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saflemical Students; at the request of some sche olms
pr ~a. a duodecimo Edition of the Six Books was pul
@ plan for the use of Schools. Soon after its appea
peor Christie, the Secretary of the Royal Society, in th |
Irmme on Deseriptive Geometry for the use of the Royal 1
was pleased to notice these w orks in the following W =

n the greater Portion of this Part of the Course was prmtl&.
b had for some time been ‘n use in the Academy, a new Edition of
- _dn Flements, by Mr. Robert Potts, M.A., of Trinity College,
S bridge, which is likely to supersede most others, to the mm.ﬂ
beust. of the Six Books, was published. From the mmd‘ rrang-

i m)'

3

i . the Demonstrations, this edition has the advan
sy holical form, and it is at the same time free from t
ph: rtions 10 which that form 18 open. T.hﬂ du paecimo '
fork. ., comprising only the first Six Books of Euc
e them, having been introduced at ﬂlh Institut
 renders any other Tmtlu on

S ——

| rth nmmdﬁdmon ofthe SchmlEnehﬂ,wm
the work 1n some cegree more ‘I‘Gfthy of the favour M the
a pns have received. In the M Mﬁm m md

ghu have been corrected and some

estions on each book have been considerably sugment
br arrangement of the Geometrical E:m hm attemy
astly, some hints and remarks on them have been given
parner. The additions made to the present Edition
« than ity pages, and, it is hoped, that they will render
uwfu] to the learner. g iR |
jnd here an occmnn maybumm ]




istinctions ; the faculti
lished; and ih mla is always te
inves J{pﬁm —Dbetween close reas..
 the contrary of all which haliits, those ar
y themselves to Logw without Sty
artment of Mathematics; taking noise and mnglsrg for
n ufumﬁtm mmmplmhed hy the Instage N
s will exnlain ﬁu inseription placed by Plato ov ¢ the
se: ‘ Whoso knows not Geometry, let him not entee
Raandticiis s More) Culture, however, to all
i ._'_f.-.-ﬂ_a'--'“ i' genml‘ md th!’ agreement en
mmends the study of the Mathematics, o the
' teompound ignorance.” “ Of this,” he proceeds to say, “the
e is opi im nﬂ‘t WN& to fact; and it necessarily inv v
r opinion. nar matw are already possessed of knowl ge
ring, we knﬂw not that we know not; o
In like manner, s 0!
Imd eﬁmhlmhed maladim, no cure can be

.-l."' Ehn

t md lu.‘qmrvnwt t of f sf'" er L:; wledge |
for. mwximte cure, and one from. which i}
benefit may hmhmpnted is to engage the patient | & ¢
ures (G f" ometry, computation, &e.); for in such pup:
e m uwnted by the clearest interval,

r the intrusions of fancy. From these the mind may
| :_.._.,._H;._”: ity; and when. on returning to his own
ds in them no such sort of repose and gratification, it

”‘"'-ua chmcter. its lgﬂnmnce may }W‘vk._

ace of the \!athematmnl Sciences, as ap -.
fmm his work on “ The Advancement ¢

ther pure or mixed. To the pure . ’\ia‘t
nging W

of natural ph’lowphy, and these
tio; the one handling quantity contini
lwth for mb;ect some uiu

hich handle quantity determn

» 'mtr: Wlﬁhﬁ“t tha liﬂ Iﬂﬂ mtmemng ﬁ th,u
&hich sort are perspective, music, astronomy, cosmograpiy, ar
sture, enginery, and divers others.
« In the Mathematics I can report no deficience, except it h that
sen do not sufficiently understand the excellent use of the pure
“[athematics, in that they do remedy and cure many defects in the
wit and faculties intellectual. For, if the wit be dull, they sharpen it;
o too wandering, they fix it; if too inherent in the sense, they abstract
it. 8o that as tennis is a game of no use in itself, but of great use in
respect that it maketh a quick eye, and a body ready to put 1 itself into
s0 in the Mathematics, that use which is collateral and
itervenient, less worthy than that which is principal and
mtended. And as for the mixed Mathematics, 1 may only make this
rediction, that there cannot fail to be more kinds of them, as nature
ows further disclosed.”
How truly has this prediction been fulfilled in the subsequent
sdvancement of the Mixed Sciences, and in the applications of the
. pure Mathematics to Natural Philosophy!
+  Dr. Whewell, in his * Thoughts on the Study of Mathematics,”
~ bas maintained, that mathematical studies judiciously pursued, form
one of the most effective means of developing and cultivating the
reason : and that “ the object of a liberul education is to develope the
., Lole mental system of man;—to make his speculative inferences
% idincide with his practic al convictions ;—~—to cnable him to render a
ﬂuon for the belief that is in him, and not t6 leave him in the con-
| ” of Solomon’'s sluggard, who is wiser in his own conceit than
" even men that can rtmhr a reascn.” And in his more recent work
’&tﬂmled “Of a Liberal Education, &c.” he has more fuliy slmvm t.hq
%hponanee of Geometry as one of the most effectu: .
@“: intellectual education.. In page 55 he thus MMBM
Besides the value of Mathematical Studies in Education, as a perfect
plz and complete exercise of demamtmuu mww ; M.th..
tical Truths have this addnmml h,,._.;g,-: |

Il postures;

E'ﬂ no
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ELEMENTS OF GEOMETRY.
BOOK L
DEFIN lT]ONﬁ.
-
L
' A poInT is that which has no parts, or which has no magniiude.
: hﬂtﬂm System of Logm, (Vol. 1. A line is length without breadth. :
T m «The value of Mathematical instruc- . L
ihor m those more difficult investigations (physiciog, " The extremities of a line are pointa
&e.) consists in the applxcnlnhty not of its doc- w
Mnthﬂmm will ever remaig fhe ™0™ " /A straight line is that which iies evenly between its extreme points.
e Method in gemnl and the Spplicatic . v
furnish thé onl)y .
| " A superficies is that which has only length and breadth.
Vi
The extremities of a superficies are lines.

superficies is that in which any two points being taken, the
t line between them lies wholly in that superficies.

VIIL

.A plane angle is the mchmum of two lines to ‘*
| whmh meet togethe




DEFINITIONS., b

XV.

A circle is a plane figure contained by one line, which is called the
Mnnm, and is such. tht all straight [mu drawn from a um
~ poant within the figure to the circumference, are equal to one

XVL
And this point is called the center of the circle.

XVIL

A diameter of a circle is a straight line drawn through the center,
sad terminated both ways by the circumference.

‘ XVIIL

A semicircle is the fig contained by a diameter and the part of
e circumference cut off by the diameter.

X1X.



meguthntMMlﬂﬁl %
ﬂ its sides equal.
XXXIL A
A rhombus has all its sides equal, but its angles are not right

XXXIIL

A rhomboid has its e“pﬂum sides equal to ueh Gther, mlﬁh
" sides are not equal, nor its angles right angles. by e,

III?.

heing produced ever oo far beth ways, cko not meet.

il
] o

4

=

Fnllelugmm is a four-sided ﬁ‘gm of w '

mllel : and the diameter, or
two of its opposite angles.




ROOK 1. PROP. I, 1I. T

Y --.p.gﬁm()ﬁ I. PROBLEM. .
To deseribe an equilateral triangle upon a given finite straight
Let 4B be the given straight line.
It is required to describe an equila triangle upon 4 B,

From the center A, at the distance 4B, describe the circle BCD ;
(post. 3.
'rnnr:o!h? n');nwr /7, at the distance B A, describe the cirele ACE;
nd from (', one of the points in which the circles cut one anoth
draw the straight lines CA, CB to the points 4, B.
Then 4 B(C shall be an equilateral triang |
Because the point A is the center of the circle BCD,
therefore 4 C is equal to AB; (def. 15.) L
and because the point B is the center of the circle 4 C.
therefore BC is equal to 4B ;
but it has been proved that A4 C is equal to 4 B;
therefore 4 C, BC are each of them equal to 4B;
‘but things which are equal to the same thing are equal to one another;
| therefore 4 (' is equal to BC; (ax. 1.)

L)

e wherefore AR, BC, CA are equal to one another:
E .« VIL hiok sxsetly and the triangle 4 BC }i: therefore qqt‘;llam &
B aiah ther, that is, which exac and it is described upon the given straight line 4
[ | " Which wes required te e dshik

PROPOSITION II. PROBLEM. i
~ From a given point, to draw a straight line equal to a gﬁln M line,
mp. Let A4 be the given point, and BC the gi?m wt I%M o
It is required to draw from the point 4, a straight line equal to BC.
e




BOOK 1. PROP. IV, V. 9

oo
e ——
o P
e
¥

b stadaint Then shall the base BC be equal to the base EF; and the triangle
ae the point B is the center of the circle CG /1, A BC to the triangle DEF; anﬂ tke other angles to which the equal
77 iherefore BC is equal to BG; (def. 15.) sides are opposite shall be equal, each to each, viz. the angle 4BC to
ok il ‘hmm is the center of the circle G K L, = the mgle JEF, and the B-Hgl& ACD to the ﬂ-n-glﬁ DFE.
~ therefore DL is equal to (7, A
rts of them are equal; (1. 1.)
srefore the remainder A L 1s eqm.l to the remainder B, (AX. 3.
but it has been shewn that BC is equal to B (7, |
 wherefore AL and BC are each of them equal to B/, .
herefore the str ight line A.L is equal to s {ax. 1.) For, if the triangle 4 BC be applied to the triangle DEF,
refore fr msnm pmt.d, a st _l‘:‘t !me AL hm been drawn % that the point 4 may be on D, and the straight line A B on DE;
& 4 traight Line BC ¥ hich was to be done. then the point B shall coincide with the point E,
because A B is t-qual to DE;
o e A SRS nd 4 B coinciding with DE,
4 PROPOSITION 1II. PROBLEM. i the :Eﬂlixhl line 4 ( shall fall on DF,
From the SR : qu iven straight lines to ewt ﬂﬂﬁ part ﬁq‘m: o the less. hﬁjmxﬂv the angie BAC is equ_al to the mgle EDF;
“ujm_ e ‘l.i"" ; therefore also the point C shall coincide with the point ¥,
Let AB and C be the two given straight lines, of which A [/ is the because A4 C is equal to DF;
grester, . sEon | but the point B was shewn to coincide with the point &;
required to cut off from A B the greater, a part equalto C, the less. -' wherefore the base B shall coincide with the base EF;
15 3 | because the point B coinciding with E, and C with F,
| if the base B C do not coincide with the base EF, the two straight lines
B and EF would enclose a space, which is impossible. (ax. 10.)
| Therefore the base BC does coincide with £F, and is equal to it;
EB and the whole triangle ABC coincides with the wh;?o triangle
£ + n:]f fmd is equal to it; y Sk e .
| A | | lso the remaining angles of one triangle coincide with the remain-
the point traight line A D equll to C; (L ) | ing angles of the other, and are equal to them,
om the center d.:;.’émth?mu AD, describe the eircle DEF viz. the angle 4 BC to the angle DEF,
| cutting AB in vint E. f and the angle 4 CB to DFE.
- Then AB mh equal to ' ‘ Iherefore, if two triangles have two sides of the one equal to two
Because A ix the center of the circle DEF, sides, &c. Which was to be demonstrated.
therefore A E is equal to 4 D (def. 15, P w
: it line € is equ.af to Ab; {cm:.ﬁu.} PROPOSITION V. THEOREM.
whence 4 £ C are each of them equﬂ_ to A D; '~.;_ The angles at the base of an isosceles triangle are equal to each other;
_ wherefore the straight line 4 E is equal to C. (ax. 1.) (1§ ! and if the equal sides be produced, the angles on the other side of the base
And therefore from 4 B the greater of two straight lines, 8 PE-"‘;;{' thall de equal, |
nal Which was to be d00¢ r Lot 4 BC be an isosceles triangle of which the side 4 B is equal to 4G,
and let the equal sides 4 B, 4 C be produced to D) and E.

- PROPOSITION IV. THEOREM. P Then the angle .4 BC shall be equal to the angle 4CB,
&M T sides of the one I to to sides of the other, Eaa and the angle DBC wegm angle Ef‘é‘g‘

=)

| * i el In BD take any point F;

o - &g sl | .~ from AE the greater, cut off AG e':lual to A F the less, (1. 3.)

~ Because A F'is equal to 4, (constr.) and 4B to 4C; (hyp.)

the two sides FA:}G are equal to the two G4, 4B, each to each;

£ nd mﬂi contain the angle F.4 G common to the two triangles
AFC, AGE; i

8BS



. because DB is e
| the two sides DB ("are 911
um base G B, (1. 4.) and the m%’ DBC s equml to the a |
al to the triangle A 7 B, £ therefore the base DC is equal to the _- L )
e saual to the remaining angle and the triarmgle DBC 1s equal to the t:ﬂuﬁ'ie {BC,

& | the less equal to the greater, which 1s absu (ax. 9.)
1l sides are Opposiie; - . Therefore 4 B is not unequal to A C, that 1s, AB is equal to 4C.

gle A B, | Wherefore, if two angles, &e. Q.E.D.

?&{ﬁfﬂg AG Cor. Hence an equiangular mangle is also thwd.

lﬂ‘. : equal; PROPOSITION VIL. THEOREM.

:rmndg Ca; (ax. 3.) Opon the same base, and on the same side of ﬁ, there mb ,
W W GB; | triongles that have their pides which are terminated in *; ZiTe |
W m qw to the two COF. B, -- booo, egual to one another, and likewise those which are

gl har exiremily.
b
m

to the angle OG5, | '-ft it be possible, on the same base ARM
$ are WL (L. 4. - DA, terminated in the extremity

1 les BFC, CGB; it. let there be two triangles 4 CB, ‘?é?; ick
| 10 each, to which the equal sides | and likewise their sides CB, DB,
to the tnﬂe GCB,

o

e

S

TP e T

- i

e

I to the wheii A C“F
__ hth-e rmlimng- gia J CB. s it e
-- “h triangle A5 @irst. When the vertex of each of the triangles is without
” | other triangle.
’ ﬂ’ ﬁf thP gt thuefore the angle ADC is eqnal to &h angle
% | but the angle 4 CD is greater than Lhn ngle B
therefore also the an I.e s greater U
much more therefore is
A gain, because the side BC’H
~ therefore the angle BDC| |
‘but the angle B%C Was pro WW th
wce the angle Bﬂﬂhhothoqmlmm




In A B take any point D; o AR
from A C cut off AE equal to 4D, (1. 3.) and jon M@ S
on the side of DE remote from A,

| ‘ﬂi one equal to two sides of the other, describe the equilateral triangle DEF (1. L), m
tir bases equal ; the angle which iscon. Then the ntnigh‘t line AFlhtﬂ bisect the ai
one shall h equal to the angle contained by Because 4D is equal to 43_, (co

and 4 Fis common to the two U

3, hnmg the two sides 4B AC, the two sides DA, AF, mequlmth-.

'_DE,D;etch mh,ri;..gﬂmﬂguﬂ e | mdthehunﬂfk_
base BC equal to I‘.hu base EF. . therefore wth' wch ﬂédfl A o

PmmOHI. PRO.
T'nbuwtugimﬁtmmwhmw is, to divide ﬁﬂv

Let A B be the given mght line. < O
It is required to divide AB into two equal pa
Upon 4B describe the equilateral triangle 45C; (L 1 )}

i o

| mmbmm angle 4 CB by the straight line C -.
i nt . o {I. 9.)

=
49
a0
L

......
|



£ right angles to a given straight line, from, .

ol hthﬂv@: and Ca given point in it.
straight line from the point C at rig,

lp ~ In AC take any point D, and make CE equalto ("J); (1.3
. upon DE describe the equilateral triangle DEF (1. 1,) and join CF
Then CF drawn from the point C,shall be at nght angles w0 A4
| Because DC is equal to EC, and F'C is common 1o the two trian e
fi DCF, ECF,
£ ﬁﬁ two sides .DC, CF are equnl to the two sides EC, CF, each tu each
‘ and the hase DF is Equul to the base EF'; (constr.)
Mm the angl-s' DCF s equa] to the nn;ﬁr_ BOCF: (1. 8.)
Lt T e g ‘nd lhm two angies are mf}u(‘ﬂﬂ. !FI:.;EI;‘FL
ﬁﬁtm the two adjacent angles which one straight line make
‘with another straight line, are equal to one apother, each of them
led a right angle : (del. 10.)
therefore each of the angles DCF. ECF is a right angle.
s refore from the given point C, in the given straight line A b
£C has bee éﬂtﬁt&rﬁh@ angles to 4 5. Q.EF,
__Cor. By help of this problem, it may be demonstrated that twe
lines cannot have a common segment.
~afit be p #Bh‘&n? mm‘ segment 4.5 be common o the two straight

:!: L |

R A L e D e

p e T e e e o i e e e e o = R e T e e 2 e L g

the bmuu ABC is a straight line, e

e ABE is equal to the angle EBC. (def. 10.)

ly, because 4 BD is a straight line,
gle A BE is equal to the angle EDLD;

EBD is equal le EBC,

¥
A }‘/“\\5'—{3
| 4

~———"0

D

Upon the other side of AP take any point D
and from the center C, at the distance CD, describe the circle EGF
meeting A B, produced if necessary, in Fand G: (post 3.)
bisect F'G in H (1. 10.), and join CH.
Then the straight line CH drawn from the given pOint C, shall be
})trlwr.t.iu"fsﬂ:.r to Lhe ;.:H en a!rah:h! line A H
Join FC, and CG.
Because FIH 1s equul Lo ff(}, (E‘UMEI'}
and H(C is common to the triangles FHC, GHC; L
the two sides F1I, HC, are equal to the wwo GH, HC, each to eac 18

and the base CF is !'r_lual to the base CG'; (def. 16} ¢
therefore the angle FH C is equal to the angle GHC; (1. 8.) ik

and these are adjacent nl:glﬁ- i e S

But when a straight line standing on another straight line, makes
the adjacent angles equal to one another, each of them is a nght angls,
and the straight line which stands upon the other is culled a perpen

dicular to it. (def. 10.) _ : gt

Therefore from the given point €, a perpendicular CH has been

drawn to the given straight line 4 B. Q.E.F. vk

PROPOSITION XI1II. THEOREM.

TAe angles which ine stratght line makes with another upon one side ¢
it, are either two right angles, or are logether equal o two right angles.

Let the straight line A B make with CD, upon one side of it, the
angles CBA, ABD. |
Then these shall be either two right angles,
or, shall be together, equal to two right angles.

E
A A

P D B C
For if the angle (B4 be equal to the angle ABD,
_ each of them is a right angle. (def. 10.) |
But if the angle CBA he not equal to the angle A BD.
from th point % draw BE at right angles to CD. (1. 11.)
Then the angles CBE, EBD are two right angles. (def. 100




~ And because the . G,BE ig equal to the angles CBA4, 4B ' ,{; BOOK 1. PROP. XV, XVIL.
therefore the angles C.5.4, EBD are equal to the three angles ( 8 ¥ PROPOSITION xY.. 28 KL,
 ABE, EBD. “*2% , | 4, if two straigh
Again, because the angle /) B.A is equal to the two angles DBE Ep Shail be cqual.
e R lﬂ.ﬁ@ Mﬁh ﬂfthm equals the angle A4 5 C'; T4t the two straight lines A B, CD cut one anot and the
mﬂﬁ%@r‘iﬂgﬂ DBA, ABC are equal to the three angles ] B “hen the angle 4 EC shall be equal to the angle DEDB, '
LAy . B . - % iy 1 : : t.h rie ;'IEI-}-
But thfa angles CBE, EBD have been proved equal to the g e
three angles ;
herefore the &nglu CHE, EBD are equal to the angles DB.{, 1] gl
i S hmﬂu lﬂglu CBE, EBD are two right angles ; D
wnere. t%f)lﬂglﬂ BA, ABCare together equal to two right ang Nacase 1?(‘ :{1;;5;;}& ‘!i ;rhi E makes with CD at the point E, the
\BAe &) | A ; sdmoent angies 24, AL .
Vherefore, when a uu-ught. line, &c. Q.E.D. : #}wwf angles are together *""i‘ml to two right angles. S; |
cain, because the «traight line DE makes with A B at the point.
| ._a:';, rentl & .’5?'::;:"_”"" A }.Ij, !J }:If '
s P‘B.OPOSI:'I'IGN XIV. THEOREM. | _— ‘ ce angles also are equal to two right angles; &2
y; ;*mﬁ;; i:: straight line, two otner straight lines, upon the oppo s Bt ‘he angles CEA, 4ED have been shewn to be equal to two nght _
siaes of ke the adyacent angles together eguai to two right angies, ¢ ingies | | e < W Nt
 these two straight lines shall be in one and the h:tm‘:trmf;f::‘yhn; B «i. efore the angles CEA, A ED are equal to the angles AED, DEB:
" take away from each the common angle AE& R

i .Mtha point B in the 'ltmght line A B, let the two straight iin - {lmi the remaining angle CEA is equal to the remaining .uh DILD

Bﬂ upon the opposite sides of A B, make the adjacent ang! {ax. 3.) S el
ABD togethe equa.l to two !’ight angles, .,,,In the same manner it may be demonstrated, that the th LD

i e en B.D shall be in the same straight line with BC. k. ~" M egual to the angle 4 E D.
g | A S8 Therefore, if two straight lines cut one another, &e. Q.E.D.
e v " (br. 1. From this it is manifest, t

¢t lines cul ome another, the ©

C

hat, if two straight lines cut each
“the angles which they make at the point where they cut, are

L5 ner f!i-s..if to four l’"l;.:ht am:lﬁs.
®. 2. And consequently that all the angles made by any num-
L. of lines meeting in one point, are together equal to four right

Ml g 3 b

& m’ EBDM not in the same straight line with BC, 4

1 possible, let BE be in the same straizht lin® with 1t. _ PROPOSITION XVI. THEOREM,

m%..ﬂ hw;g,ii g fi fl £ it etk of o trianeie bo produced, the AN AR
- (hyp:)

the '-._=5  CBA. ABD are equal to two right angles: |
e e e angle :_ BBA; ABE &qﬂw the E:Il gltfﬂ CBA, 4 B

ey angle A BE is equal to the remaining angs

s v | to the greater, which is im possible :
therefore BE is not in the same straight line with BC. ot 1 S |
A 1er it may be demonstrated, that no othilE | | s C\
: - e "'. . ” ' TN ; 6
& . Biaeet ACin B, (1. 10.) and join B

-w-tl;-_.'&-‘:lpl-im ﬂ'l:i-h' q.l-:-

gither of the interior opposite angles.

et ABCbe a triangle, and let the side BC be produced to D.
“hen the exterior angle A4 CD shall be greater than either of the

" Eterior opposite angles CBA or BAC.
A | 4

S A L =

ine with it but BD, which therefore If

=

4 '._5"___;1:_}'11_["-! ¥

2
= |
i



; ‘m’s ELEMENTS,

 Because AE is equal to EC, and
~ the two sides AE, ER and BE to E‘F (cnnstr)
~ the triangles ABEME‘;EJ o the twc CE, EF, oach 1o

and the angle AERB is equal to the angle C
E
mbmauw they are o poalte vertical mglm (1. lf)
| erefore the base A/ ?uu} to the base CF, (1. 4.)
e and thint;i;nglﬁ A to lllle triangle CKE :'"
an ining of one triangle :
the ather, awh to each, to which tﬁe emu;f‘iuff f?::”ﬁ:ﬂﬂ” A
. wherefore the angle BAE is equal o the angle E( /-
A Q IMI& EQD or ACD is mter than the angle £
In ‘the angle 4 CD is greater thm the angle 4. H!- or i. A
~ In the same manner, if the side BC be htmted and A C be prs
‘ @n it may be demonstrated that the angle BCG@, that is, "¢

(1.15 18 ter than the an iedﬂ(&'
jon side of a umnggle- &e. Q.E.D.

_ PROPOSITION XVII. THEOREM,
Any two angles of a triangle are together less than two right angles,

A Let ABC be any !rzan;ﬂ
M any two of its a,nglea toge sther shall be less than two rihht ang %

" A

/ |

B C D

Produce any side BC to D.
because A CD is the exterior angle of the triangle 4 BC;
e the angle 4 CD is greater than the interior and opposite angle

1. 16.)
W mh of these 1s add the angle ACB;
angl ,QC’.I‘)JRT&EB are greater than the mglea ABC,

S L -"_:"i:*..::i_'\'-.i'.' b
iy

he angle A BC, ACB are less than two right mglen.
. el g anner lt mﬂV be demungmw;d_' b
Wim Mhﬂ BAC, ACB are less than two right angles, @
as also the angles CA DB, ABC.
herefc m, m mg]& Qf a mnng]e, &e. Q.E. D

each, i

| __Mmo ngles 4CD, ACB are equal to two right angles; (1. 1)

Then the angle ABC shall be

/ Nt
Since the side A C s greatt?r than the side 4B, (ayp.)

AB, (1. 3.) and join BD.
R D b ma Lo El;'f in the triangle ABD.

., beca Mdf)lﬁﬂu ]
Lh'l;:;:ir# theuungle 4”1} is equal to the nn;.,lt* ADB, (1. 6.)
-. Lt because the rmit D nl the tn ml_;t BDC 18 prt;’dULEd w A,
therefore the t*ﬂrr or ang IJ' B is grealer than the interior and
gle A BD,

A h! has hi W 1) prm ual to the an
therefore the anj e%mn the angle DCB;
18 ihv angle A B greater than the angle ACB.

ABD s greater
ol erefore much more
Therefore the greater mde. &ec. Q.ED:

PROPOSITION XIX. THEOREM.
¢ ¢ grealer am;,-u 0}‘ mr]r tnmugi-l s M ” m ’W “, ﬁ

SR L tne greater side opposite to it.

vt o ich thesngle 4B reterdhan s

‘qmﬂuv ang
it the nfl;,ll‘

gl BC’A.
hen the side 4 C shall be greater than the side A4B.
b /\
E c

For, if -H he not greater than A B,
A C mus! er be t*l{uﬁl to, or less than AB
AC were equal to 4B,
e A n’rf would be t*qmtl to the lngla ACB (L 5.)
but it 1s not wlual {htp)
. therefore the side 4 C is not equal to 4B.
Again, if 4 C were less than 4B,
L Etlen the angle A B C would be less than the angle ACB; (I l&)
: ] but it is not less, (hyp.)
therefore the side 4 C is not less than 4 B:
and 4 C has been shewn to be not equal to AB;
therefore A (' is greater than AB
Wherefore the greater angle, &e. Q.E.D.

then the ang

\ *  PROPOSITION XX. THEOREM.
- m m of a triangle are together greater than the third side.
ha b8 Let ABCbea mmgh
| ' ! any two sides of it together shall be g

'i-" EA 40 s R



2

and BC, CA greater than Aib‘.
- D
A

B C

- Produce the side BA to the point D,
~ make 4D equal to AC, (1. 3.) and join DC.
PP MW ADis ﬁqm.l to A C, (constr.)

- therelc ’Eh m%le ACD is aqm! to the angle ADC'; (1. 5)
but the angle BCD is greater than the angle

: 8 great le ACD; (ax. 9.
so the angle BCD is greater than the angle A DC.
| And because in the triangle DB,
the angle BCD is grester than the angle BDC.
and that the greater angle is subtended by the greater side; (1. 14
therefore the side D B is greater than the side BC';
but DB is equal to B4 and AC,
therefore the sides B.A and A C are greater than B
In the same manner it may be demonstrated,

that the sides .4 B, BC are greater than CAj i ;

also that BC, CA are greater than .4 5.
Therefore any two sides, &e. Q.E.D.
P\

EOR!

he drawen D00 siratg s

| "PROPOSITION XXI. TH
If from the ends of a side of

tRere

4 I.fulhr,,’-'_f‘ %

@
the triangle, but shall contuin a grealer angle,

" Let ABC be a triangle, and from the points B, (. the ends of the

WM’EBQM the t‘iw straight lines B, CD be drawn to & point n
Then BD and D shall be less than BA and 4 C the other tweo
sides of the trangle, L

e
e

¢ the side ACin E.

ELEMENTS. | $ ,

b :'. herefore the sides C'E |
*But it has been ahewn’ that BA, AC are greater than

md R h“ been dt‘l’llﬂnﬁlralﬂl.

point within the triangle ; these shall be less than the other W%

reater than the third side, (I. ﬂ;;..j | R
| %Tfmt.ha triangle ABE are greatés {8

R0OK 7. . PROP: EXly XXIL.

| | han CD, DB. (sx. %)
Bmg-reatarr.hm Do BO:

b much more then are Bd, A C greater than le Dc- N
" Agwin, because the exterior mg!}-m of a triangle 18 greater than
mﬂﬂﬂ'f and o ?I}Uﬁit-{f angle; i!. 16 v . _

: " o mgrﬂfﬁrfj I\lt! exterior ang ¢ B.{}(‘C?é}};e tl’lﬂ.ﬂglﬁ CDE 18 grletﬂ'
4 than the interior and opposite angie C i | b i
B . for the same reason, the extenor angle CED of the triangle A BE
| angle BAC;

ia greater than the interior and opposite

that the angle BD( 1s greater than the angle CEB;
- eater than the angle BA C,.

more therefore is the angle BDC gr
Q. E. D.

Therefore, if from the ends of the side, &e.
PROPOSITION XXIL PROBLEM,
the sides shall be equal to three given

Srae: ,, To M‘E‘ a :faf:”t:;lhf l‘.{( ﬂ'fi!!*h

a”ﬂ Stright lines, but any fwo whatever of these must be greater than the M

Let A. B, C be the three given straight lines, | <
of which any iwo whatever are grealer than lhﬁ M ﬁ- ﬂfs} '-
namely, 4 and B greater than C; Y e
A and C greater than &'} |
o and B and C greater than 4. L
It is required to make a triangle of which the sides shall be equa

5 o 4, B, C, each to each.

| f ‘i."-a:i: } +ht line DE terminated at the point D, but unlimited
'J’. . ; - s y
ke DF equal to A, FGG equal to B.and GH eqml to €'; (1.3
| &ﬂﬁw A ;h)e center F, at the distance FD, describe the circle DKL;
| st J. :
" {rom the center (7, at the distance 7 H, describe the circle HLK;

. | froua K where the circles cut each other,draw KF, KG to the points

B ihen the triangle KFG shall have its sides equal to the three
Bght lines 4, B, C. | . =
& Because the point F is the center of the circle DKL,
therefore FD is equal to FK; (def. 15.)
but FD is equal to the straight line 3'; o
therefore FA is equal to A,
: Agn.in. because (7 is the eenter of _th! dmh EIL
o therefore G I is equal to G K, (def. 15.)
. . but @ H is equal to C; |
* and FGisequalto B;




- EUCLID : 8

erefore angle KF' ‘has its three sides KXF, F(; -
given ;m_;ght lines A, B' T R _p,'! .

ht lines KF, FG, GK, are respu.g;,,

. m‘;ke the angle E DG equal to the mgledf.? ‘;i‘.ﬂ*'i I‘ %3}

b | make DG vqu:\ F : 1'DG 1o L
PROPOSITION XXIII, PR e Then, because DE is equal to AB, an |
_. §IFPUBLEN. W e two sides DE, )G are equal to the two AB-,‘A gszfh to each,
R and the angle ED(G 18 equal to the angié )
EG is equal to the base BC. ﬁ;{_’?

equal to DF in the triang]e‘ 1
) | to the ang.e DGF; (1. 9.

therefore the base .
And because (7 is

be the r en Mish ig “h" e, and A the Si‘i‘en pﬂim In it therefore the angle DFG s equa ni EGF; 9
| 3403 th‘ g!m mlhﬂ mg[e‘ _ but lh!. ‘nglp ’}'fr‘F .'[‘.‘1 gft*ﬂTl’r !hﬂ!ﬁ tlit? ﬂ;]gh* 14 ¥ 11 (a;;P-F‘-
| | i . ele DFG 18 also greater than the ang e LOGLS
therefore the &n, Je EFG greater than the &ﬁg\ﬁ' EGPF.

ven point A in the given straight line .4/ o o
i1 mufh maore 'lhpr!-inre- iR iht‘ ang le E}‘(; ia greawr thm

| rectilineal e DUE he angle 57
Sin | And because in the triangie EF@G, the ang

C i 2. ancle EGF,
% ' m;n :t ﬁ“: i:;,_.“,;,- angle is subtended by the greater sifla; (1. 19.)
§ | therefore the side EG 18 grealer than the side EF,;
. E hut EG was proved equal to BC;
D \ therefore B C 1s grealer than EF. "
| Wherefore, if two triangles, &e. Q. E.D.
Pt PROPOSITION XXV. THEOREM.

ojmmq-dtom gides of the other,
" S lach to each, bul the base of one greaier than the base of the other; the
g le contained by the sides of the one which has the greater base, shall

|  aier than the angle contained by the sides, equal to them, of the other,

In CD, CE, take any }nm;n D. E, and join DE;
be

" Lot ABC. DEFbe two triangles which have the two sides AB, AC,
o

' f on AB; make thﬂ triangle AFG the sides of whid h shall be e
“io the three straight lines CcD, DE,
CD, AG to CE, and FG to DE. I 22.)
Then the Iﬂglﬁ FAG ahali be t,‘l'l'i‘i;ili to the angle DCE.

% : B0 If two triangles have two sides
1‘ s B8O thatl _,'l I" Eu‘ "‘*IHB .

Bmmfd, AG are qul&l to DC, CE, t*uc}: to each, Pt 08

and the base FG 1s equal to the base DE ; _ X ﬁt;m“! to the two sides DE DF each to each namely, 4 B equal

therefore the mgle FAG s equal to the Imgie f)(.{{f.l_ El.iﬂg y DE. .'t:r:-.ui ,_.“- o DF: but the base BCgTentef than dm, Meﬁx
ght line 4.5 e Then the angle B.A C shall be greater than the angle ED ¥,

“Wherefore, at the given point A in the given stral

angle FAG is made equal to the given rectilineal angle DCE. Q.E¥ e Y :
l i - D
PROPOSITION TXIY. THEOREM.
f w0 triangles have two sides of the one equal to two sides of the ofler, 3
it th o sides of one of them greates i
b L E

angle cained by the |
the Luat

For, if the angie B.A C be not greater than the angle EDF,
it must either be equal to it, or less than it. :
If the angle B.A (' were equal to the angle EDF,
then the base B C would be equal to the base EF; (1. 4.)
e but it is not equal, (hyp.)
therefore the angle B C is not equal to the angle !
Again, if the angle BAC were less than the angle EDF,
then the base B (' would be less than the base EF; (1. 24.)

2 T W the angle BAC is wlhutm he angle EDF;
=i . " 3 1t h“ m m‘n?ﬂ‘.t Lh& e Bd ch 100 .;;_ ;. | ;.';; . 4

i ] I_, | f N ; :
& 1y -’ .a ¥ '_F:\..I " s .-":; ) e I i ) L fn i i . { A c A j 2 L !
# e, : gie o Is b the N E

hereio

mm-d the two sides
oy wk,mﬂbignum'm




THEORFEM.

one equ to tw .
WM wm @ angls S
7”“ Wﬁ. orthe Bide, vie. either the vidy, o T ‘
m Wl!“ m f’i‘f”‘l ;}jf. ‘ hr } i f | st ';& Il c E 549
.-_:_ B
%
ual o EF

S 80 ¢

mmw‘“‘é“ thtrd angle of the one . | For if BC be not eq
i or i n

4 oue of them muu Fwau!r Lhan the other.

ater than E F;

ngles DEF, EF;FS}J have the angles 4 » 8 1f possible, let B
EFD-: MM m each, na ¥ ol make BH equtl to EI' (L 3.) and ) oin fH
g At gl S ﬁ to onalide. Then in the two triangles 4 BH, "DEF,
| ! g nici acent to ﬂm ;;:' . . 4 because AB s equal W DE, and B H 1o EF,
| ; i m’l mef‘ i b2 : :;'ﬁ and the an;‘lv AB H to the 1&111..111‘ {jh ]EI’}I'\ }'II)
to DF. i !q“ii to L% therelore the base A I1 is equal to the ase
iy “a u“ third mgl’e BAC to :llf?hrd 49 N and llw iriangle 4B Hl w0 the triangle DEF k
et el “ LJIC )‘.M . the other angi les LO the other Illgltfﬂ, Eﬁﬁh L0 eath m which Lne
D el wal sides
| t\n refore
T but the angi le

i
r tlf‘

are tmlumzte
the angle BHA 18 equal to the angle EFD;
: {(hyp-

I FD s equal wo the angle BC
1 BC’A zu. b

'[ht*l'f!“ e the ang s B HA 18 H!Ltiﬂ Lo the nng e
that is, the r\'i rior angle BHA of the UIME}H&HL,“
_ r

| _ equal Lo its interior and ﬂ[lipam(w sk
. s in which is lmpfmi e; (L
i W ﬂfﬂ‘, i 4B be not equal to DE, . W wherefore BC is not unequal to EF,
| Aok them must be greater than th e that is, BCis ﬂlllll to EF
: 5 Ne, ht AR be ¢ other, . o
g i .m greater than DE, Tence, in the tFsALIES ey 0
e i to ED, {L 3) and join GC. bhecause A B 18 eqm.l w DE, and BCto EF, (hgpg
e e in t'ﬁ trm;gh;; G BC’ D EF. o "ﬁ‘ﬂd the included angle A B the includedan‘ge VEF; (hyp-)
g 3 hﬂﬂl’» to DE, and BC to EF, ¥ e therefore the base Al | ) I, % )
> G5, LC are 1 to thc two DE. EF(I;{&) | and the third angle BAC' Lo tbe third angle E F.
K GBC is equal to the mgle 7y 77 to each; W herefore, if twO triangles, &c. Q.E.D.
re the hase GC is equal to the base DF, 2
thﬁ 9 BG to the triar Bh ;;.? F (“‘ t) Vel PROPOSITION XXVIL. THEOREM.

1 -' eca is equﬂ to the angle DFE;
| \ | ualtn tlm ang laDFE

a straight line falling on . make the a
.“J to each other ; Lhese (300 straight lines shail be paralll.

ng the straight line EF,
" AB. CD, make the alte |
s =  Then AB .Mbepu‘!neleD.

A 3 m mt umuﬂ to DE,
is equal to BE

A
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yecause a side G E of the triangle GEF is produced to S =

efore its ext 1eJﬁF is greater than the interior! tm_” e

opposite angle EF(G ; (1. 16.) E W PROPOSITION XXIX. THEOREM.

but the ansq e AEF is equal to the angle EFG ; (hyp.) "':

therefore the mge AEF is Wﬁm than, and equﬂ w: the angl] " If @ straight line fall upon two parallel straight lines, it makes the alter-

i EFG; whict 18 impm:ba. : | g ‘Wute angles equal to one another ; and the exterior angle c:*qua{ to the wilervor

Therefore AB, CD being p‘mdﬂced. do not meet towards B. ) Jod opposite upom E;’ir same side ; and Iikgwue the two wnterior angles upon
In like manner, it ma gbo demonstrated, that they do not n.u“ Rhe same side logether equal to two right angles.

W’hﬁﬁ! pl’;ﬁﬂﬁ&d mw;,rdl ,‘U. : | # { et the straight line EF fall upon the parallel straight lines 4 B, e A
ut | m m &i E t lines . in the same lane, which meet f‘:*-j?!hr'r wy ‘hen the alternate angles AGH, G H D shall be equal to one another;
though lw&ﬁ ever so far, are _Prllle‘ to one‘mmlwr; (del. doy the exterior angle £G B shall be equal to the interior and opposite

| | W AB I8 r“d!q Lo CD‘ um.:'it- (H D upon the same gide of the line j':FZ
Wherefore, if a straight line, &¢. Q.E.D. end the two interior angles BGH, & HD upon the same side of EF

!haii iw tl__l-t;* Liler ¢ i.mi 10 LWO 1';.5:11, uuﬂmg.

PROPOSITION XXVIII. THEOREM.

If a straight line falling upon two other straight lines, make (he exter .’
le equal to the interior and opposite upon the same side of the [in: . 2
make the interior angles upon the same side togeiher equal to two ry G\ |
; ﬂwiﬂ s the two straight lines shall be paraliel to one another, Pa— “if" D
Let the straight line EF, which falls upon the two straight linn | e,
~ AB, CD, make the exterior angle E( i} u?ual to the interior a¢ | ¥
opposite WEIB.GHD‘ upon the same side of the line EF'; or me | <t Por. if the angle 4GH be not equal to the alternate angle
¥as PO mw{mr lm.glea BGH, GHD on the same side ngﬂ | G HD, one of them must béﬁrrmler than the other;
equal to two right angles. if possible, let 4 G H be greater than GHD,
k. Then A B shall be paraliel W CD, then because the angle 4 GH is greater than the angle GHD,

add to each of these unequals the angle BGIH;
sherefore the angles A G H, BGH are greater than the angles BGH,
(s ]{ I’; (;H.X, “L)
fi1t the angles 4 G H, BGH are equal to two right angles; (1.13.)
herefore the angles BGH, GHD are less than two right angles;

| L4 1

| . but those straight lines, which with another straight line falling upon
.-: o+ make the two interior angles on the same side less than two
é weht angles, will meet together if continually produced ; (ax. 12.)

| ~ Because the angle EG R is equal to the angle GHD, (hyp.) therefore the straight lines 4B, CD, if produced far enough, will
% ~ and the angle EG DB s equal to the angle 4 GH, (1. 16{? meet towards B, ;5 |

> ¢ flwewiore the angle 4 G H is equal to the angle GHD; (ax. L) but they never meet, sinoe they are parallel by the hypothesis;
- and taey are alternate M’EI%‘ » therefore the angle .4 7 I 1s not unequal to the angle G HD,
e g -l i wrallel to C 0% bk that is. the angle A GH 1s equal to the alternate angle G HD.

| e ~ therefore 4B 1s to CD. (1. 27.) ! e < i\ e B G B. (1. 16)
& : ~ Again, because the angles gG H, GILD are together equal to # Secondly. Because the angle A G H s equa he angle y (1. 16
t anmles 'ﬁf"‘) E | and the angle AGH 15 equal tci the ﬂ:ngle GH D,d ;
T M, YR | o wal ol B therefore the exterior angle EG B is equal to the interior and opposite
? - wnd that the ;agl ; u@ fazﬂ, BGH are also together equal 2 g . angle GHD, on the same a.id:;l of the lina.l sk
A SN iy | ey i g  Thirdly. Because the angle EG B is equal to the angle '
H, BGH are equal to the angles ' add to each of them the angle BGH; -

thenrfm the angles EG B, BG H are equal 1o the angles BGH,GHD;

A bnt) EGB, BGH are equal to two right os; (1.18)

: _fkﬂefom also the two interior mﬁlﬂ BGH, G on the same side
. §& 7 of the line are equal to two right anglﬂ. (ax. 1.)

N . Wherefore, if a straight line, &e. Q.E.D.

gngle BGH ;
end thev are alternate &#Dslﬂi

c3
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BOOK 1. PROP, XXXIL

et -

POSITION XXX. THEOREM. _
PROPOSITION XXXIL THEOREM.

each other. et stemend If a side of any triangle be produced, the exterior angle is equal to the
| tv0 interior and opposite angles ; and the three interior angles of every
1
;
i

m str -* h’t‘ IM JB! CD, bo Mh Ofth&m p‘r‘lld to EF. {".d?!f”t‘! are f{ii];*f};r‘r fqual to two ﬂght G'HQIC‘-

ST B . R T,et ABC be a triangle, and let one of its sides BC'be produced to D.
K hall be equal to the two interior

. E Then the exterior angle ACD s
' B 2nd opposite angles CAB, ABC ;
u di H i i L _ % €L A, i .
E 2= | 4 and the three wterior ull,;.’;il"ﬂ AB{T, BC’A, CAB Bh&n bﬁ equ.n.l to
C

r: S i . : “ ' i &
r D t wo nght angles.
: K A E
1 A » o
N o

Lot the straight line GH K cut 4B, EF, CD.

‘:. s T T e 5%

- Then because GHK cuts the parallel straight lines 4B, EF, . | d £ % ;
G’ ut ' -:-: Throngh the point ' draw CE parallel to the side BA. (1. 31.)
ﬂi&;'ﬁfmtb;a angle .4 G I is equal to the alternate angle GHF. (1.2¢. | T eaise CE is parallel to BA, and AC meets them,

because G K cuts the parallel straight lines EF, CD), . | bherefore the angle 4 CE is equal to the alternate angle B4C. (L 29.)
Agaln, because CF 18 j*ir;nh'i to AD, and BD falls upon them,

L]

therefore the exterior angle G JI F is equal to the interior angle HA T erefore the exterior angle ECD is equal to the interior and 0p-
and it was shewn that the angle A G H is equal to the angle GHF, | posite angle 4 BC; (1. 29.)
ﬁhumfm*s the lﬂ'__lﬁ‘ AGIH s ﬁlml to the lllglﬂ GALD; | ' but the angle ACE was shewn to be “}ua’l to the angle qu; .
; and these are alternate angles; therefore the whole exterior angle 4 (D is equal to the two mterior
therefore 4 B is parallel vo CD. (1. 27.) and opposite angles CAB, ABC. (ax. 2.) |
Therefore, straight lines which are parallel, &c. Q.E.D. Again, because the angle ACL is equal to the two angles ABC, BAC,

to each of these equals add the angle 4 CB,
therefore the angles ACD and ACB are equal to the three angles
ABC, BAC, and ACB. (ax. 2) . .
: v | LE but the angles ACD, ACB are equal to two night angies, (L 19 )
R LK.  FRORLEN. therefore also the angles 4BC, BAC, ACB are equal to two right

To draw a straight line through a given point parallel to a given straigl angles. (ax. 1.)
| f any triangle be produced, &e. QE.D.

m 4 \YI[,; ,_‘!! if a sude o
e ’ﬂl d m C“:L l _\}L t he i;;tilri.kr ﬂ’l_‘.:'h"" {}r an.f rPC'“hnf‘il ﬁg‘ﬁl‘ﬁ tﬁgﬁ‘th&l‘

the given point, and B the given straight line. | l | _ . |

, 1 squir H ms‘: t.h.!“ﬂ\lgh the poi.n? A a itﬁfghl} line P‘,n]h :jlh fi.ﬁ!; l,;l it angies, are 1_1":1:,11 to twice as many !‘lght mglta as the
. ure sides.
&

.

IR o SN S PR S g p— Y T——

K _ A 4

; z

~ In the g BC take any point D, a]ﬂ:d jm% AD; T

~_atthe point 4 in the straight line 4.1, _ .~ 8% Tor any rectilineal figure ABCDE can be divided into as many

10 angle DAE equal to the angle ADC, (1. 23.) on the OpP* iyniieq o the figure has sides, by drawing straight lines from & point
‘ 2, ! within the fizure to each of its angies.

1C r :Z':r'h..,_':- I i : ; ¥ | | 1 d : 1
i MO WORAON ' © | Then, becanse the three interior angles of a triangle s

 &wo right angles, and there are as many triangles as the figur
thwm the angles of these triangles are equal to twice
oo ight angles as the figure has sides; |

e L8

" - 4 0 -_ v 1l
AT L

An B ] - 3 1 -

11 o | oL ! I e TR d

;| YRR G @5‘&?'&.
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L e | BOOK 1. PROF. XXXl V.

at the | oint F, which is the common vertex of §
es, are equal to four n%thlt mFlea. (£. 15.Cor. 2.) ¥
it g ?f thm : langies are equal to the anets
re together with four right angles; i
ED: DIC that thﬁ mgies of th& tl‘i&ﬂg]ﬁ.s are f"{’l;‘:j-li‘-,

+nd the other angles to the other angles, each to each, to which the

ual sides are opposite; .

ut erefore the anI:z o ACB is equal to the angle Cﬁlﬁ: -

And because the straight line B C meets Ehe two s-trnlg-.tl ines 4C

% 17, and makes the alternate angles ACB, CBD eq?ﬂ to one another:
- therefore A C is parallel to BD; (1 21.)
and 4 C was shewn to be equal to BD.

Therefore, straight lines which, &c. Q.E.D.

~twice as
therefore all the angles of the figure together with four right ar.
4 m&qu twice as many '!’ight nnules as the ficure 5::'; sidi : )

- ‘ T
o ! 3
1 R ik i
i
.

m ﬂt Anll mﬂ elwriﬁr mg!}«ﬂ ﬂf aﬂj' rt‘(‘??iﬁth,ig ﬁ_‘:’tl!’f" InAac

i &

m 3' Wht angles as the figure has sides ;

i

!

|

~ producing the sides successiy T :
SIS o T e B e 3 H’Ci] iIn the same direction, are toge
it o -4 PROPOSITION XXXIV. THEOREM.

; les of @ ?-,.“rnf."f-hn;rn M are rqimf fo one m.
|

ﬂt !#?’H?_l‘llfl." ‘!Htarl ﬂ"hf (. |
les tf wmto two rqui parts,

'he diameter bisects o, that s, divue

5 ¢ L " 'i' - :
{ ot ACDR he a paralie logram, of “htrg h. R( iz a diameter.
08 ' } Jes of the figure shall be equal to

-iiiﬁgn .IltJ .i.-"' ¥ '!r-u?." ‘E‘"'ﬂ.:* ] 'll'!,. 11."'"
| . % 4 PR
1 ;nunhrr; ij_.mi ulie diametler hf n?;::h hisect 1L

T

 every interior angle AP with its adjacent exterior a--

~ 2ABD, is equal to two right angles, (1. 13.) - .
| ~ th all the interior g.ngle-s, together with all the exterior ang | P
| m equal to twice as many right angles as the fizure has sides ; ' »”

equal to tw i
§ ﬁ iﬁ has been pmyrd hj' l_'.h'ﬂ ?ﬂrr‘ﬁnin;‘: coroliary, that all the !
- les Wther with four -r'lght; alﬁngfm are (-‘qu;ﬂ to twice as ma | -
gl Because A B is parallel to CD, and BC meets them,
s . (1. 294
:

ore all the interior angles together with all the exterior angle T therefore the angle A BC is equal to the alternate angle BCD
all the interior mglvs S e siorht aneles (az. L) = : %_% And because A (' 1s parallel to B D.and BC meets them, ’
| Eikt;&h;mm these equals all the interior angles |5 therefore the ”; le A f;B}"’ equal to thf alirgzteggg’!)e CBD. (1. %)
sfore all the exteri - L _ 1 ¥ -' ence In the two trNangies " .
s (DJ. 3,) & Shges of the figure are equal to four g | hecause the two angles ABC, BCA in the one, are equal to the two
T e angles BCD, CBD in the other, each to each;
| one side BC, which is adjacent to their egual angies, common to

B : _ the two triangles; ;

m umh join the extremities of two equal and paral therefore their other sides are equ i1, each to each. and the third mgh
4 im _ m the same parts, are also themselves equal and paralle of the one to the thira angle of the other, g 26.)

namely. the side A B to the side CD, and 4 C to BD, and the ang le

And because the angle A BCis ec‘:ml to the angle BCD,

t

PROPOSITION XXXIIT. THEOREM. L
t 4B, CD be equal and parallel straight lines, ‘ , |
\ BAC to the angle BDC.
E and the angle CBD to the angle 4 CB

_' __"'-_'tlffs- the same parts by the straight lines AC, BD,
Then AC, BD shall be equal and parallel.

therefore the whole angle 4 BD is equal to the whole angle A CD;

(ax. 2.) |

A B
and the angle BA C has been shewn to be equal to BDC;

E therefore the G;lyﬁoaiw sides and angles of a parallelogram are equal te
her

» : Y, & 4, one ano
- Join BC, ~ Also the diameter BC bisects it. _
is parallel to CD, and BC meets them, § % . For since 4B is equal to CD,and BC common, t
C is equal to the alternate angle BCD; (t. W% /. - = . BC are equal to the two DC, CB
ual to C'D, and BC common to the two triaf .= #nd the angle 4 B ( has heen proved to be equal to the an
AB, BC, are equal to the two DO, OB, _therefore the triangle 4 BC is equal to the triangle BC1

Q.E.D.

} Ei



"PROPOSITION

XXXV. THEOREM.

o det o elograms A BCD, EBCF be upo

| mﬂi‘?t e muﬂn 4}: BC. b‘ﬂmmhe same base By

i EBC’F ._a_pm ..lilg-mm ABCD shall be equal to the parallelogry.
e

¥

- ’
If the sides AD, DF ﬂ’fmﬂegﬁnndﬂm ABCD, DEBCF, oppost ‘
in

o
=

|
o

~ to the base BC, be terminat the same point [);
~ then itis plain that esch of the parallelograms is double of the trang
s e aralelegren
and therefore the paralie!  ABCD is equal to the paralielogran
. ~DBCF. (ax. 6. . 4
~ But if the sides AD, EF, opposite to the base BC, be not tern
~ npated in the same point;
= " Then, because A BCD is a parallelogram,
_therefore A D is equal to BC; (1. 34.)
L e “and for a similar reason, EF is equal to BC;
| G wherefore 4 D is equal to EF; (ax. 1.)
& i S S _ ln.d DE 1S common ; ‘;
ey ‘ther .- ore ﬁi‘! *hﬁ!ﬁ; or the remainder A E, i equ al to the whole. i
~ the remainder DF; (ax. 2 or 3.)
8 0 and A B 1s equal to DC: (1. 34. |
| i ey . D08 1D the triangles EA B, FIC, :
| - because FD is equal to EA, and DCto A8, '
3 el 10 ngie F .DO ij equ,Il Lo th-ﬂ inwriﬁr lnd OPP““*“ ar; ‘
i
|
§

" therefore the base FC is equal to the base (L. 2.
and the triangle F D is equal to the tr:mnﬂ'l*i’ FA B.

o g
. R ? -gu'—mw
F - ® 1 T T

J g M

same trapezium take the trianfla EAB, ‘

“the remainders are equal, (ax. 5. 4
gram A B CD isequalto the lelogram EBC/
rrams upon the same, &c. Q.E.D.

BOOK 1. PROP, XXXVI, XXXVIL %]

A D E H
B - R o

Join BE, CH.
“+en because BC is equal to FG, (hyp.) and F@ to EH, (1. 34.)
therefore BC is equal to EH ; (ax. 1.)
' these lines are parallels, and joined towards the same parts by the
straight lines BE, CI;

hut straight lines which join the extremities of equal and parallel
gruight lines towards the same parts, are themselves equal and parallel ;
1. 43.)

therefore BE, CH are both equal and parallel ;
wherefore EBCH 1s a paraﬂ:‘ngram. (def. A.)
And hecause the ;un’:ﬁ..vingranlﬁ A Ii(in. EB('I[, are HPO‘D th‘
ame hase BC, and between the same parallels BC, 4 1
herefore the parallelogram ABCD is equal to the parallelogram
CH. (1 38.) 5
‘or the w.,msf reason, the parallelogram EFGH is equal to the
rallelogram EBCH ;
herefore the parallelogram 4BCD is equal to the paralielogram
EFGH. (ax. 1.)
Therefore, parallelograms upon equal, &e. Q.E.D.

Triangles upon the same base
¥ ﬂ'ﬂr’-f.}!ﬁ_
Let the triangles A BG DB C be upon the same base BC,
and hetween the same paraﬂels AD, BC.
1 1 C shall be equal to the triangle DBC.

E A D | 4

Then the triange

__.-_nl-"—'_"

\ N/
\k j‘
J
B

c

Produce .4 D both ways to the points E, F;
thl\.rm:gh B draw BE parallel to CA, (1. 31.)
and through C draw CF m‘ral!el to BD.
[hen each of the figures RBCA, DBCFis a pmllelw; |

Iitfé EBCA is equal to DBCFE, (L

sarie base BC, and between the same &:nllela_ BC, EF.

. A B hisects
4 And pecause the diameter half of the parallelo

# »-efore the triangle A BC 18 | P T B
- also because thg diameter DC hisects the P‘ulllt’gog“z ggc;
" sherefore the triengle DBC is half of the P“';le- ogra - ’
L but the halves of equal things are "\ it (o 1. BC
therefore the triangle 4 BC equal to the triangle

cd

W heretore. toung lesy & Q. B. D.
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the greater triangle equal to the less, which is impossibi
therefore 4 E is not parallel to BC.
In the same manner it can be demonstra
that no other line drawn from .4 but 4D is parallel to BCj
AD is therefore parallel to BC.
Wherefore, equal uiangl:h upon, &c. Q.E.D.

"~ Then the triangle 4 5C shall be equal to the triangle 7)1
LT R TG .
PROPOSITION XL. THEOREM.,
Fqual triangles upon equal bases in the same straight line, and towards
i ghs same parts, are between the same parallels,

Let the equal triangles A BG, D EF be upon equal bases BC, EF, |

| ~ through I draw B (s ;rdu ‘OP%::# ;?" {{3 ! 4 the same straight line BF, and towards the same parts.
Y md hrough F draw Fi{ parallel t;m } D. ' E Then they shall be het.wien t.hens.ame parallels, :

each of the figures GBCA, DEFH is a parallelogran ' |
- _and they are equal to one another, (1. 36 ) | \ & |

& and between the same parallels BF, 7 1/
m tbe &mBem A B bisecta the paraliclogram G BCA, | , » $ o } . el to BF.
.< %) _ h‘i@ng‘ le ABC is the halfl of the _[ﬂmflt*lr-;mm ( BCH | r._ Join ,]{;D;Tt}:;?, ‘:*Dnz?lpl:ﬁ]m EF A
W S R : ! | _ o e e
o mm ”_d“ggg_ng bisects the parallelogram DEFE if ‘::;f;a %gug:: ng;:d A :dpiﬂ:'ﬂélein - Jﬂ;i (t Ffl-)
Ay A mm - ' gf“@f the parallelogram [)LE ' Thes the u-;fngle "4 BC is equal to the triangle GEF, (1. 38.)
e r m mﬂ :!q;;ﬂcl' ings are ﬁg:mi g .g:ﬂ‘l*. ‘ = , ' because [hl!y are upon equa,l hases &G Eﬁ’,
T T e, le A1 C is equal to the triangle JEF. and between the same parallels BF, AGy

T T - -

. 9F O 7?

but the triangle 4 BC is equal to th .
therefore the triangle DEF is equal to the aiangle GEF, (ax. 1.
the greater triangle equal to the less, which is impossible:

PROPOSITION XXXIX. THEOREM.
| . therefore A (7 is not parallel to BF.
e same manner it can be demonstrated,

al triangles upon the same base and wpom the same side of it ¥ | And in t}
| - | R And 1in t :
that there is no other line urawn from A parallel to it but AD;
4 D) iv. therefore parallel to BF.
Wheref-.e, equal triangles upon, &e. Q.EB.D.

PROPOSITION XLI. THEOREM.
| A if & pavra lelogram :mdl:tria’lghb‘ | mwm“‘ Sehouen
§ v o tha ‘;Tt:u pam;kégr; the paralleiogram shall be M of the m ..
Lot the arallelogram A BCD, and the trian le EBC be upon the
B e base BC, and between the same rallels BC, AE. . |
‘ D be double of the triangle EBC

" Then the parallelogram ABCDsh
A D B

e @«E:a’fnﬂq DEC be upon the same base
triangles 4B C, DB C shall be between the same paraics

_ | ’A: raw A E ."“?-'-"- to Bcl (I' gl‘]
ced, in E, and join EC.
equal to the triangle EBC, (1. 87.) {
‘upon the same base BC, 1
me parallels BC, A E: |

B )
Join AC. |
Then the triangle A BC is equal to the triangle EBC (1. 81.)




he parallelogram 4 BCD is double of the triangle 4 B¢ :
ecause the diameter A C bisects it; (1. 34.) '
or CD is also double of the triangle EBC,
lelogram and a triangle, &c. Q.E.p,

g e v | Recause 4 BCD is a parallelogram, and A4 C its diameter,
EER S T AN R b ¢ mﬁ?ﬁgmaﬂ ILH' PROBLEM* [,.hf‘f["fﬂre lh? triﬂﬂgll‘ "A I,’ ("' iﬂ t,";l'lllil ‘0 the Uiandgle ADC& (LI H')
| L e fiaé shell de " . s Again, because EXHA 1s & parallelogram, an A K its d'ameter,
describe _ogua @ given inangle, and therefore the triangle 4 EK 18 equal to the triangle AHBE ; (1. 34

 have one of its angles a given rectilineal angle.
; i and for the same reason, the tria ngle K G'Cis equal to the triangle KF

~ Lev ABCbe the given triangle, and D the given rectilineal angl. W fone the two triangles AEK, KGC are equal to the twe
It is required to describe a parallelogram that shall be equal to the triangles A HK, KFC, (ax. 2.)

~ given tria le A BC, and have one of its angles equal to D, f but the whole triangle A BC s equal to the whole triangle ADCs »
" A ¥F @ therefore the remaining mm;ﬂr*nwnt BK is equal to the remaining

complement KD. (ax. 3.)
W herefore the complements, &e. Q.E.D.

A

_ ‘ | E— PROPOSITION XILI1V. PROBLEM.

B E C To a given straight line to apply @ parallelogram, whick shall be equal
. _ to a given (riangle, and have ome of s angles equal to @ given rectilineal
o Biseet BCin E, (1. 10.) and join A E; angle.

. # atthe point E in the straight line EC, | ot AB be the given straight line, and C the given trlangle, and D

t” mm the an CEF &qnll to the angle D; (1. 23.) the given rectilineal angle.
~ through C draw ('@ pl'-lﬂlel to EF. and through A drav AlFGs It is required to apply to the straight line 4B, a parallelogram

1 _- BC, (1. 31.) meﬂ.inz EFin F,and CG in (. equal to the triangle C, and having an angle equal to the angle D.
Then the figure CEF( is a parallelogram. (def. A.) 2 y 2

because the triangles 4 B E, A EC are on the equal bas a |
C y P L

| '-fl m therefore equal to one another; (1. 38.) X
triangle .4 BC is double of the triangle A EC;

but the parallelogram FEC® is double of the eriangle AEC, (1. 41 g e
and between the ssme Make the parallelogram BEFG equal to the triangle C,

use they are upon the same base EC,
parallels EC, AG; . | and having the angle EBG equal to the angle D, (1. 42.)
parallelogram FECG is equal to the triangle A BC. (ax.6.) so that BE be in the same st.migfht liae with 4 B;
e of its angles CEF equal to the given angle D). < produce F'G to H,
oee; a.varallslogram FECG has been described equal to the through 4 draw 4 H parallel to BG or EF,_'LI. 31.) and join HB.
e ABC, and having one of its angles CEF equal to the Then because the straigut line HF falls upon the parallels 4H, EF,
tnerefore the angles 4 HF, HFE are together equal to two right
. angles; (1. 29.)
wherefore the angles BHF, HFE are less than two right angles:
_ but straight lines which with another straight line, make the two
interior angles upon the same side less than two right angles, do meet
if produced far enough: (ax. 12.) |
& narallelogram, of which the diameter is 4 C: and | th-elrefﬂ-;e H i F. fd sh:g m’;‘ if Fmd}m’
T, & that ia, throughswhich A Cpesst: " let them be produced and meet in K,

¥ ia & parallelogram, of which the diameter




"« Itis required to deserib

the co! .:' I. LB h m mmplement BF
complement 3,ﬁ. equal to the triangle C; (cnmu(l) -
‘wherefore LB is egu&l to the triangle C.
vause the ar  1 lBE is oqul to the angle ABM, (1. 15)

ngle AB ml to the angle D). (ax. 1.)

er ' 0 mj;ht lme AB, the Plnlleh*izmm LB has
Lppiec ~to the m;ﬂ% 44 and having the angle 45N

P’RGPOE’ITIDN XLY. PROBLEM.
: wlht;&mmtdmn!},umm

: ' Lat JBC’Dbe tha mm rectilineal figure, and E the given rec
lineal angle.

pn.nl]el m that shall be equal to the

 figure A BCD, and lum angle equal to the given angle 5.
| l‘ @ L

e

F 1

| |

u
Join DB. —
am FII equal to the maﬁﬁlﬁ ADB, ws

E B
"-unlmlhem IeF (1 42.) 1
" (r M equal to UM

"iusl to the H”h[‘" »

. FKHL shall be the Enllelogﬂm rvqw*‘

i, KHG are gﬂﬂ to two right angles; (1. 29
lso KHG, GHM are equal to two right an ‘f“
m p@mt H, in the m:ht line G L

I . ;ﬁﬂ'{ pos L1 oppes - Fevenadi 5+

of these equals the mg: ; -?L# o W

"the angles FKH, GH equa} to the anpe

the angle FK I is to the angle GHM;
mmmwm the angle KHG ; HMy

es FRH, Kﬂ'ﬁ‘mequﬂmme angles E’Iﬂh G R

pposite sides of it, mlkc ,u,, - :

| .h gsame straight line m ﬁﬂ (1. ﬁl\)
e q%h?g HG mmtga the paral ﬁh KM, FG,
ﬁ is equal to the altma.m rle H @Fg (‘1'.1 20.)

BOOK 1. PROP. XLV, XLVI. 89

i ' And becanse K'F is parallel to HG, and HG to ML,
g therefore K F is parallel to ML ; (1. 30.)

il -:-' and FL has heen J roved parallel to KM,

wherefore the figure F'K ML is a paralielogram
and since the parallelogram HF is equal to the mangle ABD,
£ 3 and the parallelogram GM to the triangle BDC;
B therefore the whole parallelogram KFLM is equal to the whole
B rectilineal figure 4 BCD.
P Therefore the parallelogram K FLM has been described equal to
given rectilineal figure 4B CD, having the angle FKM equal to
RS given angle E. Q.E.F.

B Cor. From this it is manifest how, to a given straight line, to apply

= ‘pam]u Jogram, which u'rml hi Ve an anﬂt Hlﬂi] to a gltt*n rectilineal
T Y ;gln and sha il bhe \“E ial 1O A g ven r@(tiiﬂlf l] h”’llrf" \IZ h\ apphlng
ta the given straight line a p;mh logram mpmi to the first trnangle
BT D), (1. 44.) and having an angle equal to the given angle.

LF

@ _ PROPH '}3-;1'_["'[{ N KLY_I, PR()“ LEM.
N Tﬂ de sweribe a jq"ll’ﬂ"i" wyon a3 g'!'!"fﬂ Jffﬂl-_f,?k‘ Ilﬂ‘o
Let 4B be the given straight line.

C

s D
|

A B
t is rmu ~ed to describe a square upon 4 B.
From '}In nol I draw A C at ng rhit angleﬂ to AB; (I. 11.)
| ‘f“qu’ll tﬂ AB; (1. 3.)
through the t D draw DE paralh*l to AB; (L 31}
and through B. draw BE parallel to AD, meeting DE in E;
herefore A BED is a parallelogram ;
t‘:l!lli to DE, and AD to BE; (I. 34.)
gy emml;;‘fﬂ ual to one another
- there our lines 4B, BE, ED, equ T,
T e then';ul l;hiﬁ- yarallelogram ABED 1s equﬂawnl.
e It has slkemmﬂ all its angle*t right angles;
S e since A [) meets the para P{!t ‘ItBﬁ DE
Aherefor: es BAD, ADE areequalio tw r
G - mg}lyut BAD is a right ang]e (constr,
therefore also ADE 1s a right angle.

- 8 whence A B is

angles; (1.29.)

les of parallelograms are equll; (1. 34.
brefo .the OE ofqifeagfps:“e S:!I les ABE, BED s a right “ﬂ"
| ABED is mmnguhr

wherefore the figure
and it has been proved to be equilater

_ and it is dmm; u%p:;n the gw&n mux bt line JB. ur.
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| - T ?refo;a) the whole square BDEC is equal to the two squares B,
e i 18X
- “sind the square BDE( is described upon the straight line BC,
and the squares G4, HC, upon ADB, AC:
~ therefore the square upon the side BC, is equal to the squares upon
t_he sides A B, AC,

Therefore, in any right-angled triangle, &e. Q.E.D.

gle, having the right angle 7

gle £ | but DA C 18 & I'lg'hl angle
Lner -.':-'Zf:-_- mm JD i‘ @qu‘l to the m FC (! 4*) N« ; o ther(.ofnr{‘_ also BA (Mg a l‘!ght an ]ﬁt
and the triang “ Therefore, if the square described upon, &ec. Q.E.D.

g i,

e ABD to the triangle FEC
3 L is double of the trian e ABD, (1

¥ .. | PROPOSITION XLVIII. THEOREM.
ne lldﬂ BC shall be GqUII.l v e {f ‘A@ squnre deseribed upon ome o f the sides of a triangle, be equal to
the sguares deseribed wpon the other two sides of ut; the angle contawned by
5 8 two sudes 13 a 7y At angle,
&1 the square deseribed upon BC, one of the sides of the triangle
{§ B be eual to the sguar **«1‘1!1!:5 the other two Eld&ﬂ, AB A v
Lhen the angle B AC shall be a rij ght angle.
b .
| /
i i L/
£ On BC describe the square BDFEC, (1. 48.) ’ 4
i and on BA, AC the squares GB HC,; From the point A4 draw 4 D at right angles to AC, (I. 1L.)
it through 4 draw AL P.m]]e[ to BD or CE; (1. 31.) make A ) equal to A B, and join DC.
| ; and woin A D, FC. Then, because A f} is equal to A B,
lmm bﬁﬂm t-he angle B.AC 18 A ng}-f ang 8. ha F‘} ﬂ‘tw !qn;n*rf;!; AD 1: H;u Al :{’;l:h: wqu;‘l:(-‘n:llﬂlACB
3 . . {(de { 30.) . 0 each of these eq mls ade e squa
! m 'm A 1&‘4(}1& " ‘t}?g{}:j ;: site sides ol A B. maks therefore the squares on A D AC dr‘f'u_tili to the squares on AB, AC:
é R ii % | "“' thﬂ upon ? ” ;a ‘o WO right ang &8; t the squares on AD, AC are equali to the square on DC (L 41. )
';4‘ i IE ﬁ m h in th ‘djmant sy :lﬁl ::l ‘;th A A hg 14. hecause the ang:e !" jftiq b | rlght aﬂ;.a‘lt‘,
%% P S strai : tre ,,i.l, ime and the Rgquare on I ( '.'*-f_ ny ;:-»'r‘ PRIS, 18 wqu&l to the squares on BA AC&
54: mmm B‘A' ll"l’d ‘AI are 11'1 Lht ine & } }r tj‘u-;r".rrf!-";-' the square on f!f 18 t‘qami to lht“ sqnare on BU
; AL G &h DBC is equ‘l to the angle - and therefore the side DC is equal to the side BC.
| | kel Mh of them being a right “‘?1&' And because the side A D 18 eq lld.l to the side A B.
*h s T S T to each of these “h e angle ABC, e { _— and 4 C is common to the two 11‘11:‘11‘:19& DAC, BAC;
151 s mmmhd‘B‘Du udmthew ole angle I 3 F‘;f the two sides D4, AC, are equal to the two BA, 4C, each to each :
H B} DR W two sides AB BD, are %‘“‘1 b ‘he two side i;T wndd the base (' has been proved to be equal to the base BC';
i ey ‘cach, and mm}‘“ded lﬂgl&d.ﬂ is equal 1o the incl@e therefore the angle 1).4 C 1s equal to the anwle BAC; (1. &)
;{
|
?.

A e s i L g i e R e

N =

? to one m&th“i u‘ ﬁ
ram L is equal to the square G
ng Afﬂt BI‘ i& can hﬂ

m (L is em to the square .ﬁ'a
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| .. YN THE DEFINITIONS.
 GeoMeTRY is one of the most perfect of the deductive Science
ems to rest on the IMFM inductions from experience and observyii
inciples of Geometry are therefore in this view consflf,

eses founded on facts cognizable by the senses, and itisa s §.
imary importance to draw a distinction between the conceps,
“'5 th os themselves. These hypotheses do not invoidi¥ve ..
ty contrary to the real nature of the things, and consequentlyJ§ ca.
rarded as arbitrary, but in certain respects, agree with the f§
h the themselves suggest to the mind throffigh

The essential definitions of Geometry fhe
beservation and experience, rest ultimateiy o

by experience we become acquainted with the existence§ of |
1 forms magmm; but by the mental process of absf@rac
begins with a icular instance, and proceeds to the }
f all objects of the same kind, we attain to the general conge
| e forms which come under the same general idea.

Th@ Mﬁﬂ d&ﬁnitiom of Geo-mt-tr'_v express gwwml:md -cnﬁcfp_;_.
sot ideal forms : the laws and appesr.
ances of nature, and the operations of the human intellect being sup-
' _uniform and consistent. ‘ .

But in cases where the subject falls under the class of simple ié

MW ﬁ!*m dﬁﬁmm 80 cnlled, Aré no more than mereiy equiv
simple idea described by a proper term ©F LeTTRs,
not in fa efinition 'meeﬂy so called. .rl he definiu

be di‘ﬁded into two cliasses, those which :

those, which, b

of the terms emplﬂj’ﬁh and th Sy 08
ﬂ% of the terms, suppose the exisience of Lthe U

2ot be of such a form as 1O explail |

fined : it is suthcrent that they Hve

' F
]

marks whereby the thin efin _ distinguished from every G
of the same kind., It will at once Le obvious, that the definiiol
try, o ' ces, being abstractions of space, 8

AL e b

sciences, 1he d |
soime ﬂwnmm or S

Eun Jd s
-

int is that, of w hif_“ Vet

e .: in ._m 0{ n _ L 3

8imson has adopted Theon's definition of a point.
tion is, onusiow derww o uipos ovéev, ** A PO
s Greek term emusiov, literally means, s visible siyn OF g8

13

ﬁm the sharp end of any thing, or a mark made by it

¢ comes from the Latin punctum, through the French word g
ither of these terms, in its literal sense, appears to give a very §
| by a point in_B-wme- .

S e

P o Metied (s 1y explaingd by . “deseription of the thing defined, as it exists, ine

surface, in other words, a physical point. The English e S

¢! NOTES TO BOOK L. 43

5 Tandered perhaps more intelligible. A point is defined to be that
hieh B8s no magnitude, but position only.

Def. . Every visible l,ine%aa both length and breadth, and it is imn-
wible o draw any line whatever which shall have no breadth. The
n rﬂ‘uirm the conception of the length only of the line to be
pod, abstracted from, and independently of, all idea of its breadth.
£ g1, This definition renders more intelligible the exact meaning
i definition of a point: and we may add, that, in the Elements,
gl smpposes that the intersection of two lines 18 a point, and that two
lean intersect each other in one point only.
it tv. The straight line or right line is a term %0 clear and intel-
B a8 to be int"ﬁtp:ﬂﬂf_? of becoming wmore 80 by formal definition.
s definition 18 Evtsia ypauun tovmiv, ris 4f (gow Tosw ip' cavTit
xtiTar, wherein he states it 1o lie evenly, OF rqm::’fu, OT wpon an
::E Ir-r,..-':; hetween 118 extremilies, and which Proclus ex;'n'iains as
bein eteched hetween its extremities, B AW dAKpwy TETAWEFN,

 line be conceived to be drawn on a plane surface, the words

o snav mean, that no part of the iine which is called a straight line
dew sither from one side or the other of the direction which 18 fixed
BR) - oxtremities of the line; and thus it may be distinguished from a
ture: ine. which does not lie, in this sense, evenly between its extreme
pmir If the line be eonceived to be drawn in space, the words ¢£ toow,
mu: understood to apply to every direction on every side of the line

L 1ts extremilies,

gy straight line situated in a plane, is considered to have two sides ;
when the direction of a line is known, the line is said to be given in
o : also, when the length is known or can be found, it is said to be
given 0 magnitude.
g " Trom the definition of a straight line, it follows, that two points fix a
gty line in position, which is the foundation of the first and second
* postiiastes, Hencestraight lines which are proved tocoincide intwoor more
Bl are called, * one and the same straight line,”” Prop. 14, Book 1,
or, ch is the same thing. that *“two straight lines cannot have a
OO n Sesm: p;.’_” 8 Simson shews in his (Iurullar‘y to Prﬂp. ll- BOOk L.
1 following definition of straight lines has also been propmd..
which, if they coineide in any two points, coin-
But this is rather a eriterion of straight
e s and analogous to the eleventh axiom, which states that, * all nght
I Sniles are equal to one another,” and suggests that all straight lines may

i
% % T B % "
------- L LEIIETS .1?"1 L L4 T

---_-'Pj."‘ - 4 ; : M n B
%ﬁid!" B8 far as they are pro luced.””

. = e made to cowncide wholly, if the lines be equal ; or partially, if the lines

"o of unequal lengths. A definition should prn{wrly be restricted to the
ependently of any com-

Parison of its properties or of tacitly assuming the existence of axioms.

" Def. vi. Euclid's definition of a plane surface is "Ewiwsdos swipa-

vl sorrer e £ loov Taiv i iavris evbsiars ceivas, ** A plane surface is

that which lies evenly or equally with the straight lines in it;" instead

of which Simson has given the gfeﬁnitian which was originall

_ By Hero the Elder. A plane superficies may be supposed to L wwathd

I8 any position, and to be continued in every Qimmn to any extent.
Def. virr, Simson remarks that this definition seems to inciude the

~ angles formed by two curved lines, or a curve and a straight Lne, as well

iliﬂ‘-it formed by two straight lines.
Angles made by straight lines only, are treated of in Elementary

=
e R L]
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g oNe m mwl,y ‘,._ﬂ__:'»a., eTe m h l.f* U‘idﬂﬂt m t-hl. Whic i éé a P . . | | il 2 d ; " ﬂlu
more evident by demonstration ; in other words, the ay; . WRETR ziom is the criterion of Geometrical equality, 8 18 C8500 8 'Y

- : - ol T { g on arion of Arithmetical equality. Two geometrical
are theorems, the truth of which is admitted withoy, i difisssiigrom the critstios o aaie B

{reometry iy
It is by -axp&riame we first become acquainted with the differ,, ot L
of geometrical magnituﬂm, and the axioms, or the fumiﬂnwnml: |
o r equality or inequality appear to rest on the same basis, Ty .
.+ . beption of the mul of the axioms does not a pear Lo be more l't'.'-f

{es are equal, when they coincide or may be made to coincide :
cw . Ahwiract numtwrs are equal, when they contain the same aggregate
ol uits : and two concrete numbers are equal, when they contain the
a-n.snﬂ, pumber of units of the same kind of magnitude. It is at once ob-
- : o vsis, tat Arithmetical rrpr:‘-svntntimm of Geometrical ma.gnit.udm are
m axpm'ima than the conception of the definitions. BBt i issible in Euclid's criterion of Geometrical Equality, as he has not
These axioms, or first principies of demonstration, are such the ;e Bxed b unit of magnitude of either the straight line, the angle, or the
&8 cal it be T . nto simpler thecrems, and no theotr o). .“ : priportic. es. Perhaps Ruclid intended that the first seven axioms should
admitted as a first principle reasoning which is capable o - l I e appiieadle to numbers as well as to Geometrical magnitudes, and this
mons ated.  An axiom, and -(vrh-m it is convertible) its convers. | t i aseordance with the words of Proclus, who calls the axioms, common
both be of such a nature as that peither of them should require t 1 sikies. not peculiar to the subject of Geometry.

demonstration, W EiE Seveal n} the axjoms may be generally exemplified thus:
. m&"t mﬂ most ‘imp'!' m“‘ dﬂ’i'@d &Gm ?.Ipf‘fil‘ﬂf‘f" i!l-, tha - ' m 1. I1f thestraighn! lhinne A B be « qu Ll .J}mm_.,_.__w _}i
magnitude fills a certain space, and that several magnitudes may |
sively fill the same space. : Wy 2 ek gy oy

All the knowledge we have of mmitude is purely relative, sn ,”fg_ﬂ.g; thu!r; n;lj.u line 4 is equal to the
sim " le relations are those of Uqullﬂ}' and ine quality. in th g S om 11, Iftheline A B 'i'-tw'!l‘-l:ﬁ tothe line ‘-_ B C D

C

T T

¥ a

R e TR i i

111

straight line CD; wnd if the straight C D
b be aiso ¢ ri'-a.llr. to the a"!’;tt,:?';;t "_;Il.u f'f.“. E F

¥

on O mlgmde, m are Wdeef"d M -g-;"‘!';?'l Oor k!‘;ﬂ“’n_‘_ £l ! , M d if the line | F be also !‘QHHE L) tht’
Kn a 1 with the knewn, and conclusions are syn! j-
Ay respect to the equ".'ht! or inequality "‘!j the mageni odes 0} to the sum of the lines CD and GH.
der consideration. In this manner we form our idea of sqin | Asiom 111, If the line AB be equal to the 4 B
' ' thus fwm“'n!'umfd n the e;ghth jgiom : ** MagnitudesSius '* Sne €1 : and if the line EF be also equal to the
with one another, that is, which exaetly Ll the same 8 : e (3/7; then the difference of AB and EF, E e H
al to one another.” | | | i v 21l to the difference of CD and GH.
ecific definition is seferred to this universal principie. Axiom V. admits of being exemplified under the two following forms :
WIMW ore general defi nitions which do not 1.0 1L L, U the line A B be equal to the line CD; 4 B C D
that some hypothesis is always made reducing ! and if the line EF be greater than l?{e‘lme Gy T g s——
at principle, before an is built upon them. As for ex - e sum of the lines AB and EF s greater E ¥ G
lefinition ﬂf a mgt ﬁn. to be refer red to the tenth 8X! ! .!' '*"h’:‘-‘i‘lr _-r.hl the lines CD and G H"_
m ot ¢ l‘ﬁ ht angle to the eleventh axiom ; and the jefin: . If the line AB be equal to the line CD; A B C
. s iR ?- sunid if the line EF be less than the line GH i
LR T 28 10 w . 1 F_T . L]
a8 ,, ﬂiﬂm hml?hi“:;]% lﬁ 0f su rp @100, & . _- Liieh e sum ol ’ﬂ'
nental proces h? which t:mi Gme‘t)ncal I:m-g!ﬁmdfn}n he cON S the sum of the lines CD and GH. 3
L g Rl 0 Y. .. tha - ) . also admi of 0 1 18 ; i
to be placed on another, so as exactly to coincide with it, in ' R “i?t;e'hn; T ;:: E;:::‘i tt, ’:]:“-l;::(’ffﬁphﬁc‘m’n’
which lm ' m ¢ 8 .  COMPArison i (TRIR i % - : e ¢ e Oy s v ’ - Vg
cone to be pmﬁhim nimum;; 80 ﬁha?gh“:irii:?;; Les A ; 20 if the line EF be greater than the line GH ;
cident, the two mt * -~y 2l If the dmm}n;“{ - s | then the difference of the lines AB and EF is E P G H
which include one l@ :.Mi’.ﬂ cxd:qwil.h the directions of th.t‘ W T granter than the difference of CD and GH. %
b e £ i o “' o, W | | - | 'S 2 If the line AB be equal to the line CD; A B o SO

. then the sum of the lines AB and EF E ¥ G H

1=

*Ip. E'.Lr“-. AB &!ht E’.i I-i hl' E ¥

""‘? the points, from "-:h oy s = ml i the line EF be iess than the line GH;
. e A | ©  them the difference of the lines AB and EFis B %, WPRANIND
lsss thunthe difference of the lines D and G H,
 The axiom, * If unequals be taken from equals, the remainders are

248 1l,”" ma¥y be exemplified in the same manner,
i%iom vi, ‘Aftheline AB be double of the A B
# €0 ; and Af the line EF be also double of P ¢ D
e tne CD; & F

) e ABis equal to the line EP. |

B

-
E

e |
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bserved when equal magnitudes are tak

1IEqUAls De thken from unequals, the remainders are n S
- unequal ‘they may be equal: also if unequals be added to une 8
 wholes are not always unequal, they may also be equal.
~ Axiom 1x. m whole is mm than its part, and conver ™ 8
part is less than the whole. This axiom appears 1o assert the = 0%

~ greater than the other, cannot be made to coincide with one ano
o : s | Thﬁ n-uﬁ 3 ﬂf ltﬂlght Iint*l I?If*ri_“\!t‘!l by
| nely, * that two straight lines cannot enclose a space, ™8

g ? aplied in the definition of straight lines; for if they enSSS .
space, m@’ could not coincide between their extreme points, w ==

"«  Axiom x1. This axiom has been asserted to be a demonstral & o
rem. As an -mgla is a species of magnitude, this axiom is oniy « SR

cular application of the eighth axiom to right anzles.
Axiom x11, BSee the notes on Prop. xxix. Book 1,

ON THE PROPOSITIONS.

1.
2 ~ Waenever & judgment is formally expressed, there must b
ing respecting which the judgment is expressed, and som th.og s

ﬂ’hl GGMﬁtUt_&-% the j'ud,:;um;t.. The former s « alled the gtaipe TR F

proposition, and the latter, the predicate, which may be anything ¥

can be affirmed or denied respecting the sulpect. | |

' he Pru_ ' ﬁon! in Eudit '8 Eitmenu of (yeometlry may be ced
-  classes, p and theorems. A proposition, 8s (O

imports, is something pro . it is 8 prodlem, when some Geot
- 0N 18 mquxmd to ljtdd: and it is a theorem when sol

: mwim;l M i‘ to b. &mwd; Effr}* ‘."il'-ﬂp(lﬂll:ﬁifi 14
ﬂlly divided into two parts§ a pr&blem consists of the dele, ©
given ; and the ita, or things reguired: a theorem, consists
Wﬁm or Aypothesis, and the sonclusion, or predicate. lHence the dis
between & problem and a theorem is this, that a problem consist
data and the qumsita, and requires solution : and a theorem €o
the hypothesis and the predicate, and requires demonstration. '

- ‘ propositions are affirmative or negative ; that is, they eithgh

some property, as Eue, 1. 4, or deny the existence of some projg:

EM, 1. 7; and every Pmpolit.iﬂn which is affirmatively stated |
‘adiclory Corresp *'-' proposition. If the affirmative be profg

Al propositions may be viewed as (1) wniversally affi ive

persally negative ; (2) as particularly afirmative, or particularly ne @

connecled course of reasoning o{ which any Geometrical@@
established is called a demonstration t is called a direct degad W -
misses, as the conclusion of a series of successive deducsn &

1 A i

mnt

|*%""

S §i

e o ._ il led indirect, when the conclusion shoy .?_.* X "
Sl 't':*_'_: contrary to the hypothesi:, B\ . "

»mit nothing in the principles from which we
it is granted. i |
4085 L - 8. To demonstrate nothing which is as clear already as we can make it
ﬁgh;h axiom, nam e}yl that two magnitudes, of whic/ B Ry 40 prove every thing in the least doubtful by means of aelf-mdmt
eater th | ¥ T4 axioms, or of propositions "

mentally the definition instead of the thing defined.” Of these rules, he

in booka of logic, none but the reomets

rressed prind iple, to leav:

PR o

{ promiss/of & third syllogism, and 40 on, and thus any p
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hese are enumerated by him as eight in number. *1 To define nothing
which cannot be ex

in clearer terms than those in which it 18

ressed. 2. To leave no obscure or equivocal terms undefined.

i the definition no terms not already known. 4. Ta
e, unless we are sure

5. To lay down no axiom which is not perfectly evident.

already demonstrated. 8. To substitute

-

savs, *‘ the first, fourth and sixth are not absolutelv necessary to avol

able ; and though they may be found
‘ ] w

rs have paid any regard to them.

The course pursued in the dem mstrations of the propositions in

rror, but the other five are indispens

Puclid's Elements of Geometry, is always to refer directly to some exe

nothing to be inferred from vague expressions,

nd to make every step of the demonstrations the i,;i'lijm':t of the under-*

{lhxhliﬂ. ! P
It has been maintaind d by some ;r‘"‘.Ei-—-»ﬂu':*['a’f:{‘r!. that a genuine defini-

Hon contains some properiy of properties which can form a basis for
monstration, and that the science of Geometry is deduced from the
finitions, and that on them alone the demonstrations dPPEnd. Othet’l‘
wve maintained that a definition expilains ﬂrlﬂ}' the meaning of a term,

nd does not embrace the nature anai properties of the thing defined.

If the propositions usually called postulates and axioms are either
seitly assumed or expressly stated in the definitions; in this view, de-
monstrations may be said to be legitimately founded on definitions. If,
»n the other hand, a definition is simply an explanation of the meaning
of a term. whether abstract or concrete, by such marks as may prevent a
gmsconception of the thing defined ; it will be at once obvious that some
gonstructive and theoretic principles must be assumed, besides the defini-
S s to form the ;{ru.«uw't of legitimate demonstration. These pﬂt‘lt‘,‘lplﬂ

g conceive to be the pu.ﬁ"tuhltt'*ﬁ and axioms. The postulates describe
nstructions which may be admitted as possible by direct appeal to our

perience; and the axioms assert general theoretic truths so simple
wad self-evident as to require no proof, but to be admitted as the assumed

Srst principles of demonstration. Under this view all Geometrical

he"mningﬂ lll’l_!l."t‘!*!l upon !hl‘ miihiiainn Of th.ﬂ h]" thma mumed iIl

the defimitions, and the unquestioned possibility of the postulates, and

the truth of the axioms.

Deductive reasoning is generally dehivered in the form of an enthymeme,
J¢ an argument wherein one enunciation 1s not expressed, but is readily
!-uﬂ;lied by the reader: and it may be observed, that although this is the
sedinary mode of speaking and writing, it is not in the strietly syllogistie
firm ; as either the major or the minor premiss only 18 y stated

_before the conclusion : Thus in Eue. 1. 1.

Because the point 4 is the center of the circle BCD;
therefore the straizht line 4B is equal to the straight line 4C.
The premiss here omitted, is: all straight lines drawn from the center
Ha e to the circumference are equal.
In a similar way may be supplied the reserved premiss in every enthy-

waeme. The conclusion of two enthymemes may form the major and minor

of reasoning
redyioed to the strictly syllogistio form. And in this way it is shewa

! D
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inded on the axiom N
gism consists of three propositions, of which, two are egl}.
sses, and the third, the conclusion. These propositions cf:ﬂf
term which connects the predicate and the conclusion together. T
subject of the conclusion is called the minor, and the predicate of the e«
clusion is called the major term, of the syll
in one premiss, and the minor term in the other, with the middle te .
term and the major term, is called the major premiss; and that wo
_contains the middie term and the minor term, is called the minor pre |
of the syllogism. Asan example, we may take the syllogism in the dem |
| ﬁ'&mﬁmn of Prop. 1, Book 1, wherein it will be seen that the middle ter
the subject of the major premiss and the predicate of the minor.
o Major premiss: because the straight line 4 Risequaltothestraight line
Imﬁ‘lﬁ? premiss : and, because the straight line 5 is equal to the straiy
ine AB ; ,
Conclusion : therefore the straight line BC is equal to the straight line f
Hm' BC is the su "t'ct. and AC the p'rﬁlir.ntr of the conclusion. '
BC is the subject, and A8 the predicate of the minor premi
. AB is thE ﬂlbjmt, md AC the prpih; ate of the mator prema
A_]m, AC s the majur' term, BC the minor term, and A A the middie
of the syllogism,
In lh{ﬂ syllogism, it may be remarked that the definition of a stra
ﬁn&‘iﬁ assumed, and the definition of the Geometncal equality of
straight lines ; also that a general theoretic truth, or axiom, forms

ground of the conclusion,

mg pﬂint. mark or Mgn (ﬂnaiup) which has not !a:nn!h length and bres

and m’ line which has not both length and breadth : the demonstral

in Geometry do not on this account become invalid, For they are pur

on the h?pﬂthenis that the point has no parts, but position only : an

\ine has length only, but no breadth or thickness : also that the su

has length and breadth only, but no thickness: and sll the concluio

at which we arrive are ind.e!wndam of every cther consideration.
The truth of the conclusion in the lyllngvism depends upon the

of the premisses, If the premisses, or only one of them be not truy

conclusion is false., The conclusion is said to follow from the premy

whereas, in truth, it is contained in the premisses. The f-:pn:*nm-.:; |

be understood of the mind apprehending in suecession, the *f.umm_

the premisses, and subsequent to that, the truth of IBINCOM,

‘so thet the conclusion ;‘cglmu Srom the premisses in order SR

a8 far as reference is made to the mind's apprehension of the R 1

U1 L

i & 'ﬁ',ﬁ:-i -5

vV prop n, when complete, may be divided into iy .
lus has pointed p -

Prc out in his commentary.

which states in ger. mﬂ;: |

by means % A

Are ﬁarm,g, the subject and predicate of the eonclusion, and the mide ,«;-' }

ogism. The major term appe: Tl

misses. That premisa which contains the mt‘ !

And further, though it be impossible ton !

NOTES TO BOOK 1. o1

; 4. The construction applies the nostulates to prepare the diagram for

demonstration. . ¢ |
mﬁ. The demonstration 18 ogisms, which F‘oo' f” x

gruth or falsehood of the theorem, the possibility or impossibility
problem, in that particular case exhibited in the diagram. -
8. The conclusion is merely the repetition of the general enunciation,
wherein the predicate is asserted as a demungtratqd truth. - -
Prop. 1. In the first two Books, the circle is employed as ; |
% snical instrument, in the same manner as the straight line, and the use
le of it rests entirely on the third postulate. No properties of the
le are discussed in these books beyond the definition and the third
postulate. When two circles are described, one “t. which has its center 1n
the circumference of the other, the two Cire lm being each of t.het_n pnrtly
#ithin and parth' without the other, their circumfierences must mt.em_ect
gach other I-l‘a f.w;‘. points ; and it is obvious from the ft“"” {‘-‘lrt*l@ﬁ cutung
each other, in two points, one on each side of the given line, that two
ey glateral trianglies may he formed on the given line. . : >
Prop. 11. W hen the given point is neither in ’f.he ]mg, nor in the line
produced, this problem admits of eight different lines hi'_'lﬂg_ drawn Erpm
int in different directions, every one of which is a sclution
{ the WH?,ZF m. For. 1. The given line Lias two extremities, to each of
h a line may be drawn from the given point. 2. The alu_iln&ulm_[
gle may be "described on either side of this line. ‘3. And theside
20 of the equilateral triangle A 8D may be ﬁmd_uoed either way.
But when the given point lies either in the line or in the line pro-
duced, the distinetion which arises from joining the two ends of the line
with the given point, no longer exists, and there are only four cases of

the connexion of syll

given

the blem. |
m construction of this problem assumes a neater form, by first de-
seribing the circle CG H with center B and radius BC, and producing D8
the side of the equilateral triangle DBA 10 meet the circumference in G:
xt, with center [ and radius DG, describing the circle GKL, and then
nroducing DA to meet the circumference in L,

'y a similar construction the less of two given Bh"‘l.ight lines may be
croguced, so that the less together with the part produced may be equal
%o the greater,

Prop. 111, This problem admits of two solutions, and it is left unde-
tesined from which end of the greater line the part is to be cut off,

H}- means of this prr;!ulsﬁm, a straight line may be found H}Uﬂ to the
#um or the difference of two given lines,

- Vrop. tv.  This forms the first case of equal triangles, two other cases
are proved in Prop. viri. and Prop. xxvi.

The term base 1s obviously taken from the idea of a building, and the

stme may be said of the term altitude. ry, however, these

e In Geomet
¥ Serins are not restricted to one particular position of a figure, as in the

mﬁsﬁa building, but may be in any position whatever,

v. Proclus has given, in his commentary, a proof for the
f the angles at the base, without producing the equal sides.
ction follows the same order, taking in AB one side of
triangle ABC, a point D and cutting off from AC a part
AD, and then joining CD and BE,

: A o ﬁnu}' 15 & theorem which results from the demonstrat

& Dropesition,

~_ rop. VL is the converse of one part of Prop. v. One proposition

D2
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Mﬂma, b Mm one predicate; by assuming th A
o i v Bl og one of the hypoth g the pre , '8
P h' inferred as the predicate yp;} t.l?ou SRV 0005 M08 by 9

i ﬁ t i B'.;._ "m m '
__ . the latter i and vice versa.
>ther kind of conversion, when atl

'L converse h&m.arm‘m:‘xn;t,f Pr?p- v, It may here &wﬁ;:!’? Cog
. ving dirm Pmﬂllm , ot 'mutm y true: as for ins t.nﬁ;-rlw .
oqmﬁpe%ut ﬂu.lb 'th? thl‘"@@ ‘hﬂ]!‘ﬁ I'!f '*ﬂl*h ! 3
xl : e - “ h‘" th.‘ converse s nu;t uni "i'rmil}- true ; ﬂ! 1 :
e thine sides are resnd o ﬁ“i ee an lﬁn in each respectively
Jh BsBome iﬂmw,’ thl !:'p‘m"- t’d @Qﬂ ' Cﬂn\'ema theorema ; -
which enter into the m?‘:}‘:hnﬂ‘tmn of other conditions thark '
1 DOS m. m h ngm . &ﬂnt ‘h.ﬂjrfym‘ Converse and "
s whet la “3’ | eans to be confounded ; the comtrry propos -
mm@ b“tr thﬁ mbjm u?d mru ‘Iﬂ}at LS d#““""i. in the direct
proposition is a mm -- te "mm”ﬁ “!-t_:-atg in each are the same. A o
consists in this—that SZ oReradsciory proposition, and the disti

! mmf} propositions may both be false

L B

_ wlions, one of them must !}
m.e’ _ . . e must D¢ true, and
iﬁm.l\mw mlt 2;3;& :}']ﬂbem"muh”d* that one of the most con
e - mers, is to imagine t} } e
raposition h - Ao — ial Lhe '.i"i7h-ét
‘ Leg;}lmm ﬂﬂ‘*’und _fﬂl" effirming the contrary as 8
sound reasoning allow that the ﬂfﬁﬂ!i.ﬁtlwt; '

1 |
I':g v

: l” 1 as true, an.ly affords a ground for the denial of the cond f
m wwarﬁ&t i.m“’,‘" of indirect demonstrations, and
D "'i-:--'r""":-"i’;’" 18 'ﬂ*hin’h Are a pmr fo converse Prﬁpﬂ‘-‘lt.hﬂiﬂ. A“ t?"i““
demonstrations, Mmrdl@mmmwi ex absurdo, are properly anal |
‘HW the thing 1 uqig to the Gireek notion of analysis, whichl |
the cor el, g!.'ﬁ | &d,t;o be done, or to be true, and then si§
with truths. sdmise neonsistency of this construction or hypdg
| h | tha Mim M‘lr‘“‘dy t.i:!nmﬁmtmtmh Ti

Bot tras & m‘?% where hypotheses are made whic ]
thmw ik tha b expression should be employed different |

by Evalid Wm true. In all cases therefore, whillil
or some such Mﬁgt’ _th“' ?ﬂm if possible have been introd; s
upon the m&wm ’},‘,P,m{m- aa in Euc. 1. 6, 80 as not to
hich contiadicts the p —_— _.;_-’&r, t:ha impression that the hypo e |
- Prop. 7m mpltum, “ m‘uy true, . |
roincide with the three - m?a sides of one triangle are shew A%
| > 0bvious, This. howes. other, the equality of the trig'}
1. on of ] _Nowever, is not stated at the conclus® RSl
For the equality of the areas "“JSll

_ Zf‘? v

S ) e R T TP T
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angle EAF is equal to the angle EDF, (ax. 2 or 3): or the angle
. NC is equal to the angle EDF.
Prop. ix. If BA, AC be in the same straight line. This problem

j then becomes the same as Prob. x1. which may be regarded as drawing
| 4 line which bisects an angle equal to two right angles.

If FA be produced in the fig. Prop. 9, it bisects the angle which

hl:" fi!.'t-,‘{vf_ 115' 1h;. .ll'ir;.:lt_' H.’if‘ from ‘fnrur r!u_;hf mm&'ﬂ.

"}-‘ means of this prnh‘iurn, any angie may be divided into four,
\t, sixteen, &e. equal angles. .
Prop. x. A intte straight line may, by this problem, be divided
» four, eight, sixteen, &c. equal parts y

Pn"[L Xl1. When ths ‘{*'fl‘--‘:‘-. & at the a-“(?ri‘fl'ﬁ!’_‘i" of the line ; by
second nostulate the line may he ;;rwhit‘i*#i. and then the construction

Slies. Qee note on Eue, 11 i . *
The distance between two pOoinia ia the straight line which joins
noints ; but the distance hetween & point and a straight line, &
i.}rwv"» o line which can he drawn lrom the point to the line.

Prom this Prop. it follows that only one perpendicular can be drawn
n a given pownt O & given line ; and this prr[nﬂ:di{‘ul&r may be
wn to he less than any other line which can be drawn from the

]

|
I
|

en point to the given lne: and of the rest, the line which 18 nearem
the pe rpendie alar is less than one more remote from I1t: also l}tnly
0 e ,"1.'1.. straight [ines can he drawn from the same Pﬂlﬂt to the line,

Q0“1 b side of the perpendicular or the least. This pevperty

. i ¥ -

& analogous to Eue. 1L /7, 5. “ : )
The corollary to this proposition I8 not in the Greek tex

exa added by Simson, who states that it ‘‘18 necessary to I

Hook x1., and otherwise. !
Prop. xiI1. The third postulate require

k& drawn before the circle can be described

h!ﬁii"‘{‘ﬂ ('l). i : ;
Prop. x1v. is the converse of Prop. xm. Upon the opposite sides
s ' 1§ these words were omitted, it is possible for two lines to make

m a t) 1 vwo angles. which together are equal to two right angles, in

h a -{ 1 : o two lines shall not be in the m_ame‘stra‘,ig.ht Eine.
The line BE may be v-u?_”-t*wit‘-ei to f:ln.&b{‘)_\*e, A8 1n h‘ur:hda ngure,
+ below the line B [). and the eiu-mumtmt}np‘m the same I1n ff‘i?nm s
Prop. xv. is the deve: ;pment of the definition of an angle. e T}i-

4% the angular point be produs ed. t.hn pr‘.u_iuc'vd hn'?s have the same in
as the original lines, but \n & different positiont.

g e

nation 0 Oone another n ‘ | o ok
The CONVerse i'tt- *blﬁ‘i\ l‘filrlﬂﬁﬂ_‘ﬂfi“ is not {}Fﬂvml' b}’ Eutl}ldn ﬂﬂr.:lﬁ'lf . 4

If the vertical angles made by four straight lines at the P

5 " = d]
be reapectively equal to each other, each pair of opposite lLines sh
he in the same straizht line. .,

b gl;nt\p xvil. appears to be only 31 9“70“3{.7_ mAt}}emPr:f:‘d;?ngiT;
ey : 1 luced to explain Axior , ol wait

woaition, and it seems to be introc : o, 0 iangle
fi— ts the converse The exact truth respecting the angles of a trang

s that the line CD a_hmﬂ-d
with the center C, and

X g lenimm be remarked, for the purpose of guarding

Prop. xvit. It may e
the student against & Vvery
4nd in the converse of it, the

common mistake, that in .t.h.in proposition
hypothesis 18 stated before the prediwate + 1

. __ . | of Prop. XVIIL It may be -
Prop. xix. is the convert" © | iion to Prop. xXvill, Prop. ¥

{hat Prop. xrx. bears the same

does to Prop. V.

e
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EUCLID’S KLEMENTS.

~ Prop. xx. The follo

mﬂmﬂg iggﬁ 315 e _u}fmg % Ay "f“i'“h::mm this propositiy,

the point A 1 . always less than BA i Two points,
It may bT“iafﬁ - Ele' ey i 40, howeve: §

of any two sides of y shewn from this proposit |

- ‘y two sides of a triangle is less than mpf;‘i:inri'd;h -

dmﬂ‘h -

it ixlx ilm :Vhl;n ttilzw sum of two of the lines i

T h' ..G third lil’lﬂi let th ——.
ey will exhibit the impossibility i -
Proposition. ;5 y implied

* equal 1t
diagrams be llt‘i?l.”-
by the rﬂmumn*

The same remark ma
U ﬁﬁ‘ﬂ, 181111
nother M‘, ) .
VO points.
_I wgby Mﬂ;nghm?m gqul B C8 i e constra
general than Euclid’s, but i es triangle. It would, howeve .
§, but 18 more convenient in P-I’Iﬂi:u oo, 4

Prop. xxiv, 8i
the side whic L YT makes the angle ED¢ .
ﬁﬁw:;twﬁgh nzﬁ -the greater of t}.:s two EI; ‘;; FI? mhlht line
B s ot ariss, e may bo soen by forw § Stherwise,
1e point G might fall below or upon the hl"“ ;f,ﬂ -
| []rn_-q,

h weate relation as Prop.gv_ 1::; P‘;g f :‘:‘-:P xxv. bear to each

ot xxvi, This forms the third case
dade b & Bngl:anw ven equal to any thr::‘n;:f&.. ,{ :

' 1 oe magnitudes :??' e ual to one ‘another, whenev

Prop. 1v. con mmﬂi Llfn 1ﬁn the hypothesis are independent of | ——

sides and the innlud:d rst case, when the hypothesis consists -

the second, when th hmgte of each triangle. Prop. —

triangle. Prop. xxﬂﬁ ypothesis consists of the three sides of

‘angles, and . contains the third, when the hypothesis cor

~and one angle in D id, when the hypothesis consists of %

the two M l&d::em m“"m” 323 but these not the angles

under a certain restriction, thm';wgl" This oses however Sy ..
.

1f two triangles have two ndn:-{m of them equal to two st
angles opposite to one of the bl

o A
remining angis o G oher,
to the m ﬂ&ﬂfﬁ%&h ‘W triangles which have the sides 4B,
mﬁnpﬁpg mﬂ DF, each to each, and the angle ABC ' -
ingles, the third m,u;? -~ }“b;-‘- CB, i‘DHF e Aokk e oL L 3
the angle BCA BC shall be equal to the third Tl - O
m SR BN KFD, and the sngle 540 m

gtequalto EP, let BC be the greater, and from
salns AM1 DEF, Bue. 1. 4, Jﬂ .;J

o

"
cr

NOTE>S 1V pOUK L

DFE. But since AC is equal to DF, AG 18 mll

e ACG is equal to the angle
e AGC, AGHB are together eqt

;cute mngl_a, _ AGB must

.. the angle AGB 1
o, 4C: and therefore the ang!
s also an acute angle. But becaus
w two right angles, and that AGC s an
ann obtuse angie; which is absurd.
s EF. that is, 8C is equal to EF,
gae triangle to the remaining angles of the other.

Recondly. Let the angles ACB, DFE, be both obtuse angles.
proceeding in & similar way, it may be shewn that BC |

stherwise than equal to EF.
\f ACB, DFE be both rioght angles : the case falls under Eue. L 26.
'rop. XXV, Alternate angies Aare defined to be the tTWO angles
siich two straight lLines make with another al ts exiremities, but upon
opposite sides of 1t.
~oMWhen a straight i
giternate angles are [o1
se. BEF, EI (" are allernale
‘rop. XX VI One angle ia ca

s interior and opj
ht line wh

two other straight lines, two pairs ol
, lines at their intersections, as in the
gles as well as the angles AEF, EF D.
lled * the exterior angle,” and another
' when they are formed on the same
% ¥ of & straagint tersects Lwo other I-trllight
| It is also ahvious that on each stde ol the line, there will be twoe
d two interior and opposite angles. The exterior angle EG 8
ling intenof and opposite angle :

GHD for its COITespORL .
angle FHD has the angle HGB for its interior and

R &

& intersects
medd L-} !_iut
At

ich falls upon Ot 1

fOor An
~ tht" ﬁ!a‘_‘.’ i
sles the exterior

uﬁmﬂite angle.
Prop. xxix is the converse of Prop. xxvit and Prop. XXvitl.
+ht lines simply describes them

. As the defimtion of parallel straig

by A statement of the negative property, that they never meel; n e
peccssary that some positive property of parailel les should be assumed

\s ah axiom, on which TEAsORINgES on such lines ‘nay be founded.
%ur[hi has nrhl_ltm'd the state he tw elflh axiom, which has
objected to, 88 not being A stronger objection
17; for both the
Lo require

ment tn t
sell-evident.
f it forms Euc. 1.

he that the converse O
should be so obvious as not

MATR LD L,
nh-ii AX 10N and i1ts CONYEIBRE,

L §
NSLralion

' "tl.z «i' ¥t .
SImson hias attemptd d to overcome the ob]m:tinn. not h? any improwd
ines ; but, by considering Buclid's
its proof, assuming two definitions

?ll,t.i

definition and axiom respecling parallel |

vwelfth axiom to be a theorem, and for
and one axiom, and then demonstrating five subsidiar Propositions.

l_rwtt.--nd of Buclid's rwelfth axiom, the following has been pro
for the foundation of reasonings on parailel

54 & more simpie property
Mnes ; namely, “ 1t 8 straight line fall on TWO parallel straight lines,
one another.

the alternate angles are equal to * "In whatever this may
exteed Buclid’'s definition in simplicity, it is liable to a similar objection,
being the converse of Buc. 1. 217.

~ Professor Playfair has adopte
* Two straight lines which intersect one ai
to the same straight line."" Thu srently more simple axiom foilows
s & direct inference from E
been proposed on
he conreption of equidistance.

# Parallel lines are such as lie in

peccde from, nor approach 1o, esch

o
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EUCLID 8§ ELEMEN; \

‘ /

e 4 s {nhjm,d?- %_hg mgl lines never meet. Dr, W

r;m .i'mqtpzo comitantur.”

ﬂlﬁ;i“% idea of such lines. A9 terma ypuppal wapaliwho:, sugy,

B Tl ok e o v v

found in the appendix to I 53 S bveilth axiom, wi

M."' ) - lonel Thompson's * Geometry -

e qnp‘ﬂ::hx‘nidlﬂéfh the two lines AB and CD are

il e ABII:;d e line EP: the proposition may also be !

when Pwpw iy CD uﬂ:hm the same side of £F. g
e e o g From thi proposition, it is obvious that if one
-?:: -h hﬂequ}l w t‘h' sum of the other two ﬂi‘t;r-:rt?i

- is a right angle, as is shewn in Eue, 111, 31, and that each o r:h: o

¥ I

of an Qquil&tm triangh, ia equal to two thirds of a nght @m

ig&i: .g;:in:ﬁgaun&l:ﬁ 15' . fA‘ oty 1f one ﬁnﬂi!' of an 1sosceles U
“in Eue. 11. 9"' ’ . each of the equ‘l N‘Blt‘.‘ﬁ 18 half a nght an
The three angles of a tri |

right ang!es S p-mofd-'.“ triangle may be shewn to be equal t tw

any Wqﬂﬂl o AR i Y side of the triangle, by drawing thetims

;_ i ?u’;%n-glﬂl hﬁﬁ wa.llﬁl Lo lht‘ n;;;}. TVRE . ‘;'_1_‘.‘ R F* FEZ;L"
i m_ ‘w Commmm&pn this proposition it 18 MATe.
uﬁn_'! mat the -_ml unule af a trangie 5 DOWS
._ ugﬁ;jfm Other two ; but @ known 1l the suii f
 of the angles aflghi? be also proved by drawing unes in

. s | _ ligure to the other angles. LI an)
m !M mhm bﬁ:d inwards and form what are called re-e
':|.:.a=r.i'..i.-'1.--'a.--'-ﬁ- () .' mﬂ Eu;i?dﬁf thm twao cﬂf'ﬂnﬂfh‘i \'tuu- I"H{uqu
| R R I ves no G nition of re-enterning BIEEES -

y Ty ‘e ‘sonud, e did not tmend 10 Crce o 5
Thmin figures which contain such angles.

4

m * | f?i_' HTE; words ' towards the same parts’’ are 8 nesss
he extremities ey were omitted, it would be doubtful W

ol v I}l?h‘i‘ Dl md. Bi C: h! e lines -u‘l.” i'ﬂ'l'*i BL.
Prop. xxxiv. If the other diameter be drawn, it ™% be

;g:t:f:n ﬁ m ﬁf & : e‘iw bisect each other, as well &

R dogonin ek henat s I the If the parallelogram be rizh' ™

the Mm l’ﬁ&nﬁ'&f the parallelogram be a square or ® 4
i, | : | other at n,ght mglu. e COMVerse af

op., namely, “1f the opposite sides or oppos:
be equal, the opposite 2 Sldes or opposite ar les of a quadst
S, e :_u sides lhj})nl:&; ﬁ“ﬂnﬁﬂ;“mn
v. The latter part of the mﬁﬂ.{ﬁ- " -
s of the same form and magnitude.

us et equidistantia vel ider ..

&1
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NOTES TO BOOK L

It may be observed, that the two parallelograms exhibited in fig. 3

partially lie on one another, and that the triangle whose base is BC1s 2
common part of them. but that the triangle whose base is DE s ﬂfmmli
without both the parallelograms. After having proved the triangle ABE

equal to the triangle DCF, if we take from these equals (fig. 2.) the

| and to each of the remainders add the
then the parallelogram 4 BCD is equal to
of the parallelograms

base is DE,

t;rmngle whose
base ia BC,

triangle whose

*t the parallelogram ggcp. In fig. 3, the equality _
: ABCD, EBCF, is shewn by adding the figure EBCD to each of the
* triangles ABE, DCF.

In this proposition, the word equal assumes a NEW meaning, and i8 no

Lo mean coind dence in all the parts of two hgures.

In this ppn]ruﬂt!-*ll. i1 18 o be lllltit‘.l':iulﬁd that the
Aare 1\n 1thie same Blr;nuht Line. 1f in the
and D with A4, then the angle
Hence the fulluwinﬁm

EQH -

> longer restricted
rop. XXXVIiL.
bases of the two triangles

diagram the point & eoincide with C,
of one tnangie 18 suppie! ental o the other.

| have LWQ siles of the one reapectivvly

Fr'l-pullrty ."""li two tn ngies }
to two sides of Ui other, and the contained angles suppleme

tWo triangies ole ¢ +q'hl§.
A distaction ought to he made between egual triangles and equivalend
triangles, the formet including those whose sides and angles mutually ®
‘F eoincide, the latter those whose areas only are equivalent.
)t Prop. xxxix. 1f the vertices of all the equal triangles which can be
! described upon the same base, Or UpaH the equal bases as in Prop. 40,
& be jumed, the line thus formed will be a straight line, and is called the
locus of the vertices of equal triangles upon the same base, or upon
A locus in plane Geometry 18 & straight line or a plane
point of which and none else satisfies a certain condition.
exception of the straight line and the circle, the two most simple loct;
all other loei, perhaps  reluding also the Conic Sections, MAy

maore
readily and effectually '

s

curve, every
With the

investigated algebraically by means of their
nrct.m:,:'sﬂ.-.tr Or p”i LT 1.‘*111:_1!.3{“13.
a Prop. xLt, Lhe converse of this proposition is not proved by Euclid ;

1 vis. If a parallelogram 18 double of a triangle, and they have the same base,

or equai bascs upon the same straizht line, and towards the same ia.ru.
they nhﬂ.i} he bhetween the same i?ilf;ttiil._.‘l-‘i, AIHJ, It may Eﬂﬂ}' be shiewld
that u two equ 1 lrf;lu';,:'it'ﬁ are between the same puallah 5 ﬂlty are gither

upon the same base, or upon equal bhases.
guiv. A parallelogram described on & straight line is said to

be applied to that line.

* Prop. xuv. Lhe problem is solved only for a rectilineal figure of fonr
| sides. If the given rectilineal figure have more than four sides, \t may
l be divided into triangles by drawing straight lines from any angie of t_‘ht'
a ure to the opposite angles, and then a parallelogram equal to the third
% ual to £: and

T DO

langle can be applied to LM, and having an angie eq

so on for all the triangles of which the rectilineal figure is
Prop. xuvi. The square being considered as an equilateral rectangie,

its area or surface may be exprmed numerically if the aumber of
urits in a side of the square be given, as i8 shewn in the note on Prop.

—m e

Book 11.
The student will not fail to remark the anal which exists between
| T the area of a sguare and the WM ef {wo numbers . and between

: F E ﬁg‘;‘ m qf a m an d m N.'Wl m _ ‘! & m. M i’l‘ m m
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he QUESTIONS ON BOOR I.

- of two equal numbers, (or to find the W?: og’ornu:abt:rﬁ:g i:hie PrOGue i This Book may be divided into three parts. The first par treats of
g@and to describe a square on a given line; but convers 1‘ e , the origin and properties of triangles, both with respect to eir sides and
the side of a given sguare is known from the ﬁgum imilfﬁ > g sniles; and the comparison of these mutually, both with regmiweqlm}l-ty
number o the side of a square of ri *en are cow Fauth., | «nd inequality. The second part treats of the properties of paralle lines
exactly, i e s rowrs ot | and _The secort P hird part exhibits the connection of the

cactly, in such cases where the given number is a square numh \ and of :pnru}l_pl_tmur--fma. he third part ‘exhibits the con ou of
example, ﬁﬂlﬁ area le a squa mm G sgquare units. then !-h..ﬂl t j properties of tnangies Imd. i‘arallt'lilgra{ila. and ;he eqruallt)' of the -quam
B st o & oros of lineal units in the side of [ base and perpeme o o il T

; ar gﬁn fth . | uare > ¢ _ ) | ypotenuse,

| t:r‘:;:nﬁg'ﬁg lmﬁﬁmrgﬁpiftiri units, the s 1 When the propositions of the First Book have been read with the
wul gmﬂ?’grpm the -Iidﬁ of lh;‘lll “_ - Hﬁ{i ther | ‘._l‘ht* H_“lfﬁi'lﬂ 1= l‘i‘l‘ﬂﬂ.ﬂiu"h*i* d t,fl t_if-l-? different 1{-*1!91’& in the dm.gn.ms.
le f.h., ho g be : SQUAre: an approg { il where it 1s ‘HMMMP. diagrams of a form somewhat different [‘I'f;}m those
_ ﬂn,s wever, may obtained to ANy assig f g!ihib_i[ﬁi" in the text, for the purpose of testing the accuracy of has kﬂgW"
Rl isiee of the demonstrations. And further, when he has become suffici-
| na ﬂght-mgled t’ﬂMﬂte. the side ﬂmmmitp to the riaht i sntly familiar with the mu thod of grmm-truﬁ;d reasoning, he may dis-
£ pu Wf md‘t;hﬁ other two sides, the base an e aae with the aid of letters altogether, and acquire the [m'we-r of express-

'} - to their position. " } in general terms the process of reasoning in the demonstration of any”

3 hree squares are deseribed on the owfer sides yosition Also, he 18 advised to answer the following q_ueltions

| position may also be demonstrated (1) w re he attempts LO Appiy the En.rms:;;'x‘wﬁ of the First Book to the s0-

| ion of Problems and the demonstration of Theorems.

the three qu ? are descri upon the sner sides of the triangie:
thduaibud on the outer side and the other two squs ' T - e
the inn gmwm: (3) when one square is described on “he QU JSTIONS ON BOOK L
er side and he other two outer sides C £ - - ;
e u JENSS on the outer sides of 18 HES  What is the name of the Science of which Buclid gives the T

ane 1Imstandc th i : 1 s & VIATE & : N - . -
S peint D falls on the side FG (Fuchdy - hetween Plane Geometry, and the Geometry of Platell .
KH produced Sseats CEin B. letLA® | §. Define the term magniiuce, and specify the different kinds of
then the | . ahd o LB axe | ‘ mhgmtude considered in Geometry. What dimensions of space bei
£ . B eare B and the 0DOUD . T t figures treated of in the first six Books of Euclid ?

” MB! Bue. 1. 41.); and sumuUariy DY JOrmiNg o | 3. QGive Buclid's defimtion of & “straight line.” What does he
long LC are each double of the triangie B cenlly use as his test of rectilinearity, and where does he first employ it?

@ squares on the gides AB, AC ™x¢ togetiel What objections have been made to it, and what substitute has
sed as an available definition? How many points are necessary 10

.-u _.1 Bc: | o | & o . .
m of an'y gV eS he position of a straight line In a plane? Vhen is one straight

nd a square -pqua_{ to the su | tha
multiple of a given square: or equal to th - said to cut, and when to meet another ? _
ven squares, : | _ What positive property has a (eometrical point? From the
pmpoﬁﬁm m he uhibited to the eye n _"nm* \ gdefinition of & straicht line, shew that the intersection of two lines 8 &
What are

:  Give Buclid’s definition of a plane rectilineal angle.
les considered in Geometry f Does Euclid consider

| |
]

-0 As in the case of that r-;ght-m'tghﬂ triangle l"""Ih
| its respeetively, 1f throush the points
e i-i‘l’ﬁi'é -, ‘1"’ i th lfﬂltﬂ “! t;'_ AN

division of two contiguous si each of - ces upon th |
Mérﬂﬂ pmm the dﬂ'ﬂ (m mm on i;_-p_-rk_ EM. L i1l be angles grealer than two nght ang%vai’
“ , that the squares will be divided into 9, 16 an! 05 small squas™s ) 5 When is a straight hine said to be drawn at right angles, and when
|  oay small squ#= gerpendicular, to a given straight line ?
kinds of triangles there are ac-

B8 TRAgUIth de; and that the number of the ST,
st the perpendicular | base are {li‘-’idt“d 18 8]

to which the } square . _ : hfidf-t .
m h’mwn‘me - 18 ﬂsﬁm- L

¥  Define a triangle ; shew how many
sording to the variation hoth of the angles, and of the sudes.

% What is Euclid’'s definition of & circle? Point out the assumption
invelved in your definition, Is any axiom implied in it? Shew that
in this as in all other definitions, some geometrical fact is assumed a8

'\:I'
3
i
i
¥

xLvir, In this Prop

‘somchow previously known. . ;
9. Define the quadrilateral figures mentioned by Euclid. 3

10. Describe briefly the use and foundation o definitions, &X1OIE;
and foo_mlnm: give lustrations by an instance of each. 5
- 11, What abjection ma be made to the method and ordﬂ in "m
- Fuciid has laid down the Jemenwy abstractions of the Science of Geo-
tuetry?  What other method has heen SUgg :

" Pl T
.

ST S i L ok _,1 af
: _j}-’f e 4%
o ,.*.i.'"jr Bl




Science ﬂf Gwmm and in the Physical Sciences W

‘What is necessary to constitute an exact definition ?

SR P e 5 | an P Are defin;
o+ 1 3} Are they “3“”’; Are they t:nm'enihi:'r h}?m
o “ | ol [ s ® :__5',_r;.' il : . : : * - .'-u-h#
to, which. it. relates admit of proof on the principles of the Science

14. Enumerate the principles of construction assumed b -
i ._15_.._ Of mmt-. immmmﬁ may the use be considered to ﬁu,t,tu :::;dr;
m ~ﬁ Emdmmda of Euclid 8 pos ; ? Why only approzimately ,-lp
h‘l e ei_ rele may be described from any center, with any straight
an ﬂg | adius, | Hﬁ" m t.h.ll Wtullu M&I’ from Emfn!’h :;:j
thﬂﬁmpmbmhmwdiam . .
R } ’pmpluinm Puysical beiences correspond to axioms
Rownerate Euclid's twelve axioms and point out those which
sometry. State the converse of those which

i 9, What two tests of equality are assumed by Euclid? s the
~ sssumption of the principle of superposition (ax. 8.), essential to !
| F reasoning ? 1s it correct to say, that it is ““an appeal,
¢ though of the most fumiliar sort, to external observation’ }

o 20, unld any, and if M{: which of the axioms of Euclid be turned

MMmﬁcmn mﬂ with what advantages or disady an!igw?

B Are any of Buclid's axioms improperly so called ?
E M“' Of what two par does the enuneciation of a Problem, and of a
. ¥ l‘! ‘r:ld'-'ij"'"-.'r"-:-'..'f"';lu. Wt} i’ti“‘ ‘I“. h lhl".'m iﬂ Ell{:. i. ‘.. '5. ih",, 19,

tee “- Wm is a problem said to be indeterminate ? Give an exampie.

i is one WMI‘I said to be the converse or reciprod al ol
- sespigi Give examples. Are converse props sitions universally true !
Em m *m circumstances are they n.t'-(*ew;ﬂiﬁ“ true f Why i i
e+ ¥ ¥ 10 demonsirals converse propositions } How are they proved ?

26, Explain the meaning of the word proposifion. lmmtsuwh tween
“m g WWM' as to whether Geometrical reasonings depend
) ﬂf t W ApON AX10Ms Or definitions. ‘ “
._-h!:"h'ﬂ_!{"";'“'} ‘h. meanin ﬂf Mm _lnd JV”‘”?“#‘* How 18 th
: the form of the syllogism ¥ (hve exampies.
el constitutes a demonstratior iSufethé |laws of demonstration.

indirect demunﬂmtinn.
s, and whal, hy the term,

adopt in his

y Are

¥ .11...- —-' ..
1 ¥ A
5 L] 1332
i = e L VE

QUESTIONS ON BOOK L. 61

tances ¢, DH may be taken as the radius of the second cirele; and
ive the f in each case.

’ 36. Emin how the propositions Eue. 1. 9, 3, are rendered necessary

by the restriction imposed by the third postulate. Is 1t necessary for

the proof, that the triangle described in Bue. i. 2, should be equilateral?

Could we, at this stage of the subject, describe aa isosceles triangie on a

given base :

37 State how Bue. 1. 2, may be extended to the following problem:
« Prom a given point to draw a straight line n @ given direction equal to
a given straight line.”

38. How would you cut off from a straight line unlimited in both
directions, a length equu] to a given atratight line ¥

39. In the proof ol Ruclid 1. 4, how much depends upon Definition,
how much upon Axiom !

40. Draw the figure for the third case of Eue. 1. 7, and state why it
needs no demonalralvon, .

+1. In the construction Buclid 1. 9, is it indifferent in all cases on
which side of the joining line the-equilateral tr |

42. Shew how a given straight line may be

43. In what cases do the lines which bisect the interior a
phna triangles, also hisect one, OF more COITE
opposite sides of the triangles?

44. * Two straight lines cannot have a common pegment.
corollary been tacitly aasumed in any preceding propositi

45. In Bue. 1. 13, must the given line nec !
length™" ?

46. Shew that (fig. Eue. L 11) every point without the perpendi-
cular drawn from the middle point of every straight line DE, is at unequal
distances from the extremities D, E of that line.

47. From what proposition Mmay it be inferred that a straight line is
the shortest distance between two points ?

48. Enunciate the propositions you employ in the proof of Eue. 1. 16.

49. 1ls 1t essential to the truth of EBuec. L 21, that the two lwsht
lines be drawn (rom the extremities of the base ?

50. In the diagram, Eue. L 21, by how much does the greater angle
BDC tl{"t*t*tl the less BAC?

81. To form a triangie with three straight lines, any two of them
must be greater than the ‘hird : is 8 similar limitation necessary Wwi
respect to the three angles ?

52. 1Is it possible to form a triangle with three lines whose len are
1, 2, 3 unita: or one with three lines whose lengths are 1, V3, ¥3 ¢

53. l1s it possible to construct a trisngle whose angles shall be as the
sumbers 1, 2,3? Prove or digsprove your answer.

54. What is the reason of the limitation in the construction of Eue.
1. 24, viz. * that DE is that side which is not greater than the other "’

5. Quote the first proposition in which the equality of two Aress
which cannot be superposed on each other is considered.

56. Is the following proposition universally true? ¢ If two plane
triangles have three elements of the one respectively equal to three
elements of the other, the triangles are equal in every respect.”’ Enu-

merate all the cases in which this equality is proved in the First Book.

t case is omitted *
at parts of o triangle must be given in arder that the triangle




- of the

|

what limitations is it m- | Prove the itinn 80 limited ? Unde

~ 59. Shew that the angle contained between the endicul
- to two given straight lines which meet each o:thﬂ,l?:rpeq;a;r:;;j
%mﬂy the lines themselves,

60. Are two triangles necessarily equal in all respects, where 5 4
m ﬂi‘:?ﬁ gféth& one are aqm.l to a side and two angles of the o
- 61, Illustrate fully the difference between analytical and «y1),
W‘ﬁ; v hat pmpminom n Eucli_d are demonstrated analyvi 1*5
-_ _62-. Can itha properly predicated of any two straight lines th.

ledge of some other property of such lines, which makes the pr

rtely produced either way, antecedently 1o oy &
- first predicated of t.lm:n an rv conclusion from it s
- 63. Enunciate Euclid's definition and axiom relating to pa
§ i ‘mght mmi md state I.n 'hll. PTT"p' ﬂf Bﬂt*k t. they are used |
., 64, What proposition is the converse to the twelfth axiom
§ m Bmk? \ | 1t Qmﬂ' two ptmuam Are wmpia-mw:mrv L0 L
65. If lines being uced ever so0 far do not meet: can the
| ""Mhbﬁﬁle than parallel ? If so, under what eircumstances ?
% 66. Define adj
angles ; and give examples from the First Book of Euchd.

T Tham iy e

E e WLy

67. Can you suggest anything to justify the assumption im the

vl J

. twelfth axiom upon which the proof of Bue. 1. 2, depends

; i %. Whﬂt 0 ecumui l:ﬂ.w been urge.d ggainsi the definition and
. doctrine of parallel straight lines as laid down by Euclid®  Where

| ohl “, ol i wm otha muml!tihllﬁ have been sugl

- 69, Assuming as an axiom that two straight lines which cu
‘another cannot both be lel to the same straight line ; deduce Ei
twelfth axiom as a corollary of Buc. 1. 29.

(3. laking as the definition o llel straight lines that th
equally inelined to the same straight line towards the same PSS ; |
duced ever so far both ways thev do not meet { £l
e 12, by means of the same definition.
} JY Aatis meant by exterior and inteyior nricios ° Point out ex a.z
ot e o angles of a triangle be proved equal o tW&
s g, side of the m;g;

3 . R
) ri S A,
[ | -] 1 L e . -
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another proot of the
this proposition ?

. ﬂ' when its diagonals bisect each other: and when its diagonal

adjacent angles, opposite angles, verticn! angles, and altorw

imm 31‘ ‘h)Qw ‘hu lhe distance between two Pﬂi'*ﬁ. -

llel. shew that all straight '!Iiﬂu;
les, which differ by the same ang ¢

ning of the term corollary. Enunciate the =

QUESTIONS ON BOOK I.

e it into four triangles, which are equal, two &n

| d two, viz. those
which have the same vertical angles. " i s -
" %0. If two straight lines join the extremities of two pe rallel M&L
 lines. but not towards the same parts, when are the joining lines equal

and when are they unequal ? : RS |
a6 If either diameter of & four-sided figure divide 1t into two equal

svinngles, is the figure necessarily a Faralle ogram? Prove your mw:,
&i Shew how to divide one of the parallelograms in Euec. 1. 39,
by straight lines so that the parts when properly arranged shall make

up the other parallelogram. : . ;
pﬂ. Distinguish between equal triangles and equivalent triangles, and

3 ﬂ! sxamples from the First Book of Euclid. :
83. What s meant h}' the locus of a p-ﬁmt? Adduce 1nstances of

1 *YIT h{' ﬁrn'[ _”rmk iﬁif “‘:Ili'hd,

IEH‘. I-h:w is it shewn that equal triangles upon the same base owr
bases have equal altitudes, whether they are situated on the same
sosite sides of the same straight line ¢

In Buec. 1. 37, 38, if the triangles are not towards the same parts
shew that the straight line joining the wvertices of the tri 18
tod by the line containing the bases. e
1f the complements (fig. Euec. 1. 43) be squares, determine their
re'ation to the whole parallelogram. ‘ _ :
$7. What is meant by a parallelogram being nprhedto a straight line?
88 Is the proof of Euc. 1. 46, perfectly general : o
89. Define a square without including superfluous conditions, and
explain the mode of constructing a square upon a given straight line
i conformity with such a definition. .
30. The sum of the angles of a square is equal to four right angles.
1s the converse true? If not, why?
Conceiving a square to be a figure bounded by four equal straight
ot necessarily in the same plane, what condition respecting the
s necessary to 1*”111"#}1-1_{’ the definition ?
In EBuclid'1. 47, why is it necessary to prove that one side of
y juare described upon each of the sides containing the right angle,
shoul/ be in the same straight line with the other side of the triangile ?
§%. On what assumption is an analogy shewn to exist between the
groduct of two equal numbers and the surface of a square ?

94. Is the triangle whose sides are 3, 4, § right-angled, or not?

956, Can the side and diagonal of a square be represented simul-
fanegusly by any finite numbers ?

& 84, By means of Euc. 1. 47, the square roots of the natural numbers,

ﬁe‘. 2, 4, 4, &c. may be represented by straight lines.

" 97, If the square on the hypotenuse in the fig. Euec. 1. 47, be
@escribed on the other side of it: shew from the diagram how the
#gwares on the two sides of the triangle may be made to cover éxactly

_ &ba square on the hypotenuse.

88, If Buclid 11, 2, be assumed, enunciate the form in which Eue. 1. 47

, ﬁ;ﬂ.md,

. Classify all the properties of étriangles and parallelograms, proved

W€ First Book of Euclid. g

08, Mention any propositions in Book 1. which are included in mo:e
EFR! ones which follow.,
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~__In the Synthesis of a p

~ ON THE ANCIENT GEOMETRICAL ANALYsIs

SYNTHESIS, or the method of composition, is a mode of re
~ begins with something given, and ends with somethin

 be @ ne or -_:Jw hﬂ pmwd This may be termed a d
s from principlis to consequences.

ol

irect process, g iy

- 1e method of resolution, is the reverse of s :
(¢ mmi% may bhe wmdand an indirect process, a method t:; :2::
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iciples.

cons pquences m Pri
'. i :-." . . | ; | .I: m =y T

; ,,z-. mences with mln mum&{l ;}ri!lf‘i-'ﬁp\ s
- ceeds WW tﬁh‘lﬁ%@f h&em and the damfrm-tmt.imi of in:’
- by undeniable and successive inferences from them.
5. Geometrical A.m.i Bl8 Was & process emploved hy the ancient
ers, both for the d very of the solution of phlhlvnn and for
fhﬂ iﬂvﬂ of the tr?th of ?\'Mﬂm In the analysis of a prob-
hm, the qmi*m or what is raqxurul to be done, is supposed to have
been effected, and the consequences are traced by a series of geonmiri-
_ cal constructions and reasonings, till at length they terminate in the
# data of the problem, or in some previously demonstrated or admitted
| 'mm! whence the direet solution of the problem is deduced.
. | lem, however, the last consequence of the
assumed as the first step of the process, and i{}- pr:wwding
R ¥ rder tﬁm“xh the several steps of the analysis until the
tar inate in the qmitl., the solution of the 1:?’“: lem i3 effected.
m in the analysis, we arrive at a consequence which contra-
ny m demonstrated in the Elements, o= which is inconsistent
e Gata of the problem, the problem must be impossible : and
L in certain relations of the given magnitudes the construction
m in other relations it is impossible, the discovery
o, will become a necessary part of the solution ol the

d fa M“‘ ma qu? stion to be demmlﬂf{t IS,
| ‘Zjhn of th! mmetricﬁl truths ?rnfrd* in .t'h.t‘
| Bk . istent with the h}'p‘-‘[h?"“‘ This ‘Htl!ll
sredicate to be true, and by u‘lmrdutmﬁ
s of this assumption cnm‘minvd““ﬂh prove
erminate i’B " hy ){}thi_.“‘ii“ of the ?ht'il;_lfi‘ﬂ't
L. heorem will Lt' roved ﬁ}“nlhrttu‘ailljt
= of the investigation pumued in 1 i:
m mm' ﬂ'hiCh Wagq ﬂ,!ﬁllfn?
rocess will constitute the demonstration 0t
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s

gt , rom the nature of the subject, it must be at once obvious, that no
gmwd rules can be prescribed, which will be found applicable in all

“ases, and infallibly lead to the solution of every problem. The con-
ditions of problems must suggest what constructions may be possible;
and the consequences which follow from these constructions and the
sastmed solution, will shew the possibility or impossibility of armving
at some known property consistent with the data of the problem.

Though the data nl) a problem may be given in magnitude and
shsition, certain ambiguities will arise, if they are not properly re-
ot rioted. Two pninu. may he considert d as situated on the same ildﬂ,
ar une on each side of a given line; and there may be two lines drawn
fromm & given point making equal angles with a line given in position;
el to avoid ambiguity, it must be stated on which side of the line
the angle is to be formed.

A\ problem is said to be determinate when, with the prescribed con-

ons. it admits of one definite solution ; the same construction which

v be made on the other side of any given line, not being considered

I :":!_Te*ri“n? cojution and a pruhiﬂn 14 ﬂiitl Lo }_H:P iudcmrmumk ﬁhﬁ&l il

aits of more than one definite solution. This latter circumstance

es from the data not ahselutely firing, but merely restricting the

wesita, leaving certain points or lines not fixed in one position only.

"he number of given conditions may be insufficient for a sing le deter-

siinate solution ; or relations may subsist among some of iﬂ given

sanditions from which one or more of the remaining given conditions
may be deduced.

{f the base of a right-angled triangle be given, and also the differ-
ence of the squares on the hypotenuse and perpendicular, the triangle
is ndeterminate. Por though apparently here are three things given,

right angle, the base. and IS‘W difference of the squares on lhﬂ
| perpendicular, it is obvious that these three apparent
«lucible to two: for since in a right-angled tn-
squares on the base and on the perpendicular,

ts equal to the square on the hypotenuse, it follows that the differ-
gnee of the squares on the hypotenuse and perpendicular, 1s Tal to
the square on the base of the triangle, and lﬁ':ﬁfret‘uw the base 1s known
feom the difference of the squares on the hypotenuse and perpendicular
seing known. The conditions therefore are insufficient to determine
“ i‘ig?it.-anultﬂ! '{ri;m;.:f:f; an indefinite number of Lriangles may be
found with the prescribed conditions, whose vertices will lie in the line
which is perpendicular to the base.

~ If a problem relate to the determination of a single poiné, and the
data be sufficient to determine the position of that point, the problem
I8 determinate : but if one or more of the conditions be omitted, the
deta which remain may be sufficient for the determination of more
Ban one point, each of which satisfies the conditions of the problem;
La i in that case, the problem is indeferminate : and in general, such points
- e found to be situated in some line, and hence such line is called the
Mth’ point which satisfies the conditions of the pr blem.

~ = 'l &0y two given points 4 and B (fig. Eue. 1v. 3.) be joined by
| #ight line 4 B, and this line be bisected in D, then if a perpen-
‘drawn from the point of bisection, it is manifest that a eirele

‘ L
WiIlenuse and

TR F . " 3 4 [ =
GIiLIOnNns Are i1 iaf L

Augzie, the sum of the
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S g, B perpendicular as a center, an¥ g yudie
DM s &t of the given points, will pass) thea .
ot o e e il
ﬂa&ggarﬂ _described passing through the two give
g t.h WruTpoint C' be taken, but not in the same st

_the other two, and this point be joined with the firg
the - _- ﬁﬂﬁculur drawn from the bisection E of this |i
of thﬁ centers of all circles which  through the firss 4.
gt i m& @, But the perper dicular at the bisection ﬁf H‘ .~,
03 second points 4 and B is the locus of the center of ¢ s
which pass through these two points. Hence the interc. i,
these two perpend culars, will be the center of a circle whic

Eomatamu

:
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l‘iﬂili i

ne wil b
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ATRe OIS and is called the intersection of the m}a loe:.
jEtnos 18 meth.gd of solving geometrical problems may be -
with “d’““mﬁ@v b}‘ constructing the locus of every two F;in#_& -
| n the

par tely, which are given in the conditions of the problem.
ometrical Exercises which follow, only those local problem:
given where the locus is either a straight line or a circle. |
~ Whenever the quasitum is a point, the problem on being rendered
indeterminate, becomes a locus, whether the deficient datum be of the
esgential or of the accidental kind. When the qua<itum is a stepight |
ﬁvng or a circle, (which were the only two loci admitted into the ane
mﬁmmmy Geometry) the problem may admit of an aceiden
- 'ﬁytsme; but will not l‘ﬂran'lm’-{u or even very {requently go
Thh will be the case. when the line or circle shall be so far arb
h ft. wﬁm as dgpendj upon the dt‘.‘ﬁ(‘it‘nt} of & sungle condit
B&it perfec ?*“t.hﬂ't is, (f(ﬂ" iml‘ance) one Pﬂiﬂi in the line, or 1wa
points in the circle, may be determined from the given conditions, bhut
the remaining one is in eterminate from the accidental relations among
the data of the problem. |
~ Determinate Problems become indeterminate by the merging of

some one datum in the results of the remaining ones. This may arise

in three different wayvs; first, from the coincidence of two paints;
secondly, from that of two straight lines; and thirdly, from that
of two circles. These, further, are the only three ways in which this

cidental coincidence of data can produce this indeterminateness ; that
% m wum convert the ]1!‘0‘]]@“‘] into a Porism. |

1w the original Greek of Euclid’'s Elements, the corollaries to the
propositions ar alled pin-riama (fn»pm*;m*ru : but this sC&]"C&IF ex P‘Riiiﬁ
the nature of portsms, as manifest that they are different fronm
‘simple deductions from the demonstrations of propositions. Soue
analogy, however, we may suppose them to have to the porisms or
corollaries in the Elements. Pappus (Coll. Math. Lib. viI. pref ] in-

—

e
uelid wrote three books on Porisms. He defines “s
porism to be something between a pr oblem and a theorem, or that »

1ot something oposed to be investigated.” Dr. 8imson, to who
ving restored the porisms of Euclid, gives the o
at ¢ propositions : “Porisma est propos o

het ex rebus innumeris,

non qu id»mt r:.-"i e

% e

s L R
- g

rare rem aliquam, vel plures datas em.ﬁ

A
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\

“ st affectionem quandam communem in Rroppsitwm descrip-
hat is, “ A Porism is a proposition in which it is proposed to
1 tate that some one thing, or more things than one, are given, to
asl also to each of innumerable other things, not given }n-dmde.
% have the same relation to those which are given, 1t 18 10 be
tMhat there belongs some common aflection described in the
Fon.” Professor Dugald Stewart defines a porism to be “A
Eiun affirming the possibility of finding one or more of the con-
o an indeterminate theorem.” Professor Playfair in a paper
is taken) on Porisms, printed in the

, et tons of the l{u}'a} Society of Edinburgh, for t e year 1?92,
S EERnes 2 porism 0 be * A proposition aflirming the possibility of find-
;‘ *ﬂ{fh conditions as w i1

L]
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wliich the following account

| render a certain problem indeterminate or
.upu%h- of innumerable solutions.” # . -

1\ may without much d fheulty be perceived that this definition
9131 wnt;q i ;u:z'aﬂm ns almost the same &S an im:lm't-rnmmtrg prublem.
"f;i.:_ o TH LI'}'L'# class O rtnir!rrmi:m{r ]lrnhltfmﬁ which are, in geqeml.
locl. and ‘o certain defined conditions. Every indeterminate
weohdem | containing a locus may be made to assume the form of a
. . ]nf:,i! not the converse, l"”ri.‘iﬂ'l‘ are Of A Mmore genera.l nature

indieterminate problems which involve a locus. :
'he Ancienl geometers appear to have undertaken the @luunn of
- sroblems with a scrupulous and minute attention, ‘which would
scarcely allow any of the collateral truths to escape their observation.
They never considered a problem as solved till they had distinguished
+1! its varieties. and evolved separately every different case that could
seenr. carefully distinguishing whatever change might arise in the
camatruction from any change that was supposed to take piace among
the I.u-:'t;._:'_'..i.'--;'.--'ie*h w hie E were givet. 1This cautious method of proceed-
i led them to see that there were circumstances in w iich the
golution of a problem would cease to be lll-nsz-'ime: and this alwavs
Mappened when one ol the conditions of the data was inconsistent with
B rest. Such instances would occur in the simplest problems ; but
i the analysis of more complex problems, they must have remarked
thal their constructions failed, for a reason directly contrary to that
¢ amigned. lunstances would be found where the lines, which, by their
" imtersection, were o determine the thing sought, instead of intersecting
B another, as they did in general, or of not meeting at all, would
fincide with one another entirely, and consequently leave the questron
hresolved. The confusion thus arising would soon be clt*a.re% up, by
ing, that 8 prohlem before determined by the intersection Jl’lm
ines, would now Lecnme capable of an indefinite number of solutions.
B8is was soon perceived to arise from one of the conditions of the pro-
SEem involving another, or from two parts of the data becoming one,
86 that there was not left a sufficient number of independent conditions
confine the problem 1o a single solution, or any determinate number
tions. It was not difhcult afterwards w perceive, that thess
%s of problems formed very curious propositions, of an indeters
nate mature between problems and theorems, and that they ad-
ited o being enunciated separately. It was to sueh propositi
fciated that the ancient geometers gave the nume Porwsms.
i es, it will be found, that some problems are possible within

salisiy
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ANCIENT GEOMETRICAL ANALYSIS. GEOMETRICAL EXERCISES ON BUOA L

rtain limits, and that certain magnitudes increase while o, >

certail e 5 naL ther } . | .
- crease within -tl}m?e limits; and after having reached a certa{@n & PROPOSITION L PROBFEH*
ﬁhef@r?iar begin to decrease, while the latter increase. This8 o To trisect a given straight line. 4
stance gives rise to questions of mazrivma and minvna, or the ¥ - the gi straight line, and suppose
St nlias whiisls. (smstaiee. s cont | e L B Awatlves. Let AB be the given straig
mﬂ 1:3”1;1'0 j;ll:;:.whm. ~certain magnitudes may admit of in i 3% o three equal parts in the points D, B.
~ In the following collection of problems and theorems, mos -
found to be of so simple a character, (being almost ohvious ded
from pmmﬁﬁwm in the Elements) as scarcely to admit of tigf _
m ﬂf : (re0 . Anﬂulyli' being ﬂppli@‘d‘ in their %ﬂlllf‘ l
" It must however be recollected that a clear and exact kng - Rl
of the first principles of Geometry must necessarily precede s b
- telligent application of them. Indistinctness or defectivene g 8" .
: derstanding with respect to these, will be a perpetugl source § o On D E describe an pquihﬂ?ra] triangle DEF, 4
md confusion. The learner is lh‘-‘mf“nj mmm?“drd Lo ung " then D F is equal to A D. and FE to EB.
the principles of the Science, and their connexion, fully, 1 4 B describe an equilateral triangle ABC,
p P Mg | . | On AB | 8
attempt any applications of them. The following dircotgon oy and join AF, FB.
g mht him ill hiﬂ prﬂc&e-dinﬂ'& | Then because A4 I} IS !"‘qllﬂl t:}) I)‘F: l DAF ¥
. * ANALYSIS OF THEOREMS, I Sweiive B 9 - Py S of cay ok i B
" wr( e O ANnges ‘ . - - L .
1. Assume that the Theorem is true. 4 llim_ the angle FDE is equal to the angies DAF, DFA,
2: .PI‘DCEHd to gxmmne any cun_.-w:_]m-nwi Ehn: n??]} "}“' ind the LHI;:E*‘ FDE is equal to DA C‘, eact bﬂl.l’lg an angle of an
- Eﬂethe PR S fruihe. fispecthe T TNEN » equilateral triangle ; v
m,w heen &dy prnv&]. [‘ h 1 l f therefore the nngfe DA (' 1is dnul‘;]r the ?I;g!eAIF‘I F;
8. Examine whether any of these consequences are already & ows | wherefore the angle DA C is bisected by AF.
to be true, or to be fulse. ) Also because the angle FA C is equal to the angle ¥4 D,
‘h If&ny one Ofthfm he false, we have arrn*t-t'lq al & rfdurfm : and the ﬂﬂg!# FAD 1o DFA;
m 'Wh,mh prﬂvm thﬁt ‘he thﬂ'ﬂrt"m ilﬁt‘%f i.‘i ﬁ‘;tﬁ*-t‘i As Iin -l“.,ﬂ{‘ " | : f.hf‘rt‘rﬂr!" {?H"' RFEL}’E!‘ (-‘_{ }'1%‘ t'li.?i}lh ?” 1}“__. ﬁh'l’rnﬁ[ﬁ ﬂﬁg!f AFD:
5. If none of the consequences so deduced be known to be cither and consequently F) is parallel to AC.
true or false, proceed to deduce other consequences from all or any of Synthesis. Upon A B describe an equilateral triangle A BC,
mm;m (ﬁ), . : 3 sett the angles at .4 and B EM. the ﬁ!l":ii;{hl lines A F, BF, meeti_ng in Fi ®
i E& nine these results, and pl’“t}(‘t?f'd as 1n {?‘ lmlf{f} } o -:i through F draw FD ;1;11"&!21*1 ln.A(I aml.FE arallel to BC.
still without any conclusive indications of the truth or aise Then A B is trisected in the points D), E.
proceed still further, until such are obtainew | For since A C is parallel to FD and FA meets them,
s ANALYSIS OF PROBLEMS. Lht*rn--f'is;'f~ the :1.itr-1'z‘1;ih- :}IT;IEPH FAC, AFD are Etgml‘i
¢ e | ' be found to depend of | but the an;.:i_t: FAD i equal to the angl.e rd C,
n general, any given hpohiem Wikl DE TUH 3 FET hence the angle DA F'1s Fljllﬂ.] to the angle A FD,
problems and theorems, and these ultimately on SOME ot e and therefore DF is equal t¢c DA.
em in Fuclid. . atan - el | But the angle FDE is equal to the angle CA B,
Jescribe the diagram as direct.t?(h in the enuncikEion, HE ™ and FED to CBA4; (1. 29.)
e solution of the problem etfected. : gl - Lherefore ini - 'E i al _ O ———.
,Xamine r&\?:ﬁ?;;i“Lf? the lines, angles, trlnnglf‘&{ t w1 %«?R!A gﬁ% remaining angle DFE S squst B BN By .
ZTAln d find de.,'dance of the assumed solution 65 the three sides of the triangle DFE are equal to one another,

Llements

‘draw other lines parallel or perin s and D F has been shewn to be equal to DA,
raw other li el or ] | ‘

. therefore AD DE, EB are equal to one another.
flice the following theorem.

f'the angles at the base of an equilateral triangle be bisected by

iven points, or points & ey
need be: and t

. ‘Mumed solution on 80me T o - mey which meet at a point within the triangle; the two lines
it Sosmscesstul attempts t the solubion €8 | b Fom this point paraliel to the sides of the trigle, divide the

e ; such att.mg ts have bee found R a

: e
i, .".5\_',"
"

o three equal part.
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Note. There is another method whereby a line may

. into three equal parts :—by drawing from one extremity of Rie o
1113:3, another making an acute angle with it, and taking th‘ 4
~ distances from the extremity, then joining the extremities, anc o
the other two points of division, drawing lines parallel to §d
through the other two points of division, and to the given ¥
three triangles thus formed are equal in all respects. Thi'§ .
extended for any number of parts, and is a particular case of FEi§
~ PROPOSITION II. THEOREM.

If two opposite sides of a parallelogram be bisected, and faeo lines e
from the points of bisection to the cpposite angles, these two lincB
the diagonal, |

Let ABCD be a parallelogram of which the diagonal is .4 (

Let A B be bisected in E, and DCin F, |

also let DE, FB be joined cutting the diagonal in &, I¥.
Then AC is trisected in the points &, . |

A E B

i

7

e -
c

Through E draw EK parallel to A C and meeting FB in K
Then because EB is the heif of A B, and D F the half of D(
therefore EB is equal to I F;
2 and these equal and parallel stmig}\t lines are joined towarcs the
. same parts by DE and FB;
. therefore DE and FB are equal and parallel. (1. ;?3-)
R And because 4 EB meets the parallels EK, AC, .
therefore the exterior angle B EA is equal to the interior angle 5.4
For a similar reason, the angle EBK is equal to the angle A E¥
-. . 11 in Lhe tﬁang]m AE%., EB K,, lhf.‘l‘t‘ are the m- :'-1 .,t n}:hm { ; i
A EG in the one, equal to the two angles KEB, E BK in the ‘i
and one side adjacent to the equal angles in each triangle, name

equal to EB;
_. ~_ therefore AG is equal to EK, (1. 26.) s
| but EX is equal to G H, (1. 34.) therefore AG is equal to 8
t By a similar process, it may be shewn that G is equal to H
|8 ‘Hence AG. H, HC are equal to one another.
it = | and therefore A C is trisected in the points (7, H.
i It may also be proved that BF is trisected in and K.
_ PROPOSITION III. PROBLEM.

© Analysis. | Let BC BD be the two lines meeting in B, a
be the given point between the.

R/ ¥

X

S SR Ll o S O Lo N o L e vt oL, P e 4 e =t AL ¢ 1T it n my 3 3
ik ._,___l_n‘J._:_I,:'v__.. e R it S : Lol i S e R S e B bl b4kl

i ey E E O
mrﬁrngh A draw A G parallel to BC, and (}'H_‘ppmllel to E(;'H
Themhd GHE is a pnr:ai%v!ngrﬂm,_Wht*rt‘mre A .l:'.ﬁiﬂ Ef'llllal to ( ,’
hat £ A 1= Pquﬁﬁ to A F by }1;'131'1t]}§*ﬂi!£ therefore (r H 18 ?QUll. to AF.
" Mence in the triangles BH(7, 7 AF, _
th *:n;len HEBG. A (s F are f*(illﬂL as also BGH, ?FA, (I. 29) ®
" also the side & H is equal to AF;
whence the other parts of the triang!?! are equa.l, (L 25.)
- therefore B 18 equal to (¢ F.
8. nthesis. Through the given point A, draw A G parallel to BC: -
" on G D, take G F equal to Gi;d . L
then F is a second point in the requi ine
join the points F, A, and produce F4 to meet BCin E;
| then the line F'E is hisected in the point 4 ;
draw I parallel to 4 E, |
Then in the triangles BG H, GFA, the side BG is ual to GF,
411 the angles G BH, BGH are respectively equal to 'GAd, GFA,
wherefore (7 H is equal to AF, (1. 26.)
but G H is equal to 4 E, (1. 34.)
therefore A E is equal to AF, or EF is bisected in A.

PROPOSITION IV. PROBLEM,

4 m w0 given poanls onN the same side ﬂf a I‘tfﬂight lfﬂd fim h M ®
B graw fwo strawght (ines which Jhﬂﬂ meet l:ﬂ !M‘ ‘m, m ﬂﬂk‘ W
*  amgleswith it also prove, that the sum of these two lines is less than the
i iff'a-ay other two lines drawn (o any olher point in the line,

Ahalysis. Let A, B be the two given points, and CD the given hin ,
S#ppose G the required point in the line, such that 4G and E#

o being joined, the angle 4G C is equal to the angle BG D, @
. . .
A
%\;—_.——-—-n
o ———

¥ i//"a
eedin B

AF . dicular to CD and meeting BG Pd
e & ien, because Lhe angle BGD is equ:lg to 4G F,

~ !} and also to the vertical angle FGE, (1 T g
. erefore the angle A4 (7 F' is equal to the angle EGF:
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) L B T !éha
II b & .1:-'- . A
’ L

: m Lers 'gn
~ Synthesis. From 4 draw AF per
it to E, making FE equal to AF, and join BE cutting CD "4
_ Join also 4@, .
_ Then 4G and BG make equal angles with C). '@
For since AF is equal to FE, and F(& is common to
riangles A GF, EGF, and the included angles A F'G;, EF(7 a8
therefore the base 4G is equal to the base A6y, g
| and the angle 4 G F to the angle EGF; |
but the angle EGF is equal to the vertical angle B( g
~ therefore 53:& ngle AGF is oitul to the angle B LN
that is, the straight lines 4G anc BG make equal ang
the straight line CD.
Also the sum of the lines 4@, G B 1s a minimum 4
For take any other point H in CD, and join EH, HIP.
%™ Then since any two sides of a triangle are greater than theyth
| H. HB are greater than EB in the triangle}
But EG is equal to AG, and EH to AH;
therefore A H, H B are greater than 4G, G B.
That is, A G, G B are less than any other two lines which
drawn from 4, B, to any other point /{ in the line CD.
_. B‘y means of this Proposition may be found the s‘_timrttmt P
one given point to another, subject to the condition, that
meet two given lines.
PROPOSITION V. PROBLEM.
" Given one angle, a side opposite to it, and the sum of the other b
®  construct the triangle.
o R e nose BAC the Lriansgle requir&d, having B

g
" P 4 o . 0
e B e T | e e it A 7 = -

B3 sql

A

D

ot

| {3 Join DC.
iy bt -

BA, AC are equal to BD, by tak
ainder A C is equal to

1 Fi 272X TOT § = .
 yuerhorwiig e Som, el 3
BN = L3 41y :_-.I:- S1T .|.-|.. .h ior m d D d A -C‘
A ] : LA ) ARLWE TN 1 L7 | i I J 4
E ] — T 4 Y : .
N AT
s | i 1 4i-B 2 O B B iy ; i

gle AFG is owd to the right angle {

s common to the two triangles A FGL
ey S g Edﬁhﬁid mf@. and AFto FE | 8.
e Hence the point . b% ng known, the point G is determi *

icular to CD an'*

C' ual to the given angle opposite to L.

the remam& -
is isosceles, and therefore the angsg -

i3

1 ON BOOK L

tfhc point D in BD, make the angle BDC equal to half the

e Angle, .
R WH from B the other extremity of BD, draw BC equal to the
' iven side, and meeting DC in C, ’
B JL in CD make the \angle DCA equal to the angle CDA4, s0
" e \hm- C'4 may meet BD n the point 4. HA
| 0 the triangle ABC shall have the required conditions.

g

PROBLEM.

int in one of the sides.

PROPOSITION VL
weet a triangle by a line drawn from a given p
fhalysis, Let ABC be the given triangle, and D the given poins
W side 45,

: o [

g R R I |
A i !
o I'\:.I . L 2
o
[

. \
; __ \‘
/ i ,’ \x

-

B ¥ Cc
SHFP{}_‘F DF the line drawn I'rﬂm D whieh biﬂm t-hB m‘k;
therefore the triangle DBF is half of the triangle 4 BC.
Bisect BC n E, and join AE, DE, AF, |
then the triangle 4 BE is half of the triangle 4 BC':
hence the triangle 4 BE is equal to the mm%n DBF;
take away from these equals the triangle DBE,
 therefore the remainder 4 DE is equal to the remainder DEF,
f-* But ADE, DEF are equal triangles upon the same base DE, and
A on the same side of it.
they are therefore between the same parallels, (1. 39.)
that is, A F is parallel to DE,
therefore the point F is determined.
| Synthesis. Biseet the base BC in E, join DE,
. from A, draw AF parallel to DE, and join DF, .
\ g ¥ en because DE is parallel to AF,
i therefore the triangle ADE is equal to the triangle DEF; (1. 37.)
! to each of these r.tu*dr‘-‘-, add the tr‘ia.ngle BDE,
therefore the whole triangle A BE is equal to the whole DBF.
3 but ABE is half of the whole triangle 4BC' ;
LT therefore BDF 1s also half of the triangle 4 8C,

PROPOSITION VII. THEOREM.

- frm a point without a parallelogram lines be drawn to the tremiti
of fwy qd)aacm& sides, and of the diagonal which they includs ,Wg
ey M;_,gmd, that, whose base s the diagonal, is equal to the sum of

.

i _'-‘JBUD be a parallelogram of which 4 ' is one of the diagonals
 Baed ¥ be sy point withous it: and let 4P, 76, Br, D

o4 _--5'-.':' .

1 o & - ;
1 |""I - B { i e 3

¥ ol M o ;) ) ! 3

gi: GEess O T o ] [ f1E - : ' C A '
ik b W a ot - _ 1 . i

7 s i e ] 1 i .3 3
NI i | A TI1R Ry my |
. ) f I g i
&l - e : - _-' : :
-
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ON BOOK 1.

i _ 3  line
:  Qiven two points one on each side of a given "tr_“ght —
._ai::-.tein thepﬁne such that the an%}e conta_mﬁfdl_b? two lines
drarv a.the given points ma{' be bisected by the given Line. dve sidis
TR the fig. Fue. 1 8, let P and G be thf oints in the pls
__'-";-..'_,lnd L’ lmrmlw'vd. and let lines FH ﬂnd G A he‘dr:ang; pg} Ol‘
L& BEERE and equal to FC and GB respectively : also lfal CK. snd
’ these |ines pru{luct'{l meet in O; prove that BZ{ is equal to '
R e 170, . .
TS8e  From every point of a given straight line, the Fi’-mig}}t lines
" ints on II‘EIIH'E-"L_I!F sides of the line are

deawm to each of two given poi : - sides .
equal: prove that the line jf.iimng the given poinis will cut the given

line st right angles. |
17 h 4 be the vertex of an teosceles triangle 4 BC, and BA be

dueed so that AD is equal to BA. and DC be drawn; shew that

E paraiel to A D or BC. and mminz ABin 77, ane '5 A
n Wlm 1es CBP, CBG are ual: (1. 37.)
ta '-“nﬁl A m-ns':_:--a-:;-lﬂc' ar CBH m eﬁth.
e ai €] PH . CHG are -('qulL
A - Again, the triangles DA P, DAG are equal; (1.37.) ¥
also the triangles DA G, AGC are egml being on the same W
A G, and between the same E.nllelu AG, DC: |
therefore the triangle J).A P is equal to the triangle A6 ('
~ but the triangle PHB is equal to the triangle CI/(7, |
wherefore the triangles PP/ B, ; AP H“E' equal t{n AGC, C1y”
o foﬁ%ﬁ’ﬁigﬁﬁ} ,u;}?f;ff gt:n._. :mAi::ai to APH. N4 CJAF i an isosceles t.riangle_having each of the mgles at the base,
that is, the triangles 4 PB, DAP are together equal to the thi: squal to one fourth of the angle at the v-er_lrx_ﬂflhl'{_ triangle. | |
B ‘ P e e
R T S Ry ,_ 7 5 L angles with two given stral i reect: 1other.
A M iy P be within the pamlle!iwfmm&t.h.!_*qn_;he f&ﬂr”T i : ;ﬂl. From a gzw-n poinft@ draw a straight Tine to a given straight
the triangle M, TP may be proved to be equal to the Tnx ’ fine that shall be bisected by another given straight line.
PAC. . "84\ Place a straight line of given length between two given
g+ +hs lines which meet, so that it shall be equally inclined to each
T .

4 5 Al

-

‘t"'r1‘| mryir:s
[ 14 i1 ol

- | !‘E.;_L

o EDF. drawn at right angles to BC the base
of an Ssnsceies trial _,he A Iffi Cuts Ehf.‘ Eit.ll_‘ A ]f in D, ﬁnd CA m'
gduted ih F: shew thal AED 1s an isnsceles tmangle.

In the fig. Eue. 1. 1, if 48 be ]‘irm’lut‘ﬁj both ways to m%
s in I and E. and from €, CD and CE be drawn ; the figure

" FE™ - : :r.'--
L™ e straigil

] ‘“
HE '
L
N R
a
-
o

i
¥ i
21
i
g
$
X
i

34 To determine that point in a straight line from which the
l, strnighi lines drawn to two other given ]}{'}inm shall be ﬁuﬂ, pro-
i) -' i b Ghals wpin & given Bess and havitt 4 vided the line joining the two given points is not perpendicular to the®
© 8, Describe an isosceles triangle npor ve | haves 1§ iwen Line.
- each of the sides double of the base, wifhout using any prOpow. | ‘“: 5 In a given straight line to find a point equally distant from
~ the Elements subsequent to the first three. If the base and B T B8 ¢iven straight li nen In whatosteds Sl impossim:! )
~what condition must be fulfiiled with regard to the magnitey § 85 Ifa line intercepted between the extremity of the base of an
{ the equal sides in order that an isosceles triangle ma L o jlés triangle, and the opposite side (produced if necessary) be
wctedd | : e " #gusl (o a side of the triangle, the angle formed by this line and the
%&‘:’”‘ I. Q‘BAILFC and BG meet in I, then \p' e produced, is equal to three times either of the equal angles of the
~ Inthe fig. Euc. 1. 5. If the angle FBG be e ual to the ay =

e 20 ?1!1 the base BC of an isosceles triangle .4 BC, take a point D,
(88l o CA take CFE equal to CD, let ED roduced meet 4 B produced
‘W F. then 3.4 EF =2 right angles + A FE, or=4 right angles + AFE.
- If from the base to the aﬁposita sides of an isosceles triangle,
L.~ BIBR Mtraig ht lines be drawn, making equal angles with the base, vis.
1 its extremity, the other two from any other point in it, these
all be together equal to the first. |
= A straight line is drawn, terminated by one of the sides of an
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vertex of the isosceles triangle, and this straight line, are - |
equal to the two equal sides of the triangle. 1g ue,fte W 4

29. In a tnang] , if the lines bisecting the angles at th, '/ W
g g triangle is isosceles, and the angle contained by thy '

ing lines is equal to an exterior angle at the base of the triang 43
30. In a triangle, if lines be equal when drawn from the 1

"4« drawn to the point D, and less than twice the same, but greater
.2~ two-thirds of the lines drawn through the point to the opposite
stde >,
44. In a plane triangle an angle is right, acute or obtuse, ac
e | ‘ _ _ gordng as the line joining the vertex of the angle with the m
¢ Wea Oft}%e base, él ' Enle.ulnr to the sides, (2) bisecting L& point of the opposite side is equal to, greater Or less than balf of
- (3) mﬂhﬂ-&:&qu_- angles with the sides; the triangle is isosCl.. 8 | Bt side.
~ and then these lines which respectively join the intersections of {¥&™ ™ 5. If the straight line 4D bisect the angle A of the triangie
' sides, are P&n-uﬁl to the base. " and BDE be drawn pﬁryvmlicu’lar to A1) and meeting AC or

4 € vroduced in E. shew that

- iD= DE.
IL. ’,! 46, The side BC of a triangle ABC is t:rmduced to a point L.
81. ABCisa triangle right-angled at B, and having® the angi. 'im: angle ACB is bisected by a line CE which meets 4. in .
double the angle C; shew that the side BC is less thaig double ¢ A Yine is drawn through B parallel to BC and meeting AC in F.
side AB. ) ' ‘_thv lzn‘t_* ht;t}{*tm;{ the exterior angle ACD, in (. Shew that
2. , NP 1n - he | i the o _i;‘* E*'rk*tliti m “(r. =
32. If one angle of a triangle be equal to the sum &l * gr M s B 40 of & thangle sve hisscied SRR

two, the greatest side is double of the distance of its middl
the opposite angle.
. 83. If from the right angle of a ri t-angled triangle, t
lines be drawn, one perpendicular to the base, and the oth
it, they will contain an angle equal to the difference of the

pectively, and 5 E, CLD, are melnif!‘d antil EF'= EB, and GD=DC;
0 atae ghicw that the [ine (r F]murw through A. o
8. In a triangle ABC, AD being drawn perpendicular to the
pinight line 5.5 wilah SI_—=—G—_—_ ‘ngﬁ B, shew that a line drawd
m [) parallel to BC will bisect A C.

~ angles of the triangle. -\ 49. If the side e 3 .
| Bk Ifthe e oal angle CAB of a triangle 4BC be bisected by S8 Slvough i el and lines be drawn
~ AD, to which the perpen iculars CE, BF are drawn from the re: i aiother trimjle, ie shail bvBJinﬁ..ll mm ang :ﬂm as to form
ing angles : bisect the base BC in &, join G E, G F, and prove  triangle. | ' pects eq to the first
E Mﬁq The difference of the angles at the base of eny triang | straight line which ahg:llege eqiﬂuujl?:e . i*l:e;efm tiﬂli,,n&ﬂm 3
; double the angle contained by a line drawn from the x*:rtu P parallel to another. ne g straight line, and
. dicular to the base, and another bisecting the angle at the verte: 51. If from the vertical angle of a triangle th i :
% 38. If one angle at the base of a t.,,rimmla be double ﬂr.thf? et girawn, one ir.;:a«r!:éfi.a: the angle, another biﬁc-cﬁn?t;fmmght mtﬁ?
a #w 1“ lidl& iﬂ GqLIB.l to th,g sum or d;ﬂ'e._runce Df the M‘gﬂ"i_t:nlh : | | third ;n-rgw.-nfiw:;mr to the }-.am' the first is alwa}ﬁ mm : . *
?i base made by the perpendicular fmmlthe vertex, according ' % 1“-“?3““11" and position to the other two. g rmediate U;
?' ngle is gea ter or less than a right angle. _ £y <. In the base of a triangle, e Dpoi ST
% m%"- If two exterior angles of a t.rmigle be bisected, ana igom ﬁrlifn par;ﬂ:f?& to the sides irf”zlizzfr;ﬁni?edmﬁ(ielﬁm }?013: ?hlch' e
3 | pﬂiﬂt ﬂf mmon ﬂf tha bmcﬁﬁg llm, a line be d.rawn to &h ' ‘13- 1 33. In the base ol A Friiing}e to fi d . y em'.m?qud-
2 R . . .. el B % = lines be d 1} a gy nd a point from which if two
1 posite angle of the triange, 1t will biseet ?‘hﬂ angle. . AL - ;e drawn, (1) perpendicular, (2) parallel, to the two sides of th
% mm‘.‘. From the vertex og :hwla::!:i.;:‘:ng:mi?:l‘itnﬁhz \{ e £ _W‘ igle, their sum shall be equal to a given line, w—
: e 5€, ﬂ'h ],,t;h sha “ X0 tne | | ' o .
% - by the g;wm e | .4 1L
f ' 39, Divide a right angle into three equal angles. A o . 3 + 4. In the figure of Eue. 1. 1, the gi : R
! 40. One of m’:g mmgwglu of & right-nan.gled triangle 1 44 » i gither of the circles in P: sh v Lo F“’?‘n line e producgd to meet
i times as great as t} i the smaller of these. ] of the cirel i shew that P and the points of intersection
1 iies as great as the other; trisect the T Of tl ©1 the circies, are the angular points of an Equiiateml tria.ng-}g,_

B R 68 Ifeach of the equal ang
% fourt th of the third angle, and from one of them a l?:g lLb‘a;n;

% e that the sum of the d;sum:m of an £°iﬁt .
triangle from the three angles is greater than hllf e pe 8§
the triangle.

- At right angles to the b ' -
: will ‘the part the base meeting the opposite side produced; then
gok form an *Pmduced,l.ha rpend: P S
SRR T angle. PP, S A S
AL R iangle 4 e Eue T 1 if the sides Cd, B ol the oqul

want B " W20 O be th roduced to meet the circles in F, @,
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ﬂéﬁﬁﬂﬁ.ME prove the points F, (", (Z to be in the samg
ine; and the figure CF'(¢ to be an equilateral triangle. \
gl ABU 96 trzim.ga and the exterior angles nt g3
are bisected by lines B.D, CD respectively, meeting in D\g
that the angle BDC and half the angle BAC make up a
g&&. If the exterior angle of a triangle be bisected, and the a %
the triangle made by the bisectors be bisected, and so on'S
triangles so formed will tend to become eventually equilateral. ¢
59. Ifin the three sides A B, BC, CA of an equilateral trig
dBa ﬂiﬁtﬂnm AE, BF, CG be mkeﬂ, each l'illiui 10 a thn 2
one of the sides, and the points E, F, G be respectively ;@
(1) with each other, (2) with the opposite angles : shew that theg
triangles so formed, are equilateral triangles. '

V.

60. Describe a right-angled triangle upon a given base, halv
given also the perpendicular from the nght angle upon (e
_potenuse. : _ 30 F
“* 81. Given one side of a right-angled triangle, and the differe
betwéen the hypotenuse and the sum of the other two sides, to coms
struct the triangle. i |

62. Construct an isosceles right-angled tnangle, having given
(1) the sum of the hypotenuse and one side ; (2) their difference.

. '63. Describe :a right-angled triangle of which the hypoten

and the difference between the otner two sides are given.

~ 84. Given the base of an isosceles triangle, and the sum or

forence of a side and the perpendicular from the vertex oun the ©

Construct the triangle. _ 5 b-x. 2
'85. Make an isosceles triangle of given altitude whose sides ==

pass through two given points aud have its base on a given straizi

E
~of

)

6. Construct an equilateral triangle, having given the length
serpendicular drawn from one of the angles on the opposifc s
- 67. Having given the atmi%ht lines which bisect the anglg « at he
base of an equ.ﬁawral triangle, determine a side of lht:i" trl_aﬁg 3

68. Having given two sides and an angle of a triangle, oo

the triangle, d‘.‘lntin.gui&hinithe different cases. g

~ 69. Having given the base of a triangle, the difference of & 1. ,'
and the difference of the angles at the base; to describe the B .
Given the perimeter and the angles of a triangle,

struct it.

Having given the base of a triangle, and half the &
If the ditference of the ang]es at the base ; to construct the
Having given two lines, which are not paraliel, and
I cribe a triangle having two of its angles

ective lines, and the third at the f;i\-'en oint ; and such t
Construct a triang ving given the three lines dra Yl

ﬁ “‘ s B . =
o 3 __.'_-"'|= & "

=5 Given the base, an angle adjacent ?‘:hﬁ base, and the m
feperice of the sides of a triangle, to con : e
76. Given one a.n;,:ie. a side Dp}fmﬁtt‘e l;C)] ity and the T of

. ihe other two sides; to construct the triangile. 3 |
= ihie other two ides ; to co 4 ve his ﬂ:’ 5
vertical

= 771. Given the base and the sum of th_e * .
$lancle, construct it so that the line which bisects the
" angle shall be parallel to a given line.

V.

"S. Froma gi\*pn pnj‘nt without a given ﬂtmighl lin&. ':an'l ﬁm

making an angle with the giwn line t“il'.ll:lt to a given rectilineal lns’h.

). Through a given point A, draw & straight line 4 BC meets
IWe Ziven ;mr.-:i;f--f. straight lines in B and C, such that BC may be
sl to a given straight hine,

8). If the line joining two parallel lines be bisected, all the line
deawn through the point of bisection and terminated by the paraliel
ines are also bisected in that point. | g o
TR . 1hree given at..might lines issue from a M’ﬂt: m‘r .W
15{&]{ line cutung them so that the two segments of it int
_Atw cen them may be equal to one auother, | iy
R2., AB, AC are two straight lines, B and C %m M»fﬁh in the

- m}fﬁ' .Hifi is drawn pe;!n-*miicuiu to AC, and D
@8 in like manner CF'is drawn ndicular to 48, and FG wo
AL. Shew that E@ is parallel to F;‘EN‘ 45 o
#3. ABC is a right-angled triangle, and the sides 4C AB are
o ;t“-wl to [) and F'; bisect FBC and BCD by the lines BE, CB,
Bl ‘rom E iet fall the per;wmiiculan EF, ED. Prove (ﬁth@ﬂt
Alsuming any pzw-;wrﬁtim of parallels) that ADEF is a square, |
~ . iuwm.’; 1rs of _-_m;::ml straight lines being given, shew how td®
sansiruct with them the greatest |mr&lle1ﬂgmm;

BS. On the sides AB, BC, CD of a parallelogram are described
fﬂﬂiﬁﬁf‘l‘fﬂ tria gies \ II‘ CDF "b‘«::?f:f'!llt, and BC(} Wi[hiﬂ m ﬁM"
wﬁ uh-&l l',l‘l s ¢ :.‘:'u'l-fi to one, and FG the other dmg'tmal, 1
M Having given one of the diagonals of a'pamllelogm the
B of the two ad Jacent sides and the angle between them wmm?
e parallelogram. | ;

8L One of the diagonals of a parallelogram bei -
which it makes with one ufpt_.ht ﬁidtitacﬂ:::;:feg:;:m ‘:dil;?:
#8, 80 that the other diagonal may be parallel to a given 1?:;,&‘ .
| A‘BCI), A*I; (r !) are t“:() pﬁr&n?logmma whm |
1 .!-1{18& are e:gpal, but the angle A4 is greater than the a le
that the diameter 4 C is less than A C, but BD Er&

o ||'-'_

'E._:

HE L

s

= -

he diagonal of a parallelogram an
extremities be joined m the
armed which is also a parallelogram

Y two points equi-
Opposite angles, a

angle of a parallelogram a line is drawn making
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e angle towards the same parts with an adjacent sidg
_the sarne order ; shew that these lines form another pYe} 1
ar to the original one. F
~ Along the sides of a parallelogram taken in order, n\llk
=BB = CC=DI': the figure 4'B C'I¥ will be a parallelc}
| 1e sides 4B, Bé‘g‘ﬂ. DA, of a parallelogram, «<¥8..
BF, CG, DH, equal to each other, snd join 4F, BG, CH |
these lines form a parallelogram, and the difference of the "
BGC, equals the difference of any two proximate angles « '
3. OB, OC are two straight lines at right angies to each "
rough any point £z any two straight lines are drawn inters<§
0C, in B, B, C, C’, respectively. If D and I’ be the n§,
of BB and CC', shew that the angle B PIV is equal t
angle DOIJ. | ;
. ABCD is a parallelogram of which the angle Cis oppo <t «
the angle 4. If through 4 any straight line be drawn, then tias o
tance of C is equal to the sum or difference of the distances of I¥
o % D from that straight line, according as it lies without or wit'hin
_Aarallelogram. | Ly |
95. Upon stretching two chains AC, BD, across a field 4 .RE
I find that BD and 4 C make equal angles wita DC, and that 4
makes the same angle with 4D that BD does with BC; hehce piovs
tuat A B is parallel to CD. |
96. To find a point in the side or side produced of &ny parallshes

B

s

gram, such that the angle it makes with the line joining the pam
and one extremity of the opposite side, may be bisected by the lne
joining it with the other extremity.

97. When the corner of the leaf of a book is turned down a second
time, so that the lines of folding are parallel and equidistant, the space

| »in the second fold is equal to three times that in the first.

VL

98, 1If the pomts of bisection of the sides of a*tr"iang‘le e joir
the triangle so formed shall be one-fourth of the iven triang Je.
b If in the triangle 4 BC, BC be bisected in D, A,

‘and bisected in E, BE joined and bisected in F, and CF joirhed 4
bisected in G'; then the triangle EFG will be equal to one-eijht:
‘the triangle 4 BC. ¥ _ '

- 100. Shew that the areas of the two equilateral triar
Prob. 89, p. 78, are respectively, one-third and one-seventh of
i e ey _

describe a .riangle equal to a given triangle, (1\f
'th:&ltitucfe of the required triangle is -
lescribe a triangle equal to the sum or difference @

jrf nod

Ales v

e Enmeter to a given triangle

\ ON BOOK 1. ]|

. a given parallelogram and have one of its angles equal to a giveu
~vetilineal angle. % : .

106. Transform a given rectilineal fi into a triangle whose
crtex shall be in a given angle of the figure, and whose base shall be
it one of the sides, :

107. Divide a triangle hir two straight lines into three parts which
when properly arranged shall form a parallelogram whose angles are
& a given magnituae.

108, Shew that a scalene triangle cannot be divided into two
purts which will eoincide.

109. If two sides of a trE:-m;_:'ft* bhe given, the t.riangle will be
greatest when they contain a right angle.

110. Of all triangles having the same vertical angle, and whose
M pass ljlrhul:f; a gi\'!'ll iinilll, the lt_‘l:l:il 18 t.hii[ Wh(}ﬁﬁ bﬂﬁe iﬂ biﬁecw
i Lthe given pont, |

111. QOf all triangles having the same base and the same perim-em:
that is the greatest which has the two undetermined sides equal.

112. Ihivide a triangle into three equal parts, (1) hy lines drawn

m a point in one ol the sides: (2) h\\’ lines drawn from the mg%u

a point within the triangle: (3) by lines drawn from a given poinjy
within the triangle. In how many ways can the third case be done?

113.  Divide an equilateral triangle into nine equal parts.

L14. Bisect a parallelogram, (1) by a line drawn from a point in
one of its sides: (2) by a line drawn from a given point within or
Without it: (3) by a line perpendicular to one of the sides: (4) by a
lite drawn parallel to a given line.

115.  From a given point in one side produced of a parallelogram,
dr wa a straight line which shall divide the parallelogram into two
esiaal paris,

B trisect a parallelogram by lines drawn (1) from a given
puint iln one of ils side S, \J; from one of its angulnr po:nu.
.
Vil

117. To describe a rhombus which s qu ' give
guadnrilateral figure. e

118. Describe a paralielogram which shall be equal in area and
£ 119. Find a pointin the diagonal of a square produced, from which
:ftr’alght line be drawn pnr;tﬂt-*l to any side of the square, and
peeting another side produced, it will form together with the pro-
| diagonal and produced side, a triangle equal to the square,
$#20. If from any point within a parallelogram, straight lines be
BN to the angles, the parallelogram shall be divided into four tri-
€8, of which each two opposite are together equal to one-half of
' bara 1&1{} gram.
M ABCD be a parallelogram, and E any point in the dia-
4C, or 4C produced ; shew that the triangles EBC, EDC, are
:;Mhhe triangles ¥BA and EBD., '

BCD is a paralielogram, draw DFG meeting B in &

RS
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(4

and 4B produced in G; join 4 F, CG ; then will the triane! |
CFG be equal to one mnm. -
. 123. 4BCD is a parallelogram, E the point of intersectio;,
diagonals, and A any point in AD. If KB, KC be joined, shew ;
the figure BKEC is one-fourth of the parallelogram.

124. Let ABCD be a parallelogram, and O any point withi,
through O draw lines parallel to the sides of 4 BCD, and join ¢
OC’; prove that the difference of the parallelograms D0, BO is
the triangle (0.4 C.

1256. The diagom.la AC, BD of a parallelogram intersect in 0 4,
P is a point within the triangle 4 OB ; prove that the ditference of
triangles A P B, CPD is equal to the sum of the triangles 4 1’ 11,

126. If K be the common angular point of the parallelog
about the diameter 4C (fig. Euc. 1. 43.) and BD be the other (s
meter, the difference of these parallelograms is equal to twice th

u‘h?le BKD.
127. The perimeter of a square is less than that of any other p
lelogram of equa! area.

128. Shew that of all equiangular parallelograms of equal |

1 emeters, that which is eqmmteml is the greatesl

129. PI‘{WE that the perinwwr of an i1sosceles {rmngft‘ I8 ﬂ:ﬁ'-ﬁ".."l"
than that of an equal right-angled parallelogram of the same alutude

VIII.

130. If a quadrilateral figure is bisected by one diagonal, the
second diagonal is bisected by the first.
~ 131. I two opposite angles of a quadrilateral figure are e
shew that the angles between opposite sides produced are equal.
132. Prove that the sides of any four-sided rectilinear hgurs &
together greater than the two diagonals.
133. m sum of the diagonals of a trapezium is less than the sum

N any four lines which can be drawn to the four angles, from &0y

point within the figure, except their intersection. _
134. The longest side of a given quadrilateral is opposite !
‘shortest; shew that the angles adjacent to the shortest side ar+ '0x
greater than the sum of the angles adjacent to the longest/ side.
- 135. Give any two points in the opposite sides of a o eziut
scribe in it a parallelogram having two of its angles at theélye poir
136. Shew that in every quadrilateral plane figure, twgh pare "
grams can be described upon two opposite sides as diago jials 7
hat the other two diagonals shall be in the same straight line 'F
Describe a quadrilateral figure whose sides shall b 1e
given straight lines, What limitation 1s nacmaar.y? -
138, If the sides of a quadrilateral figure be biseeted {Jan
points of bisection joined, the included figure is a paralleloge b
“equal in area to ha'.l[ the original figure. Y
- 139. A trapezium is such, that the perpendiculars let falf
triangles, by straight lines drawn to the angled

?-  aquares on Squares on the joining lines are together

0. Iftwo muih , Muahmsd | llel to o
hlftg;ight line f:o ing their bisections, bisects the trapezium.
the

141. If of four Erhnglu into whichh ._ div
teapezium, any two opposile ones are equal, apezl '

its opposite sides paral el.

142. If two sides of a quadrilateral are Rl{‘lxl m nﬁ qml.
an! the other two sides are equal but not paratie .ehopmt }uﬂ‘hl_' B
of the ?uadri.lueral are together equal to two right angles:
ponverseiy.

3. If two sides of a quadrilateral be parallel, and the line joining
tigr_lz;}iddief "’?nu of the qtiiagnnnh! be produced to meet the other

sides: the line so produced will be equal to half the sum of the

varallel sides, and the line between the points of bisection equal to

ha [ their difference. : :
144. To bisect a trapezium, (1) by a line drawn from one of its

angular points: (2) by a line drawn from a giventpoi-nt in one side.
145. To divide a square into four equal portions by lines drawn
fom any point in one of its sides. _ i
146. It is impossible to divide a quadrilateral figure (except it b
 parallelogram) into equal triangles by lines drawn &m a poim
within It to its four corners.
IX.

147. I the

eater of the acute angles of a right-angled triangle
b« double the 05:_. er, the square on the greater side is three times the
«;uare on the other.

148. Upon a given straight line construct a right-angled triangle
«ch that the |1um onthe other side may be equal to seven times
th

¢~ square on the given line.

149. If from the vertex of a plane triangle, a perpendicular fall
on the }mw or the base &woduced, the difference of the squares on
@ sides 1s equal to the ditference of the squares on the segments of

i L o

150. If from the middle point of one of the sides of a right-angled
triangle, a perpendicular be drawn to the hypotenuse, the difference
ol the squares on the segments into which it is divided, is equal to the
suuare on the other side. |

151, If a straight line be drawn from one of the acute angles of a
right-angled triangle, bisecting the opposite side, the square upon that
line is less than the square upon the hypotenuse by times the
*quare upon haif the line bisected.

152, If the sum of the squares on the three sides of a triangle be

' the square on the line drawn from the vertex

angle,
153. If a line be drawn parallel i
parallel to the hypotenuse of a right-
4 triang hgle, and each of the acute mgl«w;& toined ﬂﬁns&ll
Where this line intersects the sides respectively ite to
_  lin _ 3 . 10 tha
"¢ lypotenuse and on the line drawn parallel to it,

s the point of bisection of the base, then the vertical angle is a
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154. Let ACB, ADB be two right-angled triangles Ly,

15 f perpendiculars 4D, BE, CF, drawn from the .,
on the oppysite sides of a triangle intersect in G, the difto ey, .
the squares on the sides 4 C, 4.5, is equal to the difference of
| uares on the lines CG* B(@.
- 156, If ABC be a triangle of which the angle {54 i,
. angle; and BE, CF be drawn bisecting the opposite sideg
{ _.:._.;.:.-’_ gshew that four times the sum of the squares op 5
and CF 18 equal to five times the square on ("

157. If A BC be an isoaceles triangle, and CD be driwn
P,wdicu]m to AB; the sum of the squares ou the three aides

equal to
| AD*+2. BDP+3. CIDr.
15’8& Thﬂ sum Of the squares dl’ﬂ(?fiht_”ii upon the sides of
rhombus is equal to the squares described on its diametors
1869, A puint 18 t&kfﬂ] within a squure, and sty .'li-f_:i;! lines dray
. ﬁ'om it ch thé &ngul&!‘ p()intﬂ Uf t.-hﬂ' &t]um':*, ;n;..l 1;,1-!-" ndicular
- Othe sides; the squares on the first are double the sum of |

squares on the last. Shew that these sums are least when to

point is in the center of the square.

160. In the figure Eue. 1. 47,

(ﬂﬁ Shﬂw that ﬂlﬁ dm.gﬂnala Fd, AK of the s juares on A
40, lie in the same straight line. ,
() If DF, EK be joined, the sum of the angles at the bas
the triangles BFD, CEK is equal to one ngit angie.
i If BG and CH be joined, those lines will be pa ”u‘_‘}*
(/) If perpendiculars be let fall from ¥ and A on HC P

formed, equals the given triangle AEC. 7 will

- (f) The sum of the squares on GIH, KF, and FD wu
~equal to six times the square on the hypotenuse. 1
- (9) The difference of the squares on 4B, AC, 15 equal to
difference of the squares on 4D, 4 E.

1angle, is equal to that of a parallelogram

e f € BT ; PR T TE kit e
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he squilateral triangles desc

-

. culars AE. DBF. Shew that CE*+ CF? = DE: ., D

duced, the parts produced will be equal ; and the perpendiculiars
bl oin GH, KE, FD, and prove that each of the triangles

area of any two parallelograms described on 11 h.; .

triang | n on the DI

whose side is equal and parallel to the line drawn from the :u“l‘ |
- the tnangl tersection of the two sides of the 1ot

a triangle be a ri%ht angle, and an ;t]l
om the First poos

Sl 't.rmngle {escribed on the hypdtenvs

ibed ufpon

2
il

i : 22. The triangle however may
This is a particular case of Eue. 1. 22, . B
by r-ni;-d by ';:llt‘ﬁni of Eue.ll. I I")L‘;E J:;E Eﬁ:hf ;K‘“;'m:::r PMT
- » irclies 1n 1), IS (GF. & o il B g~ - .

A th ways to meet the ¢ st < B and mﬂzmum‘“fub

gnd radius A.B, describe n circle, wa ‘ | =
scrilie another circle eutting the former in G. Join GA, GB.

9. Apply Bue. 1. 6, 8, '
418 Thi:in prewe:] b)" hur:'.. 1. 32, 13, 5.
Let fall also a perpendicular from the vertex on the base,
Apply Bue. 1. 4, : ;
| L-_l't;"-i:,\“ be the triangle (fig. Eue. 1, 10.) OCD the line bi
imgle ACD and the base A B. Produce CD, and make DE W to

Then CB may be proved equal to AE, also AE to AC.
' { ot AB be the given line, and U, D the mven u

From C
*CE perpendicular to A B, and produce it g B ' M u%
FD, and produce it to meet the given line in G, which will be tif

’ Frequired. -
: _ Muke the construction as the enunciation directs, then ‘7 m
¢ 4, BH is proved equal to CK: and by Eue. 1. 13, 6, OB is shewn
fo be equal to OC, -3
., This proposition requires for its proof the case of equal triangles
sl cod in Buclid : —namely, when two sides and one e given,
hut not the angle included by the jl:en sides. |
/. The angle BCD may be shewn to be equal to the sum of the
surioa ABC, ADC,
The angles AD-E, AED may be each proved to b‘- - ' |
lements of the angles at the ba,;e of the &gh. gk
;’ he angles CAR, CBA, being equal, the an CAD, CBE are
#gual, Eue, 1. 13, Then, by Bue. 1. 4, CD is proved to heequdh 'R
A wy Eue. 1. 5, 32, the angle at the vertex 1s shewn to be four m

'iﬁi' Uf the an E S &t fzit_.‘ 1.']L-i?'-£‘.

0. Let AB, CD be two straight lines intersecting each other in
B, a.it;h*thi‘ be the given point, within the angle AED. Draw EF
| 1 the angle AED, and thro | H -
Blareting 1} D, and through P draw PGH parallel to EF,

L) and join AE

gma ‘utling ED, EB in G, H. Then EG is equal to EH. And by

hml_ng%hq angle DEB and drawing through P a &I parallel to this
: .. - H“{_: p QUri a 1 hi
AR 8‘“%" wnother solution is obtained. I% will b% found ﬁsu' &hnmmlm

R (8% .. right angles to each other.

: sl e Y 2t the two given !;tr-.ti.:;ht lines meet in A t

e point, 'Let PQR be the line required, meeting' t::dhxi: iﬂb: ;h:.
$ 4 and R, 86 that PQ is equal to QRR. Through P draw P3 |
BBR and join RS, Then APSR is a parallelogram and AS, PR the
lgrnce the construction, ; |
. e two straight lines AB, AC meet in A. I ' |
e *. wm& from AC cut off AE equal to AD, and juiI: ég ug;

: , take DF equal to the given line, and through

atiel to AB meeting AC in G, and through G draw G H

eting AB in H. Then GH is the line required.
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GEOMETRICAL EXERCISES, &c.
- 23. The two given points may be both on the same side
may be on each side of the line. If the point required in the lir:octl.n“ '
to be found, and lines be drawn joiniag this point and the g
an isosceles triangle is formed, and if a perpendicular be drawn o
base from the point in the line: the construction is obvious, ¥

24, The problem is simply this—to find a point in one side
mifm%ie from which the perpendiculars drawn to the other ty, .
shall be equal. If all the positions of these lines be considered 1t
readily be seen in what case the problem is impossible. ;

26. If the isosceles triangle be obtuse-angled, by Eue. ; 5 30 ..
truth will be made evident. If the triangle be acute-angled. (he o .
ciation of the proposition requires some modification. |
* 26, Construct the figure and apply Euc. 1. 5, 52, 15.

Ifﬁhﬁ isosceles trimg- have its vertical angle less than two-thir
a right-angle, the line ED produced, meets AB produced 1w,
base, and then 3, AEF = 4 right angles + AFE.

{ the vertical ang

greater than two-thirds of a right angle, ED produced meere A 11 ;“:.ﬁ-hi

towards the vertex, then 3, AEF = 2 right angles + AFE.

. 27. Let ABC be an isosceles triangle, and from anv point b i
base BC, and the extremity B, let three lines DE, DF, BG be drav
the sides and making eq_u&r angles with the base. Produce ED and .

28. In the isosceles triangle ABC, let the line DFE which ¢
the side AC in D and AB produced in E, be bisccted by the
in the point E. Then DC may be shewn to be equsl t) BE.

29, If two equal straight lines be drawn terminvied by twn
which meet in & point, they will cut off triangles of cqual aroa. |
the two triangles have a common vertical angle anl 1l ir arcas 1l
equal. By Euc. 1. 32 it is shewn that the angle contained by the bis
lines is equal to the exterior angle at the base.

30. There is an omission in Stis question. After the words ** w
equal angles with the sides,” add, “and be equal to each “oths
spectively.” (1), (3“&&@” Buo. 1. 26, 4. (2) The equsal Lines
isect the sides may be shewn to make equal angles with the siles

At C make the angle BCD equal to the angle ACB, and pr
BT8Ry bsosins |

4. Dy bisecting the hypotenuse, and drawing a line from the v =0
to the point of bisection, it may be shewn that this line forms wit 1}
horter side and half the hypotenuse an isosceles triangle.
- 83. Let ABC be atriangle, having the right angle at A, and the
. C greater than the angle at B, also let AD be perpendicular to the 5
LE be the line drawn to E the bisection of the . Then AL W=y
- equal to BE or EC independently of Eue. 111, 3! |
uce EG, FG to meet the perpendiculars CE, BF, pros -
necessary. The demonstration is obvious.
+ A the given triangle have both of the angles at the base "c"%™"
ang. the diticrence of &e angles at the base is at once obvious 7
one of the angles at the base be obtuse, does the propeits

. Let ABCbea triangle having the angle ACB double of
ABC, and let the perpendicular AD be drm;g: to th:dhmbf(l', Rako V-
Jjoin AE, Then AE ma proved to b sl 1o B
- £ ACUB be an obtuse angle, then AC ;n equal to the m;:&'-ﬂ the 0%
ments base, made by the perpendicular from the vertex A\
e sides AB, AC of any triangle ABC be produced, } t° ©

~ shaDF, DO .
- J}gwd equal to DG, and the .qu% :ﬂ
" sameres on FG, G A, of which thesquare m:h :qﬂ
Bence AF is cqual to AG, and Eue. 1. 8, theang'e
88. The hine rmluirqd will be found to De
of the two sides of the trt;ngla.
. Apply Bue. 1. 1, & | e
433 Thtj angle to be trisected is one-fourth of a t}ght.i’sﬂglt;
~ equilateral triangle be described on one of the sides of a tria gl -
gontains the given angle, and a line be drawn to bisect th“lmﬂ ‘E_ tnad
gauilateral triangle which is at the given angle, the angie waum
. m this line and the other side of the triangle will be one-twe

e

of & right angle, or equal to one-third of the given gng!?._ | |
e It may be rt-;n:irh_wl_ generally, that any @ngla Whu:h is the llf.
X "'&ﬁth, &e. part of a right angie, may be trisected by Plane Geometrs e

“4l. Apply Eue. 1. 20 54
42. Let ABC, DBC be two equal triangles on the same base, of which,
ADC isisosceles, fiz. Enc 1. 37. By producing AB and making AG equal
280 AB or AC, and joining G D, the perimeter of the %h | |
shiewn to be less than the perimeter of the triangle DBC | 3y
3. Apply Eue. 1. 20, C A
. ‘4. For the first case, see Theo. 32, p. 76: for the other two cases,
= #pply Buc. 1. 19, |
%, This is obvious from Eue. 1. 26, . |
R .IT:'“‘FGBI Eue. 1. 29, 6, FC may be shewn equal to each of the lines
E' - A7. Join GA and AF, and prove GA and AF to be in the same
straight line, '

#5. Let the straight line drawn through D parallel to BC meet
il to El). hy Eue. 1. 29. 6. A:Jm' o o gie EB. | .

. i qul MAY E*: hhrwn E‘q_u-ﬁ] to m mgl. EDW -l i .-
- ED, and therefore AB is bisected in B. In & similar way It aan.

I

shewn, by bisecting the angle C, that AC is e h’
$he bisection of AC in F may be 1oved when b
bisected in E. v ’ ANl shewn

& . The triangle formed will be found to have jits sides respectivel
. panallel to thi:* sides of the original triangle. |
o , If a line ¢qual to the given line be drawn from the
SRS two lines meet, and parallel te the other given line; a parallel
ZIM mmfﬁ(m;:l the construction effected.
. B be the triangle; AD perpendicular
_;:._E b.l_lwtin? of BC, and AF bisecting the angle BAC
. mﬁ HIA equal to AD: join FA', EA’,
e € point in the base be supposed to be det ined, and line
(W from it parallel to the sices, it wi g e
. . | %, 1t will be found to : hich
P tht vertical angle of the triangle, e the s it

£
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27, p. 76.
n of the circles on the other sid

C, BC g o CBA, C'BA bej
P C’BP are alm equal Eue, 1. 13 nexthv Eue, ullg-;l(:kf

aquulslamtlypmva CC’ to be equal to CP or P

'_ the ﬁaﬂ' En.u. I».l pruduce AB both way (:r e

ﬁf %3 E join OD, CE, then CDE is an isosceles triangle, hrin.
1e angles a.t tha base one-fourth of the angle at the v‘e-ttex.

e EG tar to DB and meeting DC produced in G. 1.

. 8

CC’, and shew that the les CC'F, CCG nal

t angl S mmumum?ce?e Bal 8 the diameter. "
7. Construct the figure and by Em I 32, If the angle BA

a rigaht angle, then the angle BDC ia half a right angle.

Let the lines which bisect the three exterior angles of th
W];ﬂ" ABC form a new mmglc A'BC, en each of the angles st
A B, 0 ~may be shewn to be equal to half of the angles at A 1
B and C, C and A mpectwely And it will Be found that ha @
sums of every two of three unequal numbers whose sum is consiuu’,
have less differences than the three numbers themselves

Euggx. 3'5113 ﬁlt-;t case may be shewn by Euc. 1. 4: and the second by
wullD, At D any point in a lmo EF. draw ﬁf" perpendicular to EF and
ﬂw to the gwen perpendu ular on the hypotenuse, ’\\ ith centre ( and
' Equarl to trhe gl\ en llqlht' Hl scribe a circle ceuttis } E 11 ' R Ay
M p&l:p&ﬂdlculﬂ.r to LJB mld me LI.H l t in A li“'- I .\.L ;L '
ie qmmd |
“let ABC be the required triangle having t gle ACB o
E n BC roduced take CE eq ual to AU, iti with center
d.mribe a circular are ﬂu{una CE in D, and join A,
the difference between the sum of the tw: thu AC, CB ang th
A.Bs also one side AC the perpe ndicular is given, ki e
stion, On any line EB take EC equal to the given side. £
 given diﬁ&rmca. At C, draw CA perpendicular to CB,
b EC, join AD, at A in AD make the n.m,h* DAB equal to ;\ 3
AB meet EB in B. Then ABC is the triangle required. .-.
}. Im: ABC be the triangle required, having AU B the matt
« Produce AB to D making AD equal to ACor CD: then l.”* '
mﬁmﬁ@u Join DC: then the angle ADC is one- fourth o &
‘5-;:_ l DBC is one-half of a right angle, Hence to t””*?' : ““
in BD make the angle DBM equal to half a right anzle, and wzl I
BDC W to one-fourth of a right nngle, and let DC meet H-
in C, At Q:_ raw CA at right angles to BC meeting BD in A : and &
18 the triangle ‘w .
: & (2) Let ABC be the triangle, C the right angle: from AB cut **1'
2 & Al equalto Al ?’\l m BD is the difference of the hypotenuse and 00
; & de. Join ( 1€ m.wlm ACD. ‘mc are equﬂi aﬂd cach i% L d-if
nt of DAC, ‘# | is half a right ang.e. Hmm the con-

T

f
’

ht line terminated at A. Make A.. equal

8, and AC equal to the hyputenusg. H

4 e ual to half a right angle, and lrith center &
lescri] -?-m cutting BD in D: join AD,{anc dra®

AC. Then A.DE is the mqum tvba

le. _
afPNh *i P~ 7‘"

. licular from the vertex on the base of m -
Rs Sisasts en:n:g?e st the vertex which is two-thirds of one right

DE&? AThg;J;t:)mtrmtmn may be eﬁ'ected by means

frinngle bisects t

s Let ABC be the equilateral triangle of which a side :iﬁ rw;d
é*&mnd_. having given D, CD the lines hmettmg the angles at

third of a ngm
I DBC, DCB are equal, each being one-
:':*;: ‘%;:‘:S: BD, DC are equal, and BDC is an isosceles triangle

having the angle at tht" vertex the ﬁuppl‘i ment of & third of two right
sno'ns. Hence the side BC may be loun ‘ .

; i. Let the given angle be taken, (1) as the included angle between
Lo given mdes ; and (2) as the npposite angle to one of the given sides.*

I:. 'he latter case, an ambiguity will arise 151 the an gl@ be an mm’
wite 10 "su less of the two given sides.
r i—?_mk] t ABC be the required triangle, BC the given base, CD
1 difference of the -mlw AB, AC: join BD, then DBC by h. E. 18,
w shewn to be half the difference Ofl.hi Iﬂgﬂ at the base, and AB®
« ¢ ual to AD. Hence at B in the given base BC, make the angle CBD
#0al to half the difference of the mgln at the base. On (B take CE
+ 4l to the difference of the sides, and with center C and radius CE,
- ribe a circle cutting BD in D : join CD and produce it to A, making
D s.qmleB Thm ABC is the triangle required.
:';9. On the line which is equal to the perimeter of the W ﬂ‘i—
ar . e describe a triangle having its angles equal to the given angles,
1% a bisect the angles at the base ; and from the point where these line
wmect, draw lines parallel to the sides md meeting the base.
|. Let ABC be the required triangle, BC the given base, and the
. AB greater than AU MakeAgbeualwAC and draw CD,
$hen the MFilIimwbeuhewntobee-qudtahalfthnd
st the angle DC A e jual to half the sum of the angles at the basbg
£ ,H.m e ABC, ACB the um,hq at the base of the triangle are known,
s . Let the two given lines meet in A, and let B be the wa M
HBC BD be supposed to be drawn making equal mglu with AC,
SmRe M AD and DC be joined, BCD i8 the triangle required, and the figure
e '..- _”‘ may be shewn to be a paralle logram. Whence the construction.
: It can be shewn that lines drawn from ths mgiu of a triangle to
% the opposite sides, intersect each other at a point which is two-
nfthetr lengths from the angular points from which they are drawn.
MC be the triangle required, AD, BE, CF the gltm hnel from the
Mvm to the bisections of the opposite sides and mmungm G.
} GD, making DH equal to DG, and wm BH, CH : the figure
N a iagnélel;;grnmE Ience the constrncum
ot ( to Eue, 1. 20.) be the req red triangle, ving
BC equal to t.he given bm. the angle ABC equ;l to thh:’tm

d the two sides BA, AC together l-lll to the
&hm since AD is ual mﬂsAC th:q A g ' m m o

¢ the angle

&Bﬁhﬂ:ha uired trun.gia
whm:!;mmgh.
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‘proof depe Th ‘ ;id HL together are equal t¢ |
o R R intersection of the cirel »
-. join AC’, BC. Then the angles CBE.«;. 03" ilh: %L’::r :Hr 0
gles CBP, C'BP are also equal, Eue. 1. 13: nextby Bao. 1 4 TP, PO
o proved equal; lastly prove CC' to be cqual ta P PO, @
55, In the fig, Euc. 1. 1, produce AB both ways to meet the ¢ -
\ D and E, join CD, CE, then CDE is a . tri =
n L an , CE, then CDE is an isosceles triangle, having «
:leﬁa at 333‘33&3 Mﬁgaﬁ of the angle at the vertex pti
draw LG perpendicular to DD and mee ' : od i T
- CEG is an equilateral triangle. S produced W OB
wgﬂi Iﬂin CG"; md ﬁh@w th‘t th. lﬂgim CC'F. (‘(1 ﬂ are pglvzf_ﬂ 10 T9e
e @ o .l:;;::""' 3 am mﬂ-t th‘ ]inﬁ Fcu hﬁqu.l to the diameter,
~ 57. Construct the figure and by Buc. 1. 32, If the angle BA
a right angle, then the angle BDC is half a right angle. ;
88, Let the lines which bisect the three exterior angles of th
tﬁﬂ;ﬂ]ﬂ! ABC form a new triangle A'BRC, ien each of the angles af
A’, B', C' may be shewn to be equal to half of the angles at A and ¥,
B and C, C and A respectively. And it will be found that ha @ the
sums of every two of three unequal numbers whose sum i8 consianf,
ha?glamﬂdiﬁ'%rences than the three numbers themselves
59, The first case may be shewn by Euc. L 43 and the second b
Eue. 1 32, 6, 15. y ¢ gy -
.. 60. At D any point in a line EF, draw DC perpendicular to EF and
equal to the given perpendicular on the hypotenuse. With centre £ sndl
eun to the given base describe a circle cutling EFin B. At O
draw CA Perpegdiculnr to CB and meeting EF in A. lhen ABC s §
triangle required.
" +61. 4dlLet ABC be the required triangle having the an gle ACB a
angle, In BC produced, take CE equal to AC, and with center
; BA describe a gircular arc cutting U Ein D, and join A D.
¥ is the difference between the sum of the two sides AC, CB ar
wpotenuse AB; also one side AC the perpendicular is given. Hence
struction, On any line EB take EC equal to the given side, 1)
5 the given difference. At C, draw CA perpendicular to CB; ana
equal o EC, join AD, at A in AD make the angle DAB equal to A D,
_and let AB meet EB in B. Then ABC is the triangle required.
e 1) Let ABC be the triangle required, having ACB the maiut
smele. Produce AB to D msking AD equal to AC or CB: then Bl ia
the sides, Join DC: then the angle ADC is one-fourth of &
right angie, DBC is one-half of a right angle. Hence to constracts
B in BD maks the angle DBM equal to half a right angle, and )
ual to one-fourth of a right angle, and let DC\meet BN
. At C CA at right angles to BC meeting BD in A d ABC
2) Let ABC be the triangle, C the right angle: from AT} c it
“equal to AC : then BD is the difference of the hypotenuse gnt “"F

ipplement of DAC, which is half a right angie, Hence Jthe con-

i = .. | :. :.r.:. :: '- .-.-'. m ._i
; X 1 Rl e '_

., 5 s ;' n CD; then the angles ACD, ADC are equal, and eaclh i# hai

\

©i. Let BC the given base be bisected in D. At D draw DE at
#eht angles to BC and equal to the sum of one side of the triangle
an! the perpendicular from the vertex on the base: join DB, and at B
.. B make the angle EBA equal to the angle BED, and let BA meet
DE In A : join AC, and ABC is the isosceles triangle.

45 This construction may be effected by means of Prob. 4, p. 71.

ON BOOK 1. 89

LA

£4. The perpendicular from the vertex on the base of an equi
triangle bisects the angle at the vertex which is two-thirds of one right
RIg .9
|, Let ABC be the & uilateral triangle of which a side is required
o b found, having given BL), CD the lines hisecting the angles at B, C.
Sinoh the angles DBC, DCB are equal, each being one-third of a right
gng », the mudes BD, DC are equal, and BDC is an isosceles triangle
havi ng the angle at the vertex the supplement of a third of two right
ane'es. Hence the side BC may be found.

8. Let the given angle be taken, (1) as the included angle between
the diven sides; and (2) as the opposite angle to one of the given sides.”
2+ tle latter case, an ambiguity will arise if the angle be an acute angle,
and Bpposite to the less of the two given sides.

% Let ABC be the required triangle, BC the given base, CD the
difference of the sides AB, AC: join BD, then DBC by Eue. L 18,
shewn to be half the difference of the angles at the base, and ABr
Aal to AD. Hence at B in the given base BC, make the angle CBD

e > half the difference of the angles at the base. On CB t}ks CE
e ug the difference of the sides, and with center C and radius CE,
Gong a cirole cutting BD in D : join CD and produce it to A, making
DA to DB. Then ABC is the triangle required.

required tri-

I;q n the line which is equal to the perimeter of the ;
arnc @ descnbe a triangle having its angles equal to the given u.%j:.
Thoa bisgct the angles at the base ; and from the point where these lines
sneet. draw lines parallel to the sides and meeting the base.

. /Let ABC be the required trian le, BC the given base, and the

dd: AP greater than AG Make AD equal to AC, and draw CD.

wa thie angle BCD may be shewn to be equal to half the diffetence,
and thel angle DCA equal to half the sum of the angles at the basés
A RBC. ACB the angles at the base of the triangle are known.
" et the two given lines meet in A, and let B be the given |
% BD be supposed to be drawn m_akmg equnl angles with AC,
& snd DC be . oined, BCD is the triangle required, and the figure
: sy be ﬂh-{'ﬂ't: to be & paraﬂchpgram. Whence the construction
. AN that lines drawn from the angles of a triangle to

i
i

i k can be shewn = "+ each other at & point which is two-
R A . osite sides, intersect B : et - s e
they I?Ef :*;s:ths from the angular pﬁﬁt%m: hlfh mlimy mm&nu
R v of § be the triangle required, AD, B2 sid B e
St ABCid"¢ : Josite sides and intersecting in G.

. ' AR O :
wn to the bisections of the Pf’ 'nd join BH, CH 3 the figure

D, making DH equal t© Damnsmctim
a l;arnliel-}ﬂfﬁmf Ienc;ot.l;ebe the I?ere-d |
¢ ABC (fig- *0 Euc. % the angle ABC equal to

- ‘ : !. .
the given b.,'tl_ ogether equal to the given hm%ﬂ.

N

J L] "
"

B "% BC equal t0 B/
B hd thethr.:l sides BA, A¥ N6 “the triangle ACD is isose
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- Does this construction hold good in all cases? ence the synthes:s
- 76, Let ABC be the required triangle, (fig. Er |
side BC s given and the angle BAC, also CD the diffugence bore }
les AB, AC. Join BD ; then AB'is cqual to AD, becau: betwg
calt- e sl AL s BAD o e e St |
ol wivin two _ﬂght angles, it follows that ABD is half th WS 3.1
btk Bim negle BAC. T ths: sanstroetion of | l_ll‘,' Hl:pp[_':;.b
m” Let AB be the given base: at A Saw th at'xw trisngis. §
e Hﬂ& ’bh&ﬂm% the vertical angle is to be parlg-;;w] ‘ll.ne \\ : t -
mmmw; o A draw AR wual to the ”i *: s Ak D nft-:l l.
oy 3 to meet BE in E. At B make the le El;‘:tn Sim of thy !
BEA, and draw CF parallel to AD. T’nﬁCB ‘ '-Jhtj‘m"l to the §
78. Take any point in the given line, and ip &1‘ ‘ Hi:?rmnﬁl? f;‘ At B
'-'_ti?. 011 Oﬂa of ﬂl& Pmrlel lines take E? eqﬂf.l {0 the- i_‘:d. ; .L i ‘.
with center E and radius EF describe a circle cutti ;ﬁ} g, 4
Join EG, &pd q:mugh A draw ABC parallel to EGI S S other g
g? EL:'?AVEH :%peilb ﬁt;:: Eue. 1. 29, 15, 28, :
> y ' ., be the three lines, | B tnl A
’5?;1& IalEEfn (rinakedEF equal to EA. through F 4}1":]:: :?; ;?;::lth? of A
o1 & roduce it t o - n. OB By Al
8. %PPI? . Thm e h Sy
_ 09, Irom E draw EG perpendicular on the base o . .
_ m ED ﬁﬂd EF ma EﬂCh bl; ;?:'l'i\'{“ti ! qt-i;!} :?% ] f i.!,,«;? ?f ;hﬁ:i ] gm*
to he eqmlﬂtﬂmlt TF ree of the a,m.;h s ol the 1’._;'-:,1'!..‘ are 1’;*" ‘1“ . -, "
. M. The greatﬁ’ﬂt wmeh}ng1 which can be construc ted ¥ .,. :
gides can be proved to be rectangular. v
. 85, Let the lines EG and FG be drawn, as also the diagonallts AC, |
ﬂ]&n tha angle ABE is EQU&I. to the angle CB(:, and when ;i“* . 1.‘\ )
E&M to each of these, the angles ERG, ABU, are equal in thil ¢ riandies
i B, ﬁBC; whence by Eue. 1. 4, EG is ,E-‘m'i'ﬁ’i.l't‘ilifai udﬂ::l di knﬂ}hh
And Similarly FG is proved equal to BD. N
w This problem is the same as the following ; having gliven the
_ of a triangle, the vertical angle and the sum ot the sides, t0 @ onstruct

&

% triangle. his triangle is one half ot the required parallelG¥;ram.
87. Draw a line AB equal to the given diagonal, and at 8¢ point A

make an angle BAC equal to the given angle. DBisect AB B D, snd

MWD raw a line parallel to the given line anfl m-trﬂmﬁ O in U,
This will be the ition of the other diagonal. 1 hrough BE¥ draw b R

parallel to CA, meeting CD produced in E; join AE, and B¢, Then

ACBE is the paralielog required. 1

88. Construct the Egur&a and by Euc. 1. 24. g

89. By Euc. 1. 4, the opposite sides ma? be proved to be eg
0

90, Let ABCD be the given parallelogram ; construct § the other
~ parallelogram A'BCD’ by wing the lines required, alsa§ the din-
oonals AC, A'C/, and shew that the triangles ABC, ABC fare equi-
" %91, A'D’and B'C’ may be proved to be parallel.
- 92, Apply Eue. 1. 29, 32. : :
S, TE@ ints D, D', are the intersections of the diagonghls of twe
ill be the other two diagonnli. ki,

0 s ling drawn from A fall without ths

o Y

-

ﬁsl g m L

R

4. BB, DI, be the perpendiculars
o Xy B Ay M e
¢ let the line from 50
ﬁ% Let the diagonals intsr_lect in E.
twe angles in each are respectively equal
the ¢ agonals DB, AC are equal : also since
hat EA, EB are equal. ll.itmca ?EC}:
aving their vertical angles equal, WAeTe ! IQSC
f:ﬁ :—rimi respectively, and therefore the angle CDB 18 etxlal to DBA.
38 (1) By supposing the point ¥ found in the side B ﬁf thﬁ‘ pﬁl'l-l-
1 agram ABCD, such that the angle contuined by AP. PC may be bisected
" (e line PD; CP may be prun-nl equal to CD : henece the solution.

" {2) By supposing the point P found in the side AB produced, so that
1Y may bisect the ancle contained by ABP and PC; it may be shewn
't the side AB must be produced, 80 that BP is equal to BD.

*  This may be shewn by Eue. 1. 35. |
% Let D, B, F be the hisections of the sides AB, BC, CA of the -
srianele ABC: draw DE, EF, FD the triangle DEF is one-fourth of the
teiancle ABC. The triangles DBE. FBE are equal, each being one-fourth
be triangle ABC: DF is therelore pnruﬁel to BE, and DBEF is a
elogram of which DE is a diagonal,

. This may be proved by ap p lying Euc 1. 38. ko

). Apply Eue. 1. 37, 38, |

101, On any side BC of the given triangle ABC, -t-nhe'BD;eq’ml to the
gioen base ; join Al thmugh C draw CE plrnﬂe! to AD, mmmg BA-.WE
diueed if necessary in E, join ED: then BDE is the mmglue required.
Yva «s somewhat similar the triangle may be formed when the al-
girwds i given, ; .

143, Apply the preceding problem (101) to make a triangle equal to
are of the given iriangles and of the same altitude as the other given tri-

s+ Then the sum or d:fference can be readily found.

Y First construct a triangle on the given base «Lu;lé to the given

le: pext form an isosceles triangle on the same equal to this

F
|

LY o

e, :

4. Make an is «coles triangle equal to the given triangle, mﬁ

shien this isosceles triangle into an equal cquilateral triangle.

g 105, Make a tniangle equal to the given pa.rullelngm_m upon the
: t-_‘iwan line, and then a !’1:.&‘:.;.;“: tqual to this tmingle, hnmg an Iﬂgh

_qu’l to the gwven angie.

& j08. If the figure ABCD be one of four sides ; fﬂ'm the opposite

. angies A, Cof the figure, through D draw DE p‘i.ral el to AC meeting

& B0 aroduced in E, join AE:—the triangle ABE is equal to the four
= #ded ﬁgurﬁ ARBCD.

i{ the figure ABCDE be one of five sides, pro :

gl the figure may be transformed into a un@'glt'. o B wu‘:mcwi#

¢ sailar to that employed for a figure of four sides. 1T the Sgure coutms

of six, seven, or any number of sides, the same process must be repeated.
Draw two lines from the bisection of the base parellel to the

two sides of the triangle.

108, ‘T'his may be shewn ex absurdo.
. d.u-uthemmddeoﬁt,_htmuhwh

duce the base both ways,

- - 189, Onthe same base AB, an |
AT{, ABD be constructed, having the side BD equal to BC, the angle
A‘B':’uﬂght it bw& tha-mla.A.BD not a right ang'e; then the triangle

Al . ABD, hether the angle ABD be acute or obtuse.
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~ base BC is bisected in D ; let any line E | Gl + . P, 93
 ing AC the greater side in G and hma EDG be drawn through D, meet. 191 One case is included in Theo. 120. The other case, when the

i e roduced in E, and :
AEG having the same vertical an d  Dsw BH forming a trisngle - 4t s in the diagonal produced, is obvio e prindiple
the triangles BDH, GDC are equal. Eue, 1. 36, B pesallel to AC, snd #7122, The triangles -rcaf‘d? ﬁi“"m?;l ?;gmh:é be e%gl-l to half

111, t two triangles be constructed on the same base with ¢ of the parallelogram by Eue. 1. 41,

perimeters, of which one is isosceles. Through the vertex of tl 128, Apply Euc. 1. 41, 38,
¢ of that w 124, 1f a line be drawn parallel to AD through the point of intersee-

Tal

s not isosceles draw a line parall |
e &l el to the base, and int : .
perpendicular drawn from the ver ,» and intersectin, 'wh pa
e i dogpaelf, e s of_"rem.x ?f th_e isosceles triangle upor W«fﬂ ~‘tha d.’“*’f““’ﬂ' and the l;ne drawn through O parallel to AB; then
e | 1 this pointof intersection and the s By Euo. 1.°43, 41, the truth of th - :
112, . » : , 1 and the extremities of th the theorem 1s manifest.
ad f () DF¥ b}mm the triangle ABC (fig. Prop. 6, p. 73 De 125, It may be remarked that parallelograms, are divided into pairs
ofﬁi?' 3113 iﬂ; X int F.m gha line B{}' take FG, FIH. each :.i_;;;l.lﬁ on;]; ) | al triangies by the diagonals, and th[.frt'-fure‘bv taking the trian P;;:
- Laé AﬁCb _DG, pH shall tri.laeet, the triangle, Or, ' A ird ‘ e,qu'lqd to the triangle ABC, the property may be easily shewn.
F J 30 be any trian _1'&, D the given 'Pﬂmt in BC. Trisect BC ; : ‘e he trumgle A BU' \s one )::t_lf of the purallelng'ram ABCD
. Join AD, md e B R sl te AD. Join DG, DH; - bue, L 3. And the triangle DKC is one half of the parallelogram X
lines trisect the mglﬁ‘ Draw AE, AF = e Y _aa ' DG, Euc. 1. 41, also for the same Treasc he tri | ’ .’g
(2) Let ABCbDH : = and the proof is manifest halt of the parallelo AHG n the triangls AXS SRR
o AD, AE “From De %nyd::n | 'IleP; g?mt the base BC in D, E, an’ joun are m—i.-qnu.;t sfr::‘t ti {tgltl;‘i !ﬂﬂfmhmmllﬂlw — fim“l&” s
¢ B .d salle A 4 v one half of the whole parallelogram ABC |
inP. Join AP, BI;‘ CP ; these {hm o lgl tot}\lgé ;ﬁ%ﬂi?‘i e o Lng . vo triangles DKC, AKB are equal tzi the ;riaﬁfgltjAB%P{akiigri: ’
i Let P be the given point within the triangle ABC - 51'}:“ g OK | equals the equal parts which are comman, therefore the triangle
base . C in D.‘ E From the vertex A draw AD. AR AP‘ J*_j ‘. T mluf-ﬂ. h‘r"?.!n-- u%i.'lil!e';f'&_-n AHK, KBD : wheretore also ta'king AHK
dTRW AG‘ pﬂl‘!ﬂlﬂl to PD and jﬂiﬂ PG The B[}i’ oy . i oin 2 from these CUALS, then the difference of the tl’i!lngleﬁ CKF AHK 18
o triangle. The problem may be m'lve.i by ry u . ﬂﬂi‘:-t,’mni ot L sausl to the triangle KBC: and the doubles of these are 'u'n.l or th |
two sides and makin.g'a ﬁimilur (‘nnzﬁt:'lwt{n:lwmg mandobay - E’!i”ﬁiﬂi ii e 1"‘””;2&3‘”:5!““' CFKG, A.HKE is eqtm'l et?) “;’m t-h: 3
- ¥ ; s . s : gie b L),
B s the points of dividon. O, the sided s 7. First prove that the perimeter of a aquare is loss than the pert-
Sdangle Ty be R . s tha p“.i“.“ " H;H {‘-If-fl- - r:! _.te sides of 158 __ m wr of an 1:*qm§; rectangle : next, that the perimeter of the rectangle is
11 I’tiﬂ m"ed Euc 1. 34 that each ¢ b . e rss than t'h(‘: pfnmater of any other equ,ll pua.l!elogrnm.
B b o o bt “J3n. - Thi may-be groved by thewing thet B et ofthe el
e T " b ¥ De shewn that they ais0 Dis( trisngle is greater than the area of an other triangle which has th
,._ué_t...._.u . It h*hm_ﬁ‘& manifest that any straight line, whatever ma) ._ wertical angle, and the sum of the sidz'n cﬁnmining that :ﬁ l:;! em.l
pmmle&;Ch bl:;#m a pmllelogram, must pass through the AntEeT st the sum of the equal sides of the isosceles triangle. il . -
tion of the di als. : 199, Let ABC be an isosceles triangle fig. Eue. 1. 4 &
vl 33? he mmq.rk on the preceding problem 114. A ular to the base BC, and AECG the Eqm(vﬁentureciangl)e‘.%m
~ 116, Trisect the side AB in E, I, and draw EG, FH parallel 1o AL js greater than AE, &,
~ or BC, meeting DC in G and H. If the given point P be in EF, the two 130.  Let the diagonal AC biseet the quadrilateral figure ABCD
- lines drawn from P through the bisections of EG and FH will trisect the . Bivect AC in E, join BE, ED, and prove BE, ED in the same mﬁi
pé _allelogrm. If P be in FB, a line from P through the biseciio { lie and equal to one E““-‘fh“r* ; .
H will cut off one-third of the lel 3 wining trape- | 131, Apply Euec. 1. 10.
| : elogram, and the remaining Pl _
mg tﬂge héaect?d by aline from P, one of its angles. If P soincide lig ‘.;‘;“ —— o wv Fue. 1. 20
vith E or F, the so ution is obvious, 133, This may be shewn by Bue. T. =5 =
| 117. Construct a right-angled parallelogram by Eue. L. 44, equal 1o 134, LetAD be ilnlit‘; “‘:’:T_‘} L'})Fthe,i.}}‘;ﬁ;’éiﬁeﬂit:;mtlngwhg
the given quadrilateral figure, and from one of the angles, draw & Hne figare. Produce AL, U0 o lateral figure, and E P ts .
to meet the opposite side and equal to the base of the rectangl:. &nd | 135. Let ABCD be the quadrifote -5 ceet | » tWo points in
ine from the adjac IR AN SN S ng - b o ' ides ). join EF and bisect it in G; and throu
fro . : : the O : B CL ‘ N through
line from the adjacen® angle parallel ; | b e Bl pposite sides AB, LU, J : . ug
118, Bisect BC in I}g m?d thj:-z mhtht;: . it {'urgplmﬁ-ﬂ;e ot {3 draw a straight line HGI terminated bY the sides AD, BC; and
: Bl ; F - ' ; : st el 1D : : . “ I 1
B(C, with center 1) and r;ehm eQu:lg to h:ffﬁf:ui'nfﬂ ALF 3 cscride Lisacted in the pownt G. Then EF, HE are the diagonals of the required
a circle cutting AE in E ' | ’ T ; . pasnallelogram. | | _ |
g e, i . _ _ : e, the proof offers no difficulty.
& L Produce one side of the square till 1t becomes equal to the die hEhs }85. After constructss thz ﬂgu: diagonal, if the four gfﬁ lines
nal, the line drawn from th : por sl s e, . (137, 1f any line be assumed as _ Ade 8 ' e
_ s e extremity of this produced gide and pa- E ter than this diagonal, a four-sided
ot . | P © % saken always grea :
to the adjacent side of the square, and meeting the diagonal produece, - two and two be alwa¥ gfthe assumed line as one of its diagonals :
stermin LI . a, E“% may he Comuuct_ed ha‘;z.;f e qug,drilat.eml i pmihh‘ e ais ¢
rpendiculars from the o posite angiee B it may be shewn 't&h;ti:greater than the fourth. |
rpendiculars are equ  each peir of T R Tt s diagonals, then four triangles are formed, two on
of the same base and ha vl ot 338, Draw the TV ﬁn of the Lines wn through the painia
i B Be sque A " pue side of each diagonal- s | diagonal, a
ingonal, draw through the v 0095 T o bi ti?m o two sides may pe proved parallel to one diagonal, & two
| i @




Supra Tht
the triangles

CTrLy

i 139. It is sufficient to suggest, that triangles on equal bases, and of

I Tt el

i L i : : I‘E L i 3 \

S50 OD i ¥, snd let BF be drawrs.  Join AT e AB be bisecte ! in B
i b g /T L I
ntersecting each other in G,  1f the triangle DBG be equal t .
EGC, the side DE may be proved parallel to the :';:i.: b | ;2??13 mu?é;ﬂ

oo 148, AECD be the quadnliateral ¢ having the :nh;l:&‘ili‘

L & : w one an. thﬂ* md m BC E‘qm. -l.']il’\l}li“'h H w'{ “ liﬁ
1to AD, then ABED is a -ilalognm. . 54

ABCD be the qua teral having the side AB parallel

. B, F be the points of bisection of the disgonals BD, AC,

” an produm it to meet the sides AD, BC in G and H

Thre , el to DA meeting DC in L and AB pre.

duced in K. Then BK 1s half the difference of DC and AD.

144, (1) Reduce the trapezium ABCD to a triangle BAE by Prob.

6, I;_:Elrh and bisect the triangle BAE hz‘ a line AF from the vertex.

10

. & ¥ without BC, through F draw FG parallel to AC or DE, and
__ diagonals AC, BD : bisect BD in E, and join A,

Draw FEG 8&1‘&1]_91 to AC the other diagonal, meeting Al in ¥,

wd DCin G. AG

bﬂlﬂg ji’.}illutl.. bisects the U \peziu

Let E be the E’i'ﬁ'ﬂﬁbptliill in the side AD. Join EB.
y L

Biseet the
| to the
¢ L1

. ' tﬂrll EBCD Makv the trnangis Bl G +
sle EAB, on the same side of EF as the triangle AB. Disect b
angle EFG by EH. EH bisects the figure. : £
~ 145. I a straight line be drawn from the given point through the in
reection of the diagonals and meeting the opposite side of the square;
- roblem is then reduced to the bisection of a trapezium by a line drawly

0 s ”*'d of the be of diffe
four sides of the hgure - : - cont sides of the figure
v e theorem may be shewn. If, however, two adjacens B
~ be equal to ma{nmher as also the other two, the lLines d:i'wndjff??f t?g
o ‘the bisection of the longer diagonsl, Wil b&.mfwfﬁ E;zt ;:n;htt;‘-«-- -
| 1 into four triangles which are equal in | | h-%

= Apply Euc. 1. {7, observing that the
. ¥ind by A i‘fi}t‘liﬁf &T%\ .e:? *he trisngle which has thes
. s %@E;ight angie shall be the wiangle required.
nypoter J“ﬁd the truth is obvious from Euc. 1.
Euc. 1. &7

d apply B
uﬁgg gg apply Euc. 1. 47,

shortest side is one b IH

- Y LT E ; ;
. 130 By | L& T .
R d . - e
- I Adail- .
| I, i . i
Tl Y L | L 1 N =B 5
i T ; T
i o o j
] 3 s
[

rent lengths, the truth -

Eue. 1. 47, to express the squares of the three sides in
srms a sqiuares on the perpendiculars and on the segments ot AB.
| 348, Ay Bue. 1.47. bearing in mind that the square described on any
“ 4o i four tiknes the square described upon half the line.
L 150, The former part is at once manifest by Eue. 1. 47. Let the dia-
uals of the square be drawn, and the g:ven point be supposed to coincide
el the imtersection of the diagonals, the minimum is obvious. Find its
wlite in terpis of the side.
1 80, r"" This is obvious from Eue. I, 13.
SRR Anply Eue. 1, 33, 29,
Xe) Apply Eue. 1. §, 29,
i W) 1ot AL meet the base BC in P, and let the perpendiculars from
== L mest BC produced in M and N respectively ; then the triangies
E 9 FMB may be proved to be equal in all respects, as also APC, CAN,
t fall DQ ;-n-rgu-mhru-}-;f on FB produced. Then the triangie
be proved equal to each of the triangles ABC, DBF; whence 3
o IIHF s equ i\l to the t1 !..H'a;_:l-(.' :&]:l-.
s however the better method 18 to prove at once that the tri-
 ABC, FBD are equal, by shewing that they have two sides equal
mele. and the included angles, one the supplement of the other.
) be drawn perpendicular on FB produced, FQ may he.
be bisected in the point B, snd DQ equal to AC. Then the
FD is found by the right-angled trisngle FQD. Similarly, the
K ¥ is found, and the sum of the squares on FD, EK, GH will be
“'5 | to be six times the square on the hypotenuse. ‘
lruugh A draw Pp‘ia plfl.ﬂti'l to BC ll}d mﬁetlng DB, EC
Eluced in P, Q. Then by the right angled triangles,
%61, lLet any paralielograms be deseribed on any two sides AB, AC
¥ triancle ABC, and the sides parallel to AB, AC be produced to meet
int P.  Join PA. Then on either side of the base BC, let a paral-
- e described having two sides equal and parallel to AP. Pro-
b +d it will divide the parallelogram on BC into two parts re-
B ectively equal to the parallelograms on the sides, Eue, 1. 35, 36,
E 1 { ot the equilateral triangies ABD, BCE, CAF be deseribed o2 8
A, the sides of the triangle A BC having the right angle at
| A K : then the triangles DBC. ABE are equal. Next draw
IBG Semendicular to AB and join CG : then the triangles BDG, DAG,
B are {'qt.ml to one another. Also draw 4"}”1 EK perpendm-ular 1o
B e triangles EKH, EKA are equal. Whence ISE S Sl thns

e triangle ABD is equal to the triangle BHE, and in & similar way may

shewn that CAF is equal to L'.“‘;i‘;.
1 The restniction is unnecessary: it onl
8.

OK BOOK 1.

| 153, Apply

SR B st
o

Bogr

’_ &2, A¥,
30&11 E}'t‘,

- AT observing that the square on any line is £
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has been awarded to “R. Potts for the excellence of
. e works on Geometry” by the Jurors of the International
hibition, 1862 -—JHW Awda p 313,
"ﬁir. Potts’ Fuclid is in use at Oxford and Cambridge, and in the
": al Grammar Schools. It is lnpph&d at rﬁiu&d m M 3
ﬂiﬂnm Fducation from the DGPONMM of the Nlﬁw
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Cﬁﬁca.l Bama.rh on the Editions of Eunclid.
#%s my opinion Mr. Potts bhas made a valuable addition to Geometrieal m
iy &+ Editions of Fuelid's Elements.”— W. Whewell, D.D., Master of Trinity m

f;-' (1548,

" wair. Poits has done great service by his published works in §
Wrﬂ!t‘ﬂa Science.” —H. Philpett, D.D., .Hw St. Catharj -

B eslr. Potts’ Editions of Euchid’s (Geomelry are gg;mm ppre

3 mptnt and exaetness of the Greek Geomelry, and an uqm

s well as by & knowledge of the modern ex

“ Are K\!.r-!'l in ﬂuﬂﬁ A fnfm “wwemmw
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i W U Sk, N hu the effect of keeping up the stud (nomﬂ in its original purity.™

L : | e ¢y MR e j \ Challis. M. A., Plumian Professor of I Ezperymenial Pl
. - I dseraity of (ambridge. (1543.)

-- e erally mmwumm“h

w edition of Euclid is very gen
e Behools ; the notes which are nppended 10 it shew great

to introduce a student '0 & thorough knowledge of Gex on
prreREpt ?Wﬂ »__George Peacock, DB Lowndean Wf- |
R e h" an K48,
'"”“thhe L{ml : these works, Mr. Potts has Eﬁ
- ,;r f}m mﬂm, I hnnm Mr. Pous’ Mn t-bool
tuﬂ; inf Geometry, and tni haﬁcﬂ ﬂhmf E-A.,Em Lat
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::;i Philosophy in the . and Mathematioal MQF adh
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¥ 1[[4; :.Hi.*-, .Ij - r‘w.’#w dee, ])" §1 ”“fﬁ”" the L’Sﬂ (’fLm, ners.

m the Editions of Euclid. oy

b Mﬁﬁa of Ewclid, with its most valuali. ——

' hu recalled the uttmtiﬂn +f u#
Universities, then in e pr L
in the Country ~Hia ¥,

ta.ry A.Mrmy, and we find (ts arrane
mqttiﬂum of a thorough understa

st by th Davies, Professor atAematics -
(1848. v By ROBERT l O n \I.A., Lrinity ( Jollege. Fcap Svo.,
Edition ¢ ents of d which Mr. Potts has pablished iy fm;* 57(} bds. 45 0.
te , best wh appeared.”—John Phillips Higman, M.A., F § 5 oo oy :
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. Mﬁm ilustrated with natm;m of Exampica. | consider that be has per! b "The ~ ' parts of this book are most interesting and instractive.” — Educefions

| mmmmML udgment, and that the work seems 10 bid fair 1o poss -n““"_- : _ _
share of popula wMu edition of Ewelid yet published.” — K. o B Lot doudt many will thank Mr. Potts for the very valusble in formation he has
., Pellow and Tutor (1848.) sfforded in 1 mpilation.” {"rl ie.

e ' mbrm this t upwmn,. the very inion 1 enlerin
e 5;“! ' ﬂf Mr. F’Mé the Elements of Eﬂfﬁi‘ ‘# . e hh“t . o
ot and Tutor of Jesus' College. (1848
1 consider Mr. Potts’ Mmﬂ to be & most valuahle sddition to cur Csaue
hematieal lit and mnli; to the department of Geometry; and
a great help keeping up, and indeed reviving, the tr o aplrit and
Geometry, thh’:h ﬂf Ilatlt years had been too much neglected among oe
wsan, H. Feliow and mﬂ‘#cfarf Chdlege S §n
M&L & general opindon in this Univers: L the Prineifs
lementary Geometry cannot possihly be proso: W0 LA ming
¥ L hi e m nor hmﬂtmmm hf A more ':;.-.. CHMA & -
m thMMMmum in the pages of Mr, l'“'i‘ pub
hining W of arrangement with simpiieity of language, and
ism to ite plain and simple form, so as to make an introduct,
erve al the same time aa an exercise in logic (an advantage which has b
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g an instant’s gl Were this the only g . 107 , cloth, 1s. Gd.
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of S Lﬁ;‘;m‘ is mot ita only merit.”
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3 recent Legislation in the &)/fﬁ;&, and the University
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ol

*om P’{w‘! for the O tnor Mo{am}iw in 1561-1862,
nm&mp vo., pp 462, bds. 4s. 6d
: ﬁ“’ﬂ f'tl ' .'_* v | *.."f .'H" & il LN Pm I[ “ h"h| ® ;
&' sluable work "~ ﬁ mglish Jowrnal of B wmi‘un.' o O SAENh s o
g ok wﬂr ]'-“--f.. yad vy ' FIlO MasLY DT Wﬂt‘ﬁ iﬂ A mm.hl' wn!
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g bmpos w hich er will benceforth d!']:lﬂhd chiefly on Class lists ﬂ“
Thats of names '’ !a\r E;er 4 - .

‘un' of the Evidences of Christianity, and the

Hore Pawline; by William Paley, D.D., formerly Fellow ang
or of Christ’s College. Cambridge. A new Rdmun, with Notes, an
lnm, and a selection of Questions from the Senate-House and
lege Examination Papers ; designed for the use of Students, By
iar Porrs, M.A., Trinity Couege. sv0. pp. 568, price 10s. 64, in cloth.
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i ;b ity and correctness ; and a selection from toe Senate-House m m"hﬂ'
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