] Tbe tulhivl4ltu in alu&lpa are 1609300000 
lG/)'lO!l9();)(lOO() ;.3()....:.l3~x 12], balD, the oeeu of the IUDay over 

o oolar DlO1ltbe. Tbe "11«'1!<U in a/udpa are 2 082CiGOOOO, belD tbe cxoeu 
the lanar da Dyer the terreetriAl day •. 

D, 11 
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volutiolls, the subtractive qunr.tity: th<., quotient will 
be the elapsed revolution ; and the mUJtiplier, the 

. number of elapsed days.l Examples of this v.;" ....... !;n 
the Siromani) in the chapter of the problems2 (T7'i
prasnadltyaya ). 

In like manner, the exceeding months in a kalpa nre 
made the dividend; solar days,S the divisor; and the 
remainder of exceedmg months, the subtractive quan
tity : the quotient will he the elapsed additional months; 
and the multiplier, the elapsed solar days. So the defi. 
cient days in 'n kalpa are made the 'dividend ; lunar 
days,' the divisor; and the remainder of deficient days, 
the subtractive' quantity: the quotient will be th 
elapsed fewer days; !lnd the multiplier the elapsed 
lunar days. 

[The reason for the rult3 for finding a planet' place and tIle 
olapsOIl time will be best urlderstood from tho illustration given 
by Gun a and Ganga.dhara in arbitrary numbers. Put tLe 
terrestrial days in a kalpCi 19, ilie revolutions of tho pbnet in 
the kalpa 10, the ebpsed days 12. Then we evideutly get the 
proportion, 19 : 12 :: 10 : number of revolutions already per
formed by the planet, whenoo the revolutions = 6'1\' Thu tho 
pll\uot bas p rformed 6 complete reyolutions, und 1\ of It revo
lution, so that to nnd the planet's plnce, we most red'1lCe t.hr 

, 1'he el .. psoo dnys of thu1u4pa to the time for whioh the plaue~'8 place ill 
fouud. See ()"7Iitcfclhllltycf. I, i7-f9. 

, [Seo .. Iso ()olcfllhycfya, Ohnp. XIII.-ED.] 
• The Bolnr daya in n halpa are 155520(1000000 [=4820000000 II 3i:0). Beo 

Oaititlulhv,tvil. I, 40. 
[Tho number of eolnr yanre ill a lIalpa ill 4320000000. Sec Su,rya.,jd· 

dhcfn/a. I, 10, now.-ED.] 
• Tho Innar days, reckoning thirty to the month or synodical rovo1ntioD 

tu'O 1602999000000 in tho kalpa. See BltltitcidhyltyQ .• I. 40. (Set, also ()~ 
dhYc!lIa, Il, fl, note. Tho wrrestrial day. io. a Ioalpa. ltJe 167791646000 
See ibid., n, S, note. Th_ two numbere as givoll ill tbo SUl'ya-lidIlW" 
(1,31) IHO slightly dHferenb.-ED.) 
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fr:lotion T\ to sign ('I'd is). degrees, minnte!! lind second. Now 
• 

as there are 12 igns in one r volution, 30 d gre in ono sign, 
60 ruino~ in ono degree, nud 60 seconds in ono minute, wo get 
lO~ of a revolutio = 3 signs, 23°. 41'.3\\, and this r uIt 
indjcate the planet's pla.oo. Now suppos the remainder of 
s _conds after division by 19, i.e., 3, is alone giv n, and wo hnve 

. to find the planet'll plnoe by an in era proce s. Let !I denote 
the remainder of minute, and II: the integral number of ooond. 
Then it is olear from the proce s whioh we aUopted in reducing 

the fraction -h, that GOY1; 3 ""' .11, the general solution of 

which is given (§256) by .1:= 60 - (57 +60t), y ... 19 - (18+19t). 
The only positive integral solution is got by putting t = 0 ; then 
It = 3, Y = 1. The quotient Ie is the number of ocond, viz., 3; 
nnd the multiplier y is the remainder of minuteR, 'tir., 1. It is 
easy to see that there enn be only one po itive inwgral olution 
B:ltisfying th conditions of the problem. For J: must ohviou ly 

_ be Ie s than 60, and y less than 19 i so that 57 + 60t must be 
positive and less than 60, and 18 + 19t must be positive and 10s8 
than 19. Hence there can be only 0118 value of t satisfying 
these conditions, and consequently only 01111 positive integral 
solution satisfying the problem. Making the neee sary hanges 
in the coefficient of y and in thA subtractive quantity, nud 
repeating th above proces , we clearly oblain t e number of 
minutes, dogr os and signs indicating tho plnMt's plac , and 
tho olap ed days. Thus the reason for the rule is clear. 

imilarly, to find the numb r of olar days which have elap cd 
from the beginni.llg of It kalpa np to nuy given epoch, Ullpo 0 

S, '!I, d note respectively the 8GUra days in the kalpa tuld 
the sa'Ul'(l days olap ed, and A, a, the corre pondi11g additivo 
months. Now since one additiye ~onth oceur in every 32i 
solar months (Gokldl,yttya, IV, 9,10), we evidently get. the 

proportion, S: A:: y: Il, whence a 0= ~ = X + b uppo 6, 

~ being an integer, IIlld ~ a. -prop r fmotion. Con,OlIn nny, 

Ai/-b . S = .r, and. I>ositive integral solution of this equation 
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Will give the solar days' and the integral number of additi~e 
months that have elapsed. Since by supposition, y is less than 
S, and x less than A, we can show as above that there can be 
only one positive integral solution, satisfying the conditions. of 
the problem. 
, The case of finding the elapsed lUnar days from the gi,e"ij 
remainder of deficient days or avamas, is preoi ely similar to 
the above, it being observed that an avama OMurs in 64J\ lunar 
'days (Golddltyayu, IV, 12). 
, In a period of 32, solar months there are 33t lunar months 
very nearly; this exoess of the number of lunar months, viz., 
one lunar month is caUed an adltima8a or additive month, be
cause a proportionate multiple of it is to be added to the solar 
months in any given period in order to convort them into lunar 
mouths. Again, in a period of 64h lunar days there are 63l 
terrestrial or mean solar days very nearly ; this differenoe be
~ween: the two numbers, viz., one mean solar day, is called a~ 
avama ctrsubtrnctive day, because a proportionate multiple oOt 
is to be subtracted from the lunar days in any given period in 
order to convert them into mean solar days.] 

265. Rule for Il. conjunct pulverizer. 1 If the divisor 
be the same and the multipliers various, then, rnakinO' 
, 0 

the sum of those multipliers the dividend, and the 8um 
of the remainders a single remainder, and applying the 
foregoing method of investigation, the precise multi
plier so found is denominated a conjunct one. 

[The rea on for the rule will appear from the solution of the 
example which follows.J 

266. Example. What quantity is it, which mul
'tiplied by five, and divided by sixty·three, gives Il 

residue of seven; and the same multiplied by ten 

, I Sa1ttli8hta.kutta/ul or III.n.tIU8htalpkuta.kl1tta./ul, a distinct pnlveri:ililg 
multiplier belonging to conjunot residuee.-Gan, A mnltiplier ded1lOed 
from th,eJlWD at multipUel8l1l1d that ot remo.indera.-8Iir. 
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nod divided by sixty-three, a remainder of fourt~n ? 
Declare th number.l 

Here the sum of the multipliers is made the divid nd, 
nd the sum of the residues, a subtractive quantity; 

nnd the tntement is as follows ;-

dividend 15 Subtractive 21. Or reduced to 
divi or 63' 

lenst terms ;-

dividend 5 Subtrnctive 7. 
divi or 21' 

Proceeding as before,' the multiplier is found 14. 
[In this example we have two simultan ou equations in

volving three unknown quantitio . Let !I-quantity J' lui rod. 
Then we have evidently, 5y~63m+7, lOy-63n+14, wh re 
m and n are certaiu po itive integers. at m + n=3); th , 
G3a: -15y = - 21, whence .y can b found by § 256, and th r asou 
!'VT the rule in § 265 is obvious.] 

I 
I [See OoZIulTlY4Y", XIII, lS-15.-ED.] 
t The quotleut aM it oome8 out in this operation Ii not to be taken: but ib 

is to be separately BOught with the eevera) original mu\tipIi8r8 applied to 
tbiJ nantity a.nddivided by the divisor as glvlln.-Gan • 

• • 
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OR APTER XIII. 
COMBINATION OF DIGITS.l 

267. Rule.' Th~ product of multiplication of the' 
arithmetical series beginning and increasing by unity 
and continued to the number of places, will be the 
variations of number with specific figures: thnt divi· 
ded by the number of digits and multiplied by the sum 
of the digits, being repeated in the places of figures and 
adde.d together, will be the sum of the permutations. 

[Let there be n digits. Then evidently there are J3 numb 'rs 
which an be formed witlJ all these digits. Uonsider a.ny ne 
of these digits, and denote it by d. In jn-l cases, Ii is in ~hc j 
units' place, in as many cases d is in the tens' phue, in as m;by 
cases d is in the hundreds' place, and so on. Thus the sum ~ris. 
ing from thed alone is In -l{ d + 10d + lOad + .... iO~l(l}. 
Proceeding similarly with the other digits, we get tlJe som of 
all the numbers -In-l X sum of digits X (10"-'+ ... +10 + 1) 

.. J~ X sum of digits X (101\-1 + ... + 10 + 1), whie!: tllteu 
n 

in words leads to tlJe rrue. The meaning of the phrase, ~ei/lg 
repeated in tIle places 0/ firJU1·et and added together, is opvious. 1 

See foot-notAl toO § 13. ] 

, Anka-juila'''Yat'aha,'a, conNlt;enation of digits: a mutnu.1 mixing of tbe 
numbere, as it were a rope of numerale, their variations I eing likened to • 
coil. See Gan. nud Sur. 

• To find the number of the permutation! and the 8um or amount of Lhem, 
with speoi1lo numbers.-Gan. and Sllr. 
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268. Example. How mnny variation of number 
elm there be with two nnd eight, or with thr e, nine and 

eil7ht or with the continued sedes from two to nille ? o , 
Tell promptly the several sums of these number. 

tatement of the :fir t example: 2, 8. Here the 
number of places is 2. The product of the serle from 
1 to the number of places and increasintl' by unity, 'will 
be 2. Thus the permutations of number are found 2. 
That product 2, multiplied by the sum of the figure 
10, is 20; and divided by the number of digits 2, is 10. 
This repeated in the place of figures (1 ~ 0) and added 
together, is 110, the sum of the numbet' . 

Statement of the second examp1e: 3, 9, 8. 

'£he arithmetical series is 1, 2, 3, of which t.he pro
duct is 6 ; and so many n.re the variation of number. 
That moltiplied by the sum 20, is 120; which divided 
by the number of digits 3, gives 40 ; and this, repeated 
in the thl'ee places of figures and summed, makes 4440, 
the sum of the numbers. 

Statement of the third example: 2,3,4,5, 6,7,8,9. 
Th. \rithmetical series beginning and incl'\1Il.sing by unity 
is 1, 12,3, 4, 5, 6, 7, 8. The product gives the perml1 4 

tation ,of numbers, 40320. This, multiplied by the sum 
of the figt:.l·es 4.4, is 1774080, which divided by the 
'Dumber of terms 8, is 221760 ; and the quotient being 
repe.'\.ted in the eight places of figures and sumrned, the 
total is the sum of the numbers, 2463999975360. 

269. Example. How many are the variations of 
form of the god Sambhu by the exchange of his ten 
attribute held reciprocally in his several hand, namely, 
the rope, the. elephant's hook, the erpent, the tabor, 
the skull, the trid.ent, the bedstead, the dAgger, the 
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• rrow, nnd tbe bow·.s tbose of Han by tbe excbODge 
of the mnce, tbe discus, tbe lotus and the conch? 

Statement: number of plnees 10.\ 
In the EalUe mode, as above shown, tJle variatioDB of 

fonn nre fou~. 3628800. So the variations of form of 
Har; .r<\24. I 

• 270. Rule.' The permut.tions found .. before, be
ing divided by tbe permutations separately computed 
for"" many plnces as are filled by like digits, will be 
the va.riations of number, from which the Bum of the 
pumbers will be found .s before. 

[Let there be ft digits; anti suppose p of thCJn to be d.~ q or 
them to be <it. and .the rest nnlike, namely, a., a",. &0. Theil 

the variations of number will clearly 00 - ~Ii' (800 Tod

bunler's Algebra, Art. 497.) The nuutber of cuses in which a, 
is in the units' or tens' or Lundreds' &e. 1)1n.cc is r/:-ili (1'00" 

hunter's Algehrn., Art. 497); nnd hence tho sum arising from d • 

• &",11"'" or Si f4 U repre.ented wi~b teu .... lIlI, ud holdin£, in hi. ;eu 

b.ad. t.hll ten WII.,POO' or ' l mOO1l bere Ilpeoifl.ed; .nd, bl tballr( • tile 
1Ie",,&\ at.tribuL6lli mm one band to another, a variation 01"'1 be elf~ ia 
t.be rllpreeen t.a tJon ot t.he idol, in t.be , .,me mll.uner .. t.he ima&'e ot fIan or 
VJ#"~ iJ ,.tied. bl t.be e:lObUle of hia fo01' _rmbo1l in hil fouJ haDdt. 
The ~weatl· tour diffataa~ reprlll6U~IOnll of Y'.,41t1f. ari-illol' tttlm t.iUl 
dinrlit.l in Yle UlalUIer ot pl.ciu, t.be wcapoue or .. t.tribulAl UI W. rOfU 
hucU, are diltin,Qiahed bl almauy di.oriJnilll\t,jve t.itle. of the sod .JIOI.cal 
too 1J;I0IIl liiUnli ill the thqol.lie. or J"tI.rAtu. h doee u~ .ppear t.bat diao 
i.IDO~ t.ItJ • . b.l'e bee.u in like lUuner uaiped to allJ.f ~b. more than threft 
miUiou ot Yluied rllpr_atatioo8 ot 8i_, 

The teo .tt.rlbut.!le ot lUra .tll ;_1I~ p6'4, a rope or chain tor biDding an 
eleph6.lll; 2nd, Qltil'la, a hook for ruid1al U elepha.lt ; Std, a.,u, a Hrpe.'l.' ; 
fth, da_ rtl , a bbor; 6~h , lapdw.. a b\\UW1 uull, 6th. tririlll , a 'rid6llt ; 
7\Jl., l.tw.elOd"lt,II-, a bedtt.ead. or .. olub in the form of t.be tOOl at ODe: (i' 
mal.t.o IDCau .. club h"l'lur a &kuU at. the £Cp.-Eo.] 8th, .4t~. ad..,,.,, 
9th, oN,.., an arrow i IO&.h, rUjHJ , • bow. , 

• dpec.iaJ; be!.UK appllct.b le "hllJl two or more of the dia'iw are alike. 

• 
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In-~1 . 
ruone is 1]>-1 ~ (10"-1 + ...... -\'-10+1) a,. imilarly the um; 

arilIing from d. is ~lih (10"-1+ .... .. + 10 + 1)d" and ~nt 
arising from d., d., &c., is 

, In-1 i.e N. (1O~1 + ... ... +10+1)(tl.+d.+&o.) 

Hence the l um of all the number i 
In {d, d. d, +d. +&c.} 
~(101>-1+ . .. ... +10+1) J,P-l \2+LElq-1 +-LE!1. -

~ . 
=nlE~ (pd,+qd.+d.+d.+&c.) .(10 ...... 1 + ... +10+1) 

In 
co lE= I X sum of digits X (1Oll-1 + ... + 10 + 1), whence th n p q • -
rule.] 

271. Example. How many are the numbers with, 
two, two, one and one? And teU me quickly, mathe
matician, theil' Bum ': also with four, eight, fi ve, five :md 
:five, if thou be conversant with th e rule of pel'muta
tion of numbers. . 

• •• 
Statement of the 1st example: 2, 2, 1, 1. Het'e the 

permutations found as· before (§267) are 24. First, 
two places ar~ filled by like digits (2, 2), and the per~ 
mutations for that number of places are 2. Next two 
other places are filled by like digits (1, 1), and the per
mutations for these places are also 2. Total 4. The 
permutatioDs 24 divided by 4 give 6 for the va.riations 
or number: viz./ 2.211, 2121, .2112, 1.212, 1221, 112.2. 
The 8um' of the numbers ill found as before 9999. 

I The onnmel'atlon ot the pOl8ible combination8 is to1'1llcd pru,td,'Uo. 
• The variatIon. 6, muJ~pl!ed by the 8nm ot the figurOll G, and divided by 

the number of digil.8 *, give 9 j which beiDg repeAtod in lour placetl of 
figUle8 IWd .ummoo, make.. 9999. 
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Statement of the 2nd example: 4, 8, 5, 5, 5. Her 
the permutations found 3.8 before are 120, which, divided 
by the permutations for three places, vit. , 6, give the 
variations 20: viz., 48555, 84555, 54855, 58455, 55485, 
55845, 55548, 55584, 45855, 45585, 45558, 85455, 
85545, 85554, 54585, 58545, 55{58, 55854, 54558, 

I 
58554. The sum1 of the numbers comes out 1199988 . • 

272. Rule': half a stanza. The series of the num· 
bers deCt'easing by unity from the }a.stB to the number 
of places, being multiplied together, will be the varia· 
tions of number, with dissimilar digits. 

[This rule gives the ordinary forlDula for the number of 
permutations of 11 things taken r at !I. time, I)iz., n (n -1) (n - 2) 
...... (n -r+l).] 

273. Example. How many are the variations of 
number with any digits except cipher elC,changed in six 
places of figures? If thou know, declare them. 

The last number is nine. Decreasing by unity, fo:, 
as many as are the places of figures, the statement of 
the sedes is 9. 8. 7. 6. 5. 4. The product of these 
is 60480. 

274. Rule4
: two stanzas. If the sum of the digits 

be determinate, the arithmetical series of numbers from 
one less than the sum of the digits, decreasing by 
unity, and continued to one less tban the places, being 
divided by one and so f01'lib, and the quotients being 

• The variabiollB 20, mul~iplied by tho 8um of tbe figures 21. giTe 5~O, 
wbioh, dividod by tbe nurober of digits 5, makes lOS: and this beicg r.pel\~· 

ed in five places of flguree Ilnd summed, yield. 11999Sa. 
• To find tho variations for a de:inite number of plaoes willi indetermUlllote 

digits.-GaD. 
• That 18, from nine (in the example whioh followe.]-G&D. 
• To find the permut'~on8 with indeterminate dilits for a defiuite 8um 

and a 81HlOifio uUUlbur of pl"cee.- Gau. 
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multiplied together, the product will be equl\l to the 
variations of nnmber. This rule must be understood 
to hold good, provided the sum of the digits be Ie s 
than the nnmber of places addp.d to nine. 

A compendium only has been here delivered fOl' fear 
of prolixity! since the ocean of calculation has no 
bounds. 

[Let 8'" the sum of the digits, 
n = the number of c:ligits, 

(Ill(llet s=n+m. 
Then by supposition, n+m < n+9, or m<!l, or m+I not 

79, 0 that. e'ven if 1t -1 of the 1t digits be l's, th remainder of 
tbe sum, 111 + 1 being noi. 7 9, can form the remaining digit. 

Now let the n 1'8 composing n be denoted by I", I_I, 1-~ 
......... 1\ and the m l's composing m, by I., 1 .. 1 . .. .... 1 ... 
Then, if we fix I" in the first place on the left, and t.'lke the 
different pernl1lt..'ltions of the remaining n -1 +m symbols 1-1, 
1 ..... ', ...... 11 and I., 1" 1 ....... 1 .. , of which the n-1 ind xed 1'8 
aro considered to be alike and of one sort, Ilud tho other m ~ 'a 
are co!' idered to be aJike and of another ort, and place each of 
the e perm"piations to the r ight of 1", and regard the snm of 
each iude.'ed 1 with the group of l's with suffixes, if I\ny, 
following it on its right as forming a digit of one of the re
quired numbers, 

we shall hay. a eries of numbers like the following :
(1" I) 1~) (1 ...... 1 Is I. 16)' ••• (1" .••. 1'4-1) ... (1' 1", ) (II). 
(1"11 12 13 1.) '111 - 1) ...... (1" .... 1,,) ..... (1') (II) • 

•• • ~ ••••••••••••••••••• t •••• , •••••••••••• ••• •••• ~ ••••• 

This series will evidently contain 1111 the required number! 
and those alone; and the namber of these numbers being the 
number requiced, the problem is reduced to finding the number 
of TArmutati,)ns of n+m-l things t!lken all togoth r, of which 
71-1 nro alike and of one sort, and 'In are like and of auother 
sort. 
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';t+m-l 
And this number-B ~ l 
(.+m 1) (n+m 1-1) . .. (n+m-1-n--=-D (m - 1) ... 1 

- ~I~ 
en + m-l) (n+m-2) . ... (tl+"l-l-n:.2) 

= I~ \ 
.. (.-1) (. - 2) ... . (. -n- 1) . 
- 1.2 ............. (0 -1) , 

which proves t.be rule.] 

275. Example. How many various numbers nTe 
there, with digits standing in five places, the 8urn of 
which is thirteen? If thou know, declare them. 

Here the 8um of the digitR less one is 12. Thfl de
cretlsing series from. this to one 1088 than the number of 
digits) divided by unity, &c. being exhibited, tllC stnte-, 
ment is, Jf. l,}-. If· l The product of their multipli. 
cation (~Y-D-) is equal to the varia.tions of the numoor', 
495. 

276. Though neither. multiplier nor divieor be 
asked, nor square, Dor cube, still presumptuous il'.c'lxpert 
scholars in arithmetic will assuredly fail in ( :Jroblems 
on) this combination of numbers. 

277. Joy nnd hnppinC3B is indeed ever i.ncrcasing in 
this world for those who have LU/wat£ cI8,sped to their 
throatsl

, decorated as the members IlI'C with neat rodcc. 

, 91111, JSitZi, 13833, eaoh five WIUII; Gal H. US:!,, each tea. 'Wit'" I 
&2111, n:l 11 , 64111 , 6!~~2, 61222, el1Ch tW'tn~, w.,.; 72211, 63311, 
U!!:ll, HSII, eaob tbirt, w.,.; 63U 1,61211, 63UI, .,321, 0IWlh Ilxt1 w.,... 
Tbut the ~te..l it 496, 

I 8, oon.l.aa.~ repet.ition 01 Lhe text. l'bit IIknUo ambiruoul)' "11reMed 
.nd bea.rillf" dOllble ltuport, ImplS. •• Iudle: &II. o.b.armilll' WOUIUl 01<*11, 
mnbraoGd, wboae IlCnO.Q Ie t.mhlllli'hed b,.a. ..-eQlbl. of etepnt q.uli., 
who iI pore aDd IIIItecLln her oowhJC:t. .~·d wao ~u.en ..,«IIable as.oou.... "'0 ... 
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• !TncUons, multiplicati~n and involution, pure nnd 
" as are tbe solutions, nnd tasteful ns is the speecb 

,,~ 1:8 eXC1Ylplified. 
III "'audit JiY.inandB. VidyWgnra's 6(lilion of tho original, 

t • 'N ;. a stanza. un..... ~.t.... ...... - ., ,, 1 .... Wlllg u.. .. variod s~iholllrt'.hip 
'hi -kara, nnd st.-ding ~bat the present won. 'vas COIll~ 

.. . llti It was prolmbly added by some pupil ot llLiskilrn, 
• _, .... J •. h:I..l5 wen omitted by Colebrooke. It roDs us fol'')wtl :_ 

., I' :l'Jtbor of this (Larivall ) is that illu~trious Blula!:.." (ll 
• 'Jr) of vast erudition, who tborougllly mastered eight war 

o' 'mar, (ni.:. , those of luJra, Cbnndm, Kh.snkritsll~ Apisltli. 
to:. • .loa, PAlliui, Amara, and Jainendrn),' six works on modi~ 
(II I \00, (Di.::, AgnitJela-¥Ul/u'td, nlterltj.lallhitd, JdtukaflUv 
.. ..:.' Pard8am-&anluui, Slrapani.-JG,,/Uld, and If6.,.(ta-IanhIH),' 

~ lhilosopbical systems (v;;., &111/f"ya, Yoga, .Ngaga, Va,'
... G. JJimd,,,a nod JTtddnta), fivo"'works on gill/ita (cu1cub
\ :r:iz., Pauli8a-1iddMnta, llmnaka--8idcllu£1&ta. JJaJ;8/alM.-

"ta, Sdrya--,;tldMllta and Paitdmaha-8itldMlll und 
--I • l'etlcu (",iz., the Rik. the Yaj"8h, Lho Sdman Rnd lho 

m) j nnd who understood tho throo ll<"'ut;u. (i.e., tho 
to.. . 'mAtMAlU of the Vedt,nta, ";z., lhe S,U"",, tho Up(1.Yli,/~" 
• I ~ PrakaMluu), as well 118 the two Jf{mAn«I ... ~ ami tbe 
o . I" rmu Brahman, the nim nnd So.X>po of hath:'] 

l K Uibliot.heca Indioa, Nirukt., Vol, lV. Appeudlx1 parQ j4J11, Borua of 
""... \. .bor. oompoMd dictlollarie. aDd oot "fOrb OD pmmar. Thill the 
•. ,,,4ia"/loWM ill the oririnal h .. beaG rather 100MI, uaed.-Eu.) 

I ~ "l _ ail: aGcient worke form ~ bMl.l of t.be later wocu of Obu.b, 
Sun'. and BArbbatL lbe worb of Oharak" .od SU,rllt. are Quall7 
t:tJled ,""iU,; twof Bl.gbhata iI kuowu uoder t.he nam. of AlAtd,.,~ 
i.rod. .-Bo.} 

('.. Varih.-mlhira'a "ri,\at •• ulAit" Oh. U.-ED,) 
'''.weil, the P';r"a·.'IIt4~tf of I.IUllol, QUIll, oalled ~. JUM,,", 

• to UU.r4-rMlHiJt44 of V, ..... u.oall, called the l'crdP,.,-Bu,l 

I 
I 
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I<+m-l 
And this numbor- n-l ~ \ 

("+,.-1) (n+m 1 1) ... (. +,.-I-n--=1) ( •• - 1) ... 1 
- In-II~ 

(.+m-l) (.+m 2) •..• ( .. +n.-I-~) 
~ l!'....l I 
~(.-i)(.-2) .... (.-.-1), " 

1 . 2 . ............ (n -l) 
which proves tho ntle.] 

275. Example. How mllny various numbers are 
there, with digits standing in fi ve places, the sum of 
which is thirteen? If thou know, declare them. 

Here the sum of the digits les8 one is 12. The de
creasing series from this to one leas than the number of 
qigits, divided by unity, &c. being exhibited, the 8~te-. 

ment is, ¥. ¥. :If. { . The product of their multipli· 
eation (~) is equal to the vllriations of the number, 
495. 

276. Though neither . multiplier nor divisor be 
asked, nor equ:\re, nor cube, still presumptuous iro.a.xpe.rt 
twboh,rs in arithmetic will llSsuredly fail in (:)robletn8 
on) this combination of numbers. 

277 . Joy and hnppine.~8 is indced ever i.ncreasiuC{ in 
this world for those who have LfJavatt cl~,8ped to their 
throats', decorated as the members a.rc with neat rcduc • 

• 91111, 112222, l SS33, each fi.-e "ayt; litilll, 21,SS, e&eh tell .. .,.. : 
8!11I, 7'111, 64111 , -..,n2, 6ISU, or.eb twent, wa,.j 72211, 63311, 
4t221, H811, etcb tblrt, w.)'I; 63:211 , IiUII, 63UI, 4'3t1, e.ch t1st, •• , ... 
Thill t.he total il4!i6 . 

• b, OO ... te.D~ lepeUUOIl of the text. 'niP Mil&&, acalJiruollll, ezprellCd 
aDd bearill, a doubt, h:oport, huplielalimlle : .... ObamtiD, _ .... eloMll' 
eltlb.-.ood, ""L<MEI per.ouillmbelu.hed b, aD. _blare or elepnt. QaaIi"", 
who w pute r.Ild perfect. UI her OOIldue" _til .ho uUoen &(reeahle diIDouaI. 
"'G~ 




