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PREFACE.

Tae following pages contain Solutions of the Exercises given in
the “ Elements of Plane Geometry” in Chambers’s Educational
Course—forming what is usually termed a Kex to that volume.
Such a Key will be of utility to those privately prosecuting the
study of Geometry ; and when consulted only after the Student has
made every effort from his own knowledge to solve an Exercise, it
will be found to supply in some measure the office of an Instructor.
It will likewise be of advantage to those Teachers whose school-
room duties are so varied and miscellanecus as to prevent them
from bestowing that time and study which Mathematical Solutions
in general require. Nor will the volume be without its use to every
class of Geometrical Scholars, as it may be read as a sequel to the
ordinary course of study contained in the El ts of Euclid.

Several of the Excrcises given are original ; and in the Solations
of all, the Author has endeavoured to be as plain and explicit as
possitie—adopting methods more simple and concise than are to
be found in most collections of a similar pature,







KEY TO PLANE GEOMETRY.

FIRST- BOOK.

EXERCISE 1.~ THEOREM.

A uine that bisects the vertical angle of an isosceles tri-
angle, also bisects the base perpendicularly.

Let ABC be an isosceles triangle, of which the ver-

tical angle ACB is bisected by the line CD, I
then Ag is bisected in D, and CD is per-
pendicular to AB.

For AC=CB (L. Def. 26), and CD is
comumon to the two triangles ACD, BCD ;
therefore the two sides AC, CD, are egml
to BC, CD, respectively, and the contained A D B
angles ACD BCD, are eqnsl (by hypothesis) ; hence the
triangles are ev: I , and comequently AD
...DB and nn%:e BDC but these are adjacent
es ; hence they are nght, and CD is perpendicular to
¢

EXERCISE I1.——PROBLEM.

In a given straight line, to find a point equally distant
from two given points.
tht AB be the given line, and PQ,
tegrvenpomtn,toﬁndn t, as C in
AB, that shall be equidistant from the
points P and Q.

Join P and Q, bivect PQ in D, and ™ ‘
draw CD perpendicular to I'Q, and produce it to cutAB
in C; and then C is the required point.
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For in the two triangles CDP, CDQ, PD = DQ, and
CD is common, and the angles CDP, CDQ, are equal, beinf
right; consequently (1. 4) the triangles are everyway equal,
and CP = CQ ; wherefore C is the required point.

It is evident, when the given points are on opposite sides
of the given line, or when one of the points is in the given
line, that the same construction and proof will apply as in
the above case, when the points are on one side of the
line.

When the two points are so situated that the line joining
them is perpendicular to the given line, the problem is im-
fouible, unless they happen to be equidistant from the:
ine; for the line Insecting perpendicularly the line joining
them, would be paraliel to the given line, and would there-
fore never meet it.

EXERCISE I11.—THEOREM.

If a ¥ine be bisected perpendicularly by another line, every
point in the latter is ‘equully distant from the extremities
of the former ; and any point not situated in the Jatter is at
unequal distances from the extremities of the former.

Let EF be bisected perpendicularly by PL, then any point
G in PL is cquidistant from E and F; and yE
a point K, not situated in PL, is at unequal B
distances from E and F. G

For join GE, and GF; then, because
El =1i"‘ (by hypothesis), and IG is com-
mon to the two tnangles EIG, FIG, and the
angles at I are equal, being right ; therefore
(1. 4) the triangles are equal in everyre- * |I F
N and therefore EG = GF; also angle L

EI =GFI.

Aguin, because angle GEI — GFL, therefore KFI, which
exceeds GFI, is gr-m than GEI, and consequently
(1. 19) the aide KE is than KF; or K 'is un-
equally distant from E and F.

K
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It ma ah«i:{;:e proved, by means of I. 20, that KE is
greater .

EXERCISK 1V.~~THEOREM,

If any line be drawn through the middle poipt of the
line joining two given points, any two soints in fhe former
line that are equidistant from the middle point, are also
equidistant from the two given points.

Let MN be the given points, O the middle of MN,
and XY any line through O; also
let OX = OY, then will MX =
NY. .

For in the triangles OMX, ONY,
the sides OX, OM, in the one, are
respectively equal to OY, ON, in
the other, and the vertical angles at
O are e%ual (I. 15) ; consequently
(\{.__ 4) the triangles’ are everyway equal, and therefore

It is evident that, in whatever direction the line XY is
drawn, provided it passes through the point O, the same
reasoning will apply. This exercise may be considered to
be a theoretical porism (see Porism, p. 208, Plane Geo-
metry). '

BXEROIBR V~~THEORENM.

Of all the lines that can be drawn from a given point to
a given line, the perpendicular upon it is the Jeast; and of
others, that which is nearer to the perpendicular is less
than one more remote; and only two lines can be
drawa to it from that point, one upon each side of the per-
pendicular.
Let KL bea 'enline,andOngivenpoint,OMa%er-
i on anlhON, OP, any other lines ; then OM
is the least and ON ia  than OP; also only two equal
lines, ON, OQ, can be from O to KL, one on each
side of the perpendicular UK,
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Forin triangle OMN, the angle at M is right, and conse-
aently (I 32, Cor.) the angle at
%liulmthmatightangh; ence
1.19) ON is greater than OM. In
the same manner it is proved that
OP or OQ is greater than OM. '
K L

Again, angle ONP, being an ex- x
{ubt a
greater

eofthe trisngle OMN,is £ ¥ M Q
the interior angles OMN ; that is, ONP is ob-
tuse: but in triengle OMP, right-angled at M, the angle
OPM must be acute (I. 32 Cor.); consequently angle
ONP is greater than OPM, hence (L. 19) OP is greater
than ON. . :
Lastly, make MQ = MN, and join OQ; then, in the
triangles OMN, OMQ, the side MN = MQ, and OM is
common to them, and the angles at M are equal, being
right; hence the triangles are everyway equal, and there-
foredON EQO?,. ?nd n&:ﬁ;:r 81;::})!;“ ON can be drawn
ual to ; for, i ible, let the lige; then, since
& and OP are at munl distances fromglt‘l!'le perpendi-
cular OM, they are unequal; but ON = QQ ; therefore OP
cannot be equal to OQ. ., "’

EXERCISE VI.—THEOREM.

The difference between two sides of a triangle is less
than the third side.

Let ABC be a triangle; then the difference between any
::‘o of its sides, as AB and AC, is less than the third
ide BC.

For of the two sides AB, AC, let AB be the greater, and
from it cut off & part, = AQC the c

less, then (I. 20) AC and CB are
greater than AB or AD and DB; and

if from these unequals the equals AC

sad AD be taken away, the remainder A

CB will atill be greater than the remisinder DB.

‘When the sides AB, AC, happen to be their
difference is nothing, and the proposition is evident; it is

D B
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alwo evident when the third side BC is equal to the greater
side AB.

EXERCISE i'u.——mnouu.

The perpendiculars drawn from two _given points to any
line that busects the line joining the poigiu, mpoelgual‘

Let MN be the given points (fig. to Ex. 4), O the middle
of MN, XY any line through O, and MR, N8, perpendi-
culars on XY from M and N, then MR = N8,

For in the triangles OMR, ONS, the vertical angles ot
O are equal (1. 15); the right angles at R, 8, are equal ; and
the sides OM, ON, are alo equal; hence (I. 26) the two
triangles are equal in every respect, and therefore MR =

It is evident that if the line XY es through the point
O in any other direction, that the u;’:: proof ‘ugh P

EXERCISE VIIL—THROREM.

Every point in the line that bisects a given angle is equi-
distant from the sides of the angle.
Let AB, AC, be the sides of an angle BAC, which is
bisected by the ‘l)ino AII))'; :l!:en if, c
from any point O in A e per-
pendioui:rnpo()ﬂ, OF, be dr’nvn ul;n E
the sides, then is OE = OF. D
For in the triangles AOE, AOF,
the nngluttAmeq;xsdm? com- <~ 1
struction, the angles at Fae & ¥ B
right, and theLndza)Ag; common to the mand
con are everyway equal,
foum%éﬂ

.
’

EXEBCISE IX.—THEOREN.

If the altermate extremities of two equal and parallel
lines be joined, the connecting lines bisect each other.

Let MN, KL, be two equal and parallel lines; then ML
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and KN, joining their alternate extremities, bisect each
other in O,
For in the two triangles MON, KOL, the vertical angles

at O are equal (I 15), the alternate angles M N
at M andel are equal, and the sides léb,
MN, are also equal ; therefore (1. 26) the
triangles are equal in every re and
consequently OK = ON, and OL =0M; X L
that is, ML and KN are bisected in O.

EXERCISE X.—THEOREM.

If the vertical angle of an isosceles triangle be a right
angle, cach of the angles at the base is half a right angle.

Let PQR be an isosceles triangle, having its vertical
nngla R right; then each of the angles Pand Q, at the base,
is half a nght angle.

For the three angles P, Q, R, of triangle PQR, are to-
gther equal to two nght angles, of which s

is right ; therefore the sum of P and Rr
Q is equal to a right angle; and since \
they are also equal (1. 5), therefore
each of them must be half a right '
angle. ¥ Q

EXERCISE X1.-—~—THEOREM.

If u side of an isosceles triangle be produced beyond the
vertt:x, b?: exterior angle is double of either of the angles
at the 3

Let PQR !Sﬁg. to Ex. 10) be an isoaceles triangle, and
let the side PR be produced beyond the vertex to 8, then
go ea‘terior IngchRS is double of cither of the angles

or

For (I. 32) the exterior angle QRS is equal to the two

interior o zannglnl’andatogeﬂm;bunhmmglu

being equal (L §), their sum is double of either of them ;

w@hammmhdouuedngh
or
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+ EXERCISR X1I.~—THEOREM.

If the exterior angle, and one of the opposite interior
angles, in one triangle, be respectively double those of
another, the remaining opposite interior angle of the former
is double that of the latter.

Let ABC and DEF be two triangles, of which the ex-
terior angle CBG of the former is double the exterior
angle FEH of the latter, and the interior angle A of the
former double the interior angle D of the latter, then shall
angle C of the former be double of F in the latter.

For angle CBG = angles A and C together, also angle
FEH = gngles D and % c e
together; but angle CBG
= twice FEH by hypo-
thesis; consequendyy angles
A and C together must = A B 6D E K
twice angle D and twice angle F; but angle A is double
of D by hypothesis; and taking away these equals from
the preceding equal quantitics, there remains angle C
double of F.

Or more concisely thus:

angle CBG=A 4 C, angle FEH=D 4+ F;

but CBG = twice FE hypothcsi;;
hence A 4 C=twice D and twico I ;
but by hypothesis A = twice D; and taking away these
equals from the preceding, there remains angle C = twice
angle F.

¥

EXERCISE XIl1,—~PROBLEM.

'ﬂmugh a given point to draw a line such that the seg-
ment of it intercepted between two given parallels may be
equal to a given lie.

Let P be the 't,an&ABbCD,the els, and L the
givea_line,-tomthrongh a line PAC, so that AC
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Take any point B in one of the parallels, and from it as
a centre, with L as 8 sadins, cut CD  ,
in D; draw BD, and through P draw
PO parallel to BD, and PO 18 the re- -
qngd;hl;,'CD iven parallel, and

or , are given el
P%inpanﬂeltoBD;hmo;theﬁgmeﬂ‘:h ndDC
AD is a parallelogram, and consequently the side AC is
= BD (1. 34).

EXERCISE X1V ~-PROBLEM.

Through a given point to draw a line that shall be
equally inclined to two given lines.

Let AB, AC, be two given lines, and P a given point, it
is required to draw from P a line PC, making eqnallw angles
with AB and AC.

Produce CA to F, and bisect the angle BAF by the
line AG, and from P draw PC P
parallel %G, and it is the B

wired ¢
n"or since AG and PC are
parallel, therefore (I. 20) the
" exterior angle FAGis==ACP, ¥ A ¢
the interior and opposite; and GAB is == ABC, as they
are alternate aagles; but FAG = GAB by construction,
oonsequently ACP = ABC. '
When the point lies between the given lines, or is situ-
ated in one of them, it is evident that the same method of
solution applies.

EXERCISK XV.—THROREM.
If two interseoting lines be sespectively parallel, or
ually inclined, to other two intersecting lines, the incli-
nﬁonoftbefomckequdtothuofmw.

Cass 1 ~When two of the intersecting kines are respec-
tively parallel to the other two lines.
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Let AC, AB, be two intersecting lines respectively
paralledl to DF, DE; then angle A is
= D.

For ce AB, DF, if necessary, F
to meet G then the alternate A TR

beamse AOupmﬂlclto F; and the i) F
n?lu D and AGD are also equal, since AB is
p«nllel E oonuquently angles A and D being each
= AGD, are equal
Case 2.—Let tho two intersecting lines AC, AG, be
ively inclined to the two PE,
PF! the same angle; then angle /(
For pmduoe FP, EP, if neceasary .~
to meet the other two lines in Cand A G B
B; then, since the inclinations of FP,

EP, to AB, AC, respectively, are P
equa!, therefore angle ACG = GBP;
but the vertical angles AGC, PGB, b b3

at G, are also equal; consequently
the third angles of the triangles AGC, PGB, are ozw’tl;
that is, angle A = BPG (I. 32, Cor. 8) = = FPE (1. 12)

EXERCISR XV1a

The sum of two sides of a triangle is greater than twice
the line joining the vertex and the middle of the base.

Let ABC be a triangle, and CO the line omwgthe
vertex and middle of the base; (hmACundL‘)

are than twice CO.
or produce CO to D, till OD = OC, md'meB
cbentbendesAO OC,moqmltoBO c

vely, two triangles
gg‘ﬁ the oonmned let at

Oureeqnal hence (I. 4) the
are everyway equal, and therefore AC B
= DB. But DB and BC together are 4
than CD (L 20); consequently
AOQ and BC are also greater than CD or
twice CO.
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EXERCISE XVII.—PROBLEM.

Given the sum or difference of the hypotenuse and a
side of a right-angled triangle, and also the remaining side,
to construct it.

Let BC be a side of the right anile of a right-angled
triangle, and AB the sum of the hypotenuse and the
other side, to construct the triangle.

Let AB, BC, be dplaced so that BC is perpendicular to
AB; join AC, and bisect AC perpendicularly by DE;
join EC, and EBC is the required triangle.

For in the triangles ADE, CDE, the sides AD, DE, are
respectively equal to CD,

C
DE, and the angles con-
tained b{h these sides ar; D
right; therefore (I. 4
the triangles nre(every- / \
A E B

wa ual, and hence 3
CE= AE; therefore BE and EC together are equal to
BA, the given sum, and BC is the given side; therefore
CBE is the required triangle.

Aguin, let be the given side, and AB the given
difference, to construct the triangle.

Let BC be placed perpendicularly to AD, and join AC;

hisect AC ndicularly by DE, and C

join CE; It)l‘:?:erBC inythz required

triangle. o
For, as in the preceding figure, the

tria ADE, CDE, are everyway <=

equal, and therefore CE =CA ; con- B B a
sequently the difference between CE and EB is equal to
that between EA and EB; that js, itis AB. Hence AB
is the difference between the hypotenuse EC and the side
EB, and BC is the given side; therefore EBC is the re-
quired triangle.

EXRRCISE XVIIl.——PROBLEM.

Through a given point, between two given lines, to
draw a line 8o that the part of it intercepted between
them may be bisected in that point.
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"Let AD, AC, be the given lines, and P the given point.

Through P draw PB 1 c
to AD, make BC = AB; join
CP, and produce CP to D, and
it is the required line.

For draw PE parallel to AC;
then BE is a parallelogram (I.
Def. 42), as its opl‘»osite sides are * . -
parallel; hence PE = AB (L. 34), and AB = BC by con-
struction ; therefore PE = BC; also angle EPD = BCTP
(L. 29) and CBP = BPE, being alternate anelel. also BP’E
= PED for a similar rcason; therefore CBP = PED.
Consequently the two triangles BCP, EPD, have two
angles and a side in the one equal to two angles and a
corresponding side in the other; they are therefore every-
way equal, and hence CP = PD; and consequently CD is
the required line.

EXERCISE XIX.~—THEOREM.

If from any point in the base of an isosceles tn'angl:::
perpendiculars be drawn to the sides, their sum will
equal to the perpendicular from either extremity of the
base upon the opposite side.

Let ABC be an isosceles triangle, P any point in its
base, PD, PE, perpendiculars on its sides from P, and AF
perpendicular to BC; then PD and PE together, are
equal to AF.

For uce EP, and draw AG perpendicular to it;
then AG and FE are parallel, because ¢
the interior angles G and FEG are toge-
ther equal to two right angles g 2);

for a similar remson AF and GE are F
parallel ; consequently AGEF is a rect-

angle, and GE = Ag‘. Again, theal- D B
ternate angles GAP and B are equal, 3 B

and B= DAP (L 5); hence GAP = ¥
DAP, and the angles at G and D of 4
the triangles APG, APD, are right, and the side AP is
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comumon ; hence the triangles are equal (1. 26), and thetre-
fore PD = PG ; and DP, PE, are er equal to GP,
PE, together ; that is, DP + PE = GE = AF.

EXERCISE XX —THEOREM.

If two lines bisect the angles at the base of a triangle,
the line joining their point of intersection and the vertex
bisects the vertical angle.

Let the sngles CAB, CBA, of the triangle ABC, be
bisected by the lines AO, BO; then OC will bisect the ver-
tical angle ACB.

For drdaw OD, OE, OF, perpendicular to the three
sides ; then in the triangles A%eD, AOE, the angles at A
are et‘;bud by construction; the angles at D and E are right,
and the side AQO is common to both; consequently the
triangles are equal (I. 26), and OD = OE. In the same
manner it is proved that OF = OE; hence OD = OF.
Again, in the two triangles COD, COF, :
the two sides CO, OD, in one, are re-
:Eocﬁve equal to CO, OF, in the other;
e angles at D and F are right, and
hence the angles at C are of the same
species (Def. 14 and 32, Cor. 4); conse-
quently (L. C.) the triangles are every-
way equal, and therefore angle DCG%
the vertical angle C is bisected.

A E B
= FCO; that is,

BXERCISE XXJ.—THEORKM,

The sum of the dicalars drawn from any point
within an equi iangle on the three sides, is equal
to the perpendicular from any of the angular points wpon
the opposite side.

Let ABC be an equilateral triangle; the diculars
OD,OE,OI:i“upo- the sides from any point O within it,
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to AB, are parallel; also IK is lel c

to AB; hence OG is a s
und therefore OF — PG. Agnin, m the \L
lesCIL,CIP angle ICL = CIP, D//\

for CIP = A Im)daoﬁenghtx
e ILC = CPI, for CPI == PGF (1.
29); also the side IC is common to the 4 ¥G U
two tmmglen tbev are therefore (1. 26) everyway
“and conse uently L = CP. Baut since IK is pamll
AB, anglquKC =B, and B = A (L. 5, Cor.), and ttwas
alreudy shown that CIP = A; hence 'CKI = CIP, and
CIK 1s an isosceles triangle, and also equilateral ; whence
(Ex. 19) OD 4 OE = IL = CP; and adding OF =
P(}Cto both these equals, OD + OE+ OF = P+PG

K

EXERCISE XX11~—THROREM.

Half the base of a triangle is greater than, equal to, or
less than, the line joining the nuddle of the bue and the
vertex, according as the vertical angle is obtuse, right, or

acute.

L. Let ACB be a right-angled tnn:g having ACB for
its right angle ; then, if M 1s the le of the base, MC
= AM or BM.

For if not, let MC be ni'rester than AM; then angle
CAM is greater than ACM (I. 18), for the same reason
BC is tban MCB; consequently the two angles
LAM CBM, are together greater than the right an h,
ACB; and therefore the three angles A, B, C, of t
le ABC, are together two rig bt anglu,
which is impossible h&l 32). Therefore MC cunnoz be
gm than AM or
, if MC be supposed less than AM or MB, it
bemmlarl ed that the three angles of the
triangle ABC are E:N than two right angles, which is
ible; therefore MC is not less than AM or MB;
nsomulgmvedabmethtnumngtmer hence CM
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2. Let AEB, the vertical angle of the triangle ABE, be
acute, and M the middle of the base; ®
then ME is greater than AM.

For at some point C, in the line ME,
below E, the angle AEB, formed by
lines drawn to A or B, will be a right
ungle (. 21), and by the first case AM
== MC; hence AM is less than ME. & u B

3. Let ADB, the vertical angle of the triangle ABD, be
obtuse, and MD the line joining the vertex and middle of
the base; then AM is ter than MD.

For at some point C, in MD produced, the angle ACB,
formed by lines drawn to A and B from C, will a;?ﬁt
angle (I. 21 and 32); and by the first case, AM = MC;
consequently AM is greater than DM.

The second and third cases could be proved indirectly
like the first. Thus, if in the second, AM be supposed =
ME, it would follow that angle AEB would be equal to
the two angles EAB, EBA, and therefore that it would be
a right :;xmgﬁe, being half the sum of the three angles (1. 32),
which is contrary to the hypothesis of its being acute.
And if AM were  supposed to be greater than ME, it
would follow that angle AEB would exceed the two angles
EAB and EBA, and therefore (1. 32) that it would be ob-
tuse, which is also contrary to hypothesis. Hence if AM
is neither = ME, nor greater than ME, it must be less.

In exactly the same manner it can be proved, when
angle ADDB is obtuse, that AM is neither = MD, nor less
than MD; and consequently it must be greater than MD.

EXRRCISE XXT11.~—~THROREM.

If two lines bisect dicularly two sides of a triangle,
the dicular from their point of intersection upon the
base will bisect it.

Let ABC be u triangle, two of whose sides AC, BC, are
m o i by the lines DO, FO, meeting"ii;xl

H being drawn perpendicularly to AB,
bisect it in E. ’
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In the two triangles AOD, COD, the sides AD, DO,
are equal, and OD is commen to the c
two triangles ADO, CDO; also the
contained angles ADQ, CDO, axe vight; F
consequently (I. 4) the trinngles are
equal in every respect, and hence AO
= 0C. Comparing the two triangles A E B
BOF, COF, it can in the same way be proved that the
side BO = OC. But it was proved above that AQ = OC;
consequently AO = OB. in, in the triangles AEO,
BEO, the side AO = OB; therefore angle OAE = OBE,
and the angles at E, are right; wherefore él. 26) the tri-
angles are everyway equal, and therefore AE = EB.

If the point O of intersection of OD, OF, should fall
below theﬁn AB, the proof would be exactly similar.

EXERCISE XXIV.—THEOREM.

The angle contained by a line drawn from the vertex of
a triangle dicular to the and another bisecti
the vertical angle, is equal to half the difference of the
angles at the base.

Let the line CD bisect the vertical angle C of the tri-
angle ABC, and let CE be dicular to its base, then
angle DCE is = half the difference of angles Band A ; or
if &e side AC be greater than BC, and consequently angle
B than A, then twice DCE = B— A.

the triangle ACE, havin anile ~
the

E right, it follows (I. 82, Cor.) »
oblique angles A and ACE together are \
equal to one right m%e(:; for & similar

reason angles B and BCE, in triangle *T—E‘\'js

BEC, are together equal to a right

angle ; consequently A + ACE =B + BCE.

To these eq’:gl quantities, add the angle DCE,

then A+ ACE 4 DCE =B+ BCE + DCE.

But ACE = ACD + DCE and BCE 4 DCE = BCD,
hence A 4 ACD 4 twice DCE =B + BCD.

From these equals take away the equal angles ACD and
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BCD, and there remains

A +twice DCE=B;
that is, B exoeeds A by twice DCE; or, in other words,
DCE is equal to half the difference between A and B.

EXERCISE XXV.~—PROBLEM.

To find a point in a_given line such, that Lnes drawn
from it to two given points will make equal angles with
the given line,

Let PQ be the given points, and AB the given line,
to find a point as 8 in .Hl, 80, that angles PgA, QCB,

be equal.
w aB perpendicular to AB and produce it, making
BD = BQ; join PD, and PD will »

cut AB in the required point C.
Join CQ; then in the triangles N
RBCQ, BCD, the side BD = BQ, and )

BC is common to the two triangles,
and the contained angles CBQ, CBD, * €
are right; hence (1. 4) the triangles
are ﬂnyvl;ng equal, and therefore angle
BCQ = BCD. But BCD = PCA (I. 15); wherefore
BCQ = PCA, and O is the required point.

If AB were the face of a e mirror, and it were re-
quired to find the direction in which a ray of light must
pass through the point Q, in order that, reflection, it
might pass through P, QC would be that direction ; that
is, O would be the Soint of incidence. Were QCP ina
horisontal plane, and it were required to find the point at
which a perfectly elastic ball ing from Q must im-
gnge on a straight obstacle AB, to be reflected to a point

, the same construction is to be used; that is, C is the
point. Were the ray or the ball to be reflected at two
planes before reaching P, the determimation of the two
points of incidence is effected in a nearly similar way.

EXERCIER XXVI.~~—PROBLEM.

Given the sum of the sides of a triangle, and the angles
at the bse, to constroct it.
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Let AB be the sum of the sides, and angles M and N
the given angles.

At A and B make mgluAtmdBtapcdvelyequﬂto
the halves of the given'angles
M, N, and at C, where the lines
bAO,BO,meet,drawCD, mak-

ing angle ACD =4, and CE, &3

For angle A = ACD, and ¥
CDE = A and ACD together therefore CDE = twice A
but A was made ndtobalfofoneofthegmangle-

hence CDE:one of the given angles, namely, M ; for
exactly a similar reason = twice B=an of the
anglu, namely, N; therefore the angles ODE and
01 to the given angles M and N.
Again, the ude CD D, because the opposite angles aro
equal; for a similar reason CE =EB; consequently CD,
DE, and EC, are e% ual to the whole line AB, which is the
given perimeter of the triangle.

BXERCISR XXVII~~THEORRM.

If two lines be drawn from the extremities of the base of
le to bisect the opposite sides, the line 'ioinmg their
Ln-h;tmuon with the vertex, if produced, will bisect the

Let the lines AE, BD, bisect the sides BC, AC, of the

triangle ABO jomOO,deOymduoedwxllbmctth
base AB in F.
SineeBCubueetede,thotrnngleoABE,AEG,
eqml(I.SB&,uthqhvathonma

vertex A; therefore triangle ABE is

half of the givem triangle ABC; fora » B
similar reason triangle ABD is balf of

the same; therefore triangle ABE =

ABD ; and if from these equals the com- & ¥ s
mon part AOB be taken a &Mmtm
AOD, BOE, mast be equal. {nin,mcaA bisected
in D, triangle AOD =COD (L 38), since they bave a
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common vertex O, and hence triangle AQC is double of
AOD; and for a similar reason triangle COB is double of
BOE; but AOD = BOE, as was roved ; hence
their doubles are equal; that is, triangle AOC = COB; and
since these two triangles are on the same base OC, and are
equal, they must have the same altitude (I. 37, and A, Scho-
lium 1); that is (Def. 47), thenrpen i from A and ’
B on CO, or CO g:odueed, must be equal, and consequently
the triangles AOF, BOF, Liave the same altitude, consider-
ing OF as their base ; and being also on the same base OF,
they are therefore equal (I. 37, and A, Scholium 1). Cen-
sidering now AF, e& to be the bases of the triangles AOF,
BOF, they have the same altitude ; as they have O for their
common vertex, and as they have been proved equal, they
must therefore (1. A) on equal bases ; consequently
AF =FB; that is, the line COF bisects the base.

RXERCISE XXVIiI.—THROREM.

If two polygons be constructed on the same side of the
same base, the sum of the sides of the interior polygon, if
it be concave internally, is less than the sum of the sides of
the exterior figure,

Let ACDB, AEFB, be two polygons, of which the
former is internally. concave; then its perimeter is less
than that of the latter. :

For produce AC to G, and CD to K, and join C, F.
Then (L. 20) AE 4 EG is greater than g r

AG ; and adding GF+FB to both, AE4 ¥
EF4FB is greater than AG+GF+FB.

in, OG+QF is greater than CF ; and

ing AC with FB to both, AG+GF+
FBis irumthn AC+CF4+FB. Also, *
CF <+ FK is than CK ; and addiog AC with KB to
boﬂx.A0+L‘+FBingmtadmACn-£CK+KB. 8o,
DK-{-KBingmenhuDB;andaddin AC+4CD¢
both, AC+CK + KB is than AC 4 CD 4-DB.
Henoe it has been praved that AR 4 EF 4 FB is greater
than AG + GF 4 FB, and this has been proved to be
greater than AC 4- CF 4 FB, which aguin was shown to
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be greater than AC + CK + KB, and this was' proved to
be greater than AC + CD + DB; consequently the first
quantity, AE + EF 4 FB, must be etill greater than the
last, AC+CD + DB.

Or more concisely thus, observing that the sign =
means greater: by (1. ngu )

AE?!+ EG == AG, which expression denote by (1);

CG + GF = CF, 2);

?

CF+FK=>CK, .. .. .. §3§;
and DK+KB=>DB, .. .. (4).
To both sides of (1) 8dd GF + FB; to those of (2) udd

to those ¢

(4) add AC 4+ CD: then

By(l). AE4 EF4FB>>AG+GF
-(2). AG+GF+FB=>AC+CF
...23). AC+ CF+FB>AC+CK
«..(4). AC4+CK+4+KB=>AC+CD
oonsequently AE 4 EF 4 DB is still

to
AC 4 FB; to those of (3) add AC 4+ KB; and
C

\
s
(@]
+
Q
(=5
+
=
=

SECOND BOOK.

BXBRCISE 1.—THEOREM.
The angles of a quadrilateral are equal to four right

Let ABCD be a quadrilateral, its angles at A, B, C, and
D, are equal to four right angles.

For draw the diagond.?)ﬁi, then the angles A, ABD,
and ADB, of the triangle DAB, are equal b
to two right ‘angles ; and the angles C, T ~—
CDB, and DBC, of the tri leD(g:lB, are |
nhoegultotwo right angles; but the :

BC is com of two .

D, DBC, and angle ADC is com- , v

posed of the two, ADB, CDB; consequently the angles




20 KEY TO PLANE GROMETRY. ,

A, C, ABC, and ADC, ofthe&r:drﬂmﬂ, ar‘evequd to
zl;nmlelofthtwoﬁnglu; is, to four right angles

EXBRCISE II—THEOREM.

Every quadrilateral that has its opposite sides, or opposite
angles, equal, is a parallelogram. ‘

Let AD be a quadrilateral, having its opposite sides AB,
CD, equal, and also AC and BD; orlumngDits opposi
angles A and D equal, and also the angles ABD and ACD
thenitisa punﬂeaognm

1. 'When the opposite sides are equal.

Draw the dia BC, then in the two triangles ABC,
BCD, the side AB = CD, AC =BD, and .

BO is common; consequently they are -
everyway equal (L. 8); hence angle ABC \
= BCD, and ACB = CBD ; therefore ¢ D
AB is parallel to CD, and AC to BD (1. 20), and the
figure is a parallelogram (I. Def. 42).

2. When the opposite angles are equal.

By the last exercise, it was proved that the four angles
of a quadrilateral are equal to four right angles ; there?ore
angles A and ABD, which are respectively equal to the
anslel opposite to them, must be equal to two nght nn‘galu,
and consequently (I.29) AC and BD are : a
similar reason, angies A and ACD are equal to two r?hs

and therefore AB is parallel to CD: therefore
ACDB is a parallelogram (I. Def. 42).

EXERCIER 11

To find a line whose square shall be equal to the differ-
ence between two given squares.

Let A, B, be the two lines whose squares are the given
squares ; that is, described on them as bases, are the
T T a_liaewhaengmn}xﬁlbeeqnﬂh

e
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Take say line CD, draw DE perpendicular to CD, and
out off from it DG = B; and E
from G as a centre, with a radius s
= A, cut CD in F; draw GF,
and DF is the required line.

For (1. 47) =D 4
DG?; or (I. 47, Cor.) FD? =
FG!—DG’, that is, DF? — A?

—B%; or the of the line .—% S
DF is equal to the difference be-

tween the squares of the lines 4
A and B. B-

RXERCISE [V.—PROBLEM.

To find a line whose square shall be equal to the sum of
the squares of any number of lines.

Let A and B be two given lines; to find a third whose
square shall be equal to the squares of these two lines.

Draw any line CD, and cut off from it a part DF = A ;
make DE ﬂPorpendicular to OD, E
and cut off DG = B; join FG, a
and FQG is a line whose square is
equal to those of A and B to-

For (1. 47) FG*=DF* 4+ DG*
= A? 4 B

If three lines areq given, as A, o— % D
B.de;tbenﬁnd,b‘ythe :
ceding case, & line FG whose A+l

square is equal to the sum of the B —————
squares of A and B, then, in the ¥ ————

When four lines are given, a fifth line, whose square
shall be equal to the sum of the squares of the foar given
lines, can be found by a similar process.
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““" EXERCISER V.—PROBLEM.
To bisect a parallelogram by a line drawn from a point
in one of its sides.
Let ABCD be the parallelogram, and P the point in the
sideCD,ithrequinftodmwalix’xe,uPQ,to bisect the

Make BG — DP, and draw PQ, and it will bisect the

For join DB; then, in the two triangles DEP, BEQ,
the vertical angles at E are equal, the D P_C
alternate angles PDE, QBE, are equal
(L. 29), and the sides DP, BQ, are equal E
by construction ; hence the triangles are
everywa‘{ equal, and therefore their areas A~ B
are equal. But (I. 34) the two triangles ABD, CBD, are

ual; and consequently, if DPE be added to ADB, and

Q be taken from it, the resulting figure, ADPEQ, will
be equal to triangle ABD ; that is, equal to half the paral-
lel ; and the fi BCPQ must be equal to the other
half’; and the line therefore bisects the parallelogram.

RXERCISE VI~~—THBOREM.

If from any point lines be drawn to the angular points
of a rectangle, the sums of the squares of those drawn to
opposite angles are equal.

Let AC be a rectangle, and O a point in it; draw OA,
OB, OC, and OD, then OA? 4 OC'= OD* 4 OB

For through O draw EG and FH p w® ¢
Epouivd el to AB and BC, then

FG, ,andm,mm:?qn"
thelr opposite sides are el, and angles
A,B C,and D, in are right angless o~ "7 »n
(L. 46, Cor.) Hence (1. 47) AO* = AF* 4+ FO! = AP?
+BG, 0 =03+ = FB* 4 G(?; therefore, AO?
+ OC* = AF* 4+ FB' + BG* 4+ GC*. Aguin, OD* = DH?
+ OH! = AF* 4 CG?, and OB* = OF? 4 FB? — BG? 4
and therefore, OD* 4+ OB* — AF* 4 FB' 4 BG? 4
Hence the som AO? 4 OC? and the sum OD? 4 OB?,

e

BF;
CGs.
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being each equal to the squares of AF, FB, BG, and GC,
must be equal to one a;:n er. b

If the point were taken without the rectangle, the proof
would be exactly similar, ’

EXRRACISE VII—PROBLEM.

To bisect a given triangle by a line drawn from a point
in one of its si

Let ABC be the given triangle, and P the ngen point
in the side AC.
Bisect the base AB in D; join PD, and draw CE

gnnllel to PD; join PE, and’
is the buectmg line re-

For since CE is lel to
PD, the triangles PCD, PED,
aroequal (1.37); to each sdd
ADP, then the sums are equal; - -
that is, the triangle ACD 18 = b E B
APE; but ACD is half of triangle ACB (I, 38), because
AD =DB; hence APE is also galf of the given triangle,
or PE bisects it.

EXERCISE VIII—THEORRM.

The nquare of oxther of the sides of the right angle of

riﬁle e«}ual to the rectangle contained
b,y sum .nd the hypotenuse and the other

In the triangle ABC, right-angled at B, the square of
AB is equal to the rectangle contained b the su:ll of AC
and CB, and the difference of AC and CB; or AB* =
(AC+CB) (AC—CB,)

For (I. 47, Cor.) AB?* = AC* — CB?*, and (IL. 5, Cor.)
the difference between the squares of

AC and CB is equal to the roctangle 1
contained by the sum and difference /
of AC and CB that is, AC* — CB*
= (AC+CB) (AC-- CB); and con- _

uentl N
e AB* = (AC + CB) (AC’--CB).
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| XXERCISS IX.~—~THEORENM,

If three straight lines intersecting in the same point
make the six angles thus formed ‘34, the distance of an
point from one of the lines is equal to the sum of its dis-

tanoes from the other two.

Let the lines AB, CD, EF, make tho ux anglel about
O contained by them ual ; then if P

any point, and PK, PG, PH, l-
ars from it on the ndeo, then PK i
equal to PG md PH together.
For the angles AOC, COE, EOB, be-
ing ual, eac of them is the third of A

two and if CPE be drawn

‘n%, angles OCE, OEC, are
mpechvely equal to COA and EOB (1. 29); lwneeOCE
is an equiangular triangle, and therefore e ilateral (1. 6,
Cor.); hence if OI be peligendwuhr to AB, IK is a rect-
un le, and PK = 10. ut, as was shown in Ex. 21
Book,lOu aal tothepu;endacuhr from E on

00 and OCE being uaoeelu. o point in its Lase,
PG+ PH = the htter perpendiculur, by Ex. 19 of First

Book ; hence
PG + PH =PK.

EXERCISE X. —-mmm

The square of the dicular the hypotenuse of
ar : led triang) wnﬁomwt::opponte is

equal to emhngkunduthengmenhd‘ﬁo ypo-
tenuse,

Let ABC be a triangle z-cnsledntA then if AD
bopupmdmnhrtoBC.Al];’h
For BAY=BD*4 AD* 147). A

wd AC'=DC+A '
R A T 0 4 24D ‘__/_h
" But BA' 4 ACG = BC* (L 47) = BD* 5t

+ DC*-2BD - DC (IL 4) ; wherefore (Ax. 1) BD* +
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DC? 4 2AD*=BC* 4 DC? + 2BD'DC ; amd taking away
from those equals the common part BD* 4 DCY, there
remains, "

2AD* =2BD-DC, or AD* == BD-DC.

EXERCISE XI1.—PROBLEM.

Given a point and three lines, two of which are E:nllel.
to find a point in each of the parallels that shall be equi-
distant from the given point, and such, that the line join-
ing them shall be parallel to the other given line.

Let AB, CD, AE, be the three lines, of which the first
two are parallel, and let P be the given point, it is re-

uired to find the points B and
> such, that BC may be parallel E
to AE, and that PB may = PC. R

From P draw PE dicu-
lar to AE, and bisect DF in O, . \
and draw COB panallel to AE, AR

then B and C are the required LA\
points. C\\\w\r

For join PB and PC; then in the two triangles BOF,
COD, the sides OD, OF, are equal by construction, the
%ﬂ at O are equal SL 15), and the vertical angles BFO,

, are also equal (1. 29); hence the triangles are every-
way equal, and therefore CO == OB, Again, angle CO
=AE‘ (1. 29), and the angles at E are right by construc-
tion; hence COD, and therefore also Brgl) (L. 13), are
right angles, and therefore equal ; also the side CO == OB,
and OP is common to the two triangles POB, POC; snd
therefore (1. 4) the trismgles are everyway equal; hence
PB = PC. The points B, C, are therefore equidistant from
P, and the line BC joining them is parallel to AE,

EXKRCISR X11~~—THEOREM.

The line joining the middle points of two sides of a tri-
angle is parallel to the base, equal to the half of it.
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- Let ABC be a triangle, the line DE, that joins the middls
points D, E, of two of its sides, is parallel i
mhe third side AB, and equal. fo its

Produce DE to F, making EF=DE, D

and join BF ; then, in- the triangles BEF,

CDUE, the sides DE, EC, are respectively
equal to FE, EB, and the vertical A

at E are equal ; hence (1. 4) the triangles &re aqual in
respect, and therefore BF = CD = AD; also angle

== C, and heunce BF is parallel to CD or' DA, and equal to
it ; therefore (1. 33) DI is parallel and equal to AB, But
DE is the half of DF; it is therefore equal to the half of
AB, and is also parailel to AB. '

B

RXRACINE XI1I.—THROREM,

The quadrilateral formed by joining the successive midde
points of the sides of a given qu eral, is a paralielo-
gram.

Let ABCD be any quadrilateral, and EH, HG, GF, FE,
lines joining the successive middle points of its sides, then
the figure FGHE is a parallelogram. '

- For let AC, DB, be the di of the given figure.
Then, by the last exercise, the line EH is p , ’

to AQ, the base of the tn

AC%; forﬁwn@:imruaonmniﬁ
to AC; consequen and are B
rallel (1. 30); M&'lmﬂumﬁ
and GH are parallel. Hence (1. Def. 42)
EFGH is a parallelogram.

EXKRCISR XIV.~—PROBLEN.

To divide a hn;’intotv:; ats, such that the rect-
contained by one of them another given line,
m‘hﬂwthqmd&oqu
Lot AB, CD, be two lines, it is required to cut AB into
two segments in F, o0 that AF - CD = BF?*.
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Fiod (11:14)  line 8 (not in the figure),
such th&t S’:AB‘?CD,(th'! eing & n : )
g}vmmle.dnoeih;ﬂumknown. x ¥ B

EL, such that EL? =—'CE* 4 &, by Ex. 4
of Becond Book ; then make BF == DL, and F is the re-
quired point of section.

For 8 = El#~CE*, and (II. 5, Cor.) EL' —OF! =

(EL + CE) (EL—CE) =CL- DL; for DL = EL—ED
== EL~ CE. Wherefore, since 5= AB-CD, AB:CD
-..-:CL'DL;orgI.lan?lr;) AF:CD +BF-OD = COD'DL
atd, but B EGD”L, mdhmoeBFf;fD;:’OD'DL;
taking away quantities from the preceding
equals, there mﬂn:nm -
EXEBCISE XV.—PROUBLENM.

To uce o given line, so that the rectangle contained
by thepgimu m:gcll another given line shall be equal to the
squate of the produced part.

Let AB, CD, be the given lines, it is required to produce
AB to some point F, such that AF - CD may equal BF*.
As in the preceding exercise, find a line 8 such that
== AB-CD; bisect CD in E; then find
: MMW:OE’-}-S‘,Ndpﬂ-I ¥ y
.duce AB to F, till BF = CL, and Fis the -5y

fnﬁa&pﬁﬂo{umducﬁm.

= EL?*—CE* = (EL 4 CE) (EL —CE);
AB.CchLt'hDL;f:ﬁIé:TCE=%;GDud
respectively to these equals BF -
;then?fl.l eq !

CL-
AB 4 BF) CD = CL (DL + CD);
Or, -CD = CL+*CL = BF!; for BF = CL.

FQ

REXERCISE XVI~~THROKEM.

KWbMM on the base ofnn:;-'h
ugle, othcrtwoyunllelogmonmtwo

that their sides tetotboloofthctﬁn&t

throogh the points of the former, the ;-!E:
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gram shall be equal to the sum or difference of the other
according a¥ they both lie without the triangle, or one
of them wupon it. .

Let ABC be & triangle, and ADEB any parallelogram
described on the base, also AFGC, BCIH, pamllekﬁ:nms
on the sides, whose sides FG, IH, pass through D, -
%{Jﬁnﬁ of the former, then ABED is = ACGF +

h C draw CL lel to AD, and produce it to
meet F(, HI, ; these two
lines will meet LO in the same point
K. For ADKC and BCKE are pa-
rallelograms, since their opposite sides
sre parallel y snd hence CK in the
former is = AD (1. 84) = BE=CK
in the parallel EK. Since, A T B
therefore, the side CK is equal in both, the lines F@, HI,
meet LC in one point K. Now (1. 35) the parallelogram
ACGF is = ACKD, as they are on the same AC, and
between the same lels AC, FK; for a similar reason,
ACKD is = ALMD, as they are on:one base AD, and
between the parallels AD, LK ; wherefore ACGF is =
ALMD. In the same manner it is proved that BCIH is
=BLME; and therefore AFGC and BCIH together, are
equal to ALMD and BLME together ; that is, to the whale
parallelogram ABED.

When a side, as AD, of the parallelogram desoribéd on
the base lies between the oorresponding side AC of the
triangle and the base AB, the panllelogram on the side
AC will then fall on the triangle, and that on the side BO
will be equal to the other two. The proof in this case is
exactly similar to that in the preceding case.

EXERCISR XVII—7THBOREM.

The sum of the squares of the sides of & quadrilateral is
equal to the sum of the squares of jts diagonals, and four
times the square of the line joining their middle points.

Let ABCD be sny quadrilateral, AC, BD, its diagonats,
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and EF the line joining their middle points, then AD* 4
Dc'+cn'+BA==§o+DB'+4
For draw DE and EB. Then, becmuethe base AC of
thetrmngleACDdenE,&w D

fore (II. A.) Ca
AD® 4+ DC* =2 AE? 4 2DE?; \

and AB!'+4 BC?*=2 AE'+4 2BE3,
for o similar resson, since AC is also &

the base of the triangle ABC. Hence, A

adding equals to equ

AD? 4 DC' + AB* + BC* =4 AF? +2 DE* 42 EB.
But (II. A.) since BD, the base of triangle DEB, is bisected

inF,2DE* 4 2EB*'=4 DI 4 4 ; uently the
sum of the squares of the sides is equal to 4 A I

+ 4 EF?, But (I1. 8, Cor. 2) 4 = AC3, 4DF’-
DB?*; and hence

AD’+DC’+AB’+BC’=AC”+DB’+4EF’.

EXERCISE XVIII.—THEROREM.

The sum of the squares of two opposite sides of a quadri-

lﬂual together with four times the square of the line join-

their middle points, is equal to the sum of the squares
the other two ndel and e?the diagonals,

Let ABDC be any quadrilateral, EF the line joining the
middle points of the sides AB, CD, and AD, BC, its dia-
gﬁ,tﬁm AB* 4+ CD*+4EF = AC'+DB'+AD'

For join CF and FD; then, because the base AB of
the triangles ABC, ABD is bisected in c
F(I A), E >
AC*{ CB'=2 AF* + 2CP,
and BD’+AD'._2AF‘+2FD’

w+m>t’ o o

CP* 4 2FD". ¥ B
m:(n A)2CF‘+2FD’__4CE'+4EF’; wherefore
the sum of the equares of AC, BD, AD, and BC, is =
4AFP 4+4CE +4EP.
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Again (I1. 8, Cor. 2), 4 AF* = AB?, and 4 CE* = CD*;
henoe A +§D'+A +BO = AB? 4 CD* 4 4 EF".

EXEROINE XI1X~—THROREM.

* The squares of the sum and of the difference of two lines
are er double the squares of these lines.

Let AB, BC, be two lines ; produce AB to D, making
BD =BC; then AD is the sum,and oo
AQC the difference of AB and BC, and 4 ¢c B D
AD* 4+ ACtis =2 AB* 4+ 2 BC. .

For gll.4)AD'=AB'+BD'+2AB-BD=AB’+
BC*'4+2 AB-BC; for BD =BC.

Also (TL. 7) AC* + 8 AB BC = AB* 4+ BO".

And, adding equals to equals,

AD’+ACF+9AB‘ =2AB'4+2BC*4+-2AB-BC.
Taking away the quantity 3 AB-BC from these

there remains, D'+ AC'=2AB' 4+ 2BC.

RXERCISE XX.~—THROREM.

If a line be cut in medial section, the line composed of
it and its greater segment is similarly divided.

Let the line AC be cut in medial section at the point B;
then, if CA be produced to D, till AD = AB, the line CD
is aleo cut in medial section in A. ‘

For AB* = AC'CB by hypothesis; . .
aud adding to these equals the rect- » 4 B ©
angle AC: AB, or AC-AD,

AC'AB4 AB'==AC-CB 4 AC- AB.
Or, AC-AD 4 AD* = AC (AB + CB).
Or (IL 8), CD-DA = AC* (11 1).

BXERCISR XX1——THEOREM.

thof'thnqmofthemhd- uadrils-
mﬂ.hequdtotvieethenmofthiqwuof?hobu
joining the middle points of the opposite sides.

Let ABCD be any quadrilatersl, and EG, FH, lines
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joining the middle points of the opposite sides, and AC, DB,

mdngmdl then
AC'+DB‘ 2BG? + 2 FHS

For draw EH, HG, GF, nndEF then, by the 13th
Ex.,EBGFuapnmﬂelofmn an byn

the 12th Ex., DB is double of GH, and C
AC double of EH; consequently (IL 8,
Cor.) B o

AC* 4+ DB* =4 EH* 4+ 4 HG".
But (L. 34) 4EH’—2EH’-E&FG’; '
and 4HG*=2HG*'+2EM. A ¥ B
Also (IL. B:) EH* 4+ HG® 4+ GF* 4-EF* = EG? 4-FH!;
and the double of the nhunm of the sides EH, HG, GF,
FE, are == 2 EG* + 2 FH* nndnlsotolEH'+4HG’
hence AC*' 4+ DBt =2 EGt 4 2FH.

EXERCISE XXI1~—THEOREM.

If any one of the angles of a triangle be divided into a
number of equal pans, the dividing lines will divide the
opposite side unequally ; the segments nearer to the per-
pendicular on this side from that angle, being less than the
-more remote.

Let ABC be a triangle, and CD a perpendicular from
angle C on the side AB; let angle AC bc divided into a
mbet of ual parta, of which angles ECF, FCQG, are two ;

numtotheperpcndmhtthanm it will
bolul than FG.

8ince the triangle CDF is righ ed at D, CFD is
acute (I. 17); and consequently (I. I3) CFQ is obtuse,
and therefore greater than CFD. C
Draw FH, making angle CFH =

mm&m‘;ﬁomﬁu;f \
totwoanglaqmt;? 4 /\ /L\

CFH, and the sids CF iscom- A © ¥ ED B

mon to both; therefore (I. 26) the trinangles vg

m‘{equa!,andhenoe FH =FE, and « CHF
consequently (I. 13, Cor.) angle FHG = CED. But
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angleCEDil%tcthu: CGF (1. 16); hence also FHG
is greater than FGH ; and therefore (. 19) the side FG of
the triangle FGH is greater than FH ; but FH was proved
tobe:g'E; therefore FG is greater than FE.

It can easily be proved indirectly, as a corollary from this
theorem, that if tﬂ? divisions and FG are equal, the
an , subtended by FE, would be greater than FCG
subtended by FG.

THIRD BOOK.

EXERCISE 1—THROREM.

If aline drawn from the centre of a circle bisect or be
rpendicular to a chord, it will bisect and be perpendicu-
Er to all chords that are parallel to the former.

Let the line CG, drawn from the centre C of the circle
ADEB, bisect the chord AB, or be ndicular to it,
and it will also bisect and be perpendicular to any other
chord, as DE, that is parallel to the former.

For if CF bisect AB, it cuts it also at right angles
(I11. 8); hence AFC is a right angle, and
(I. 29) AFC = the Interior angle CGD;

consequently CG is also dicular to
DE, and it therefore bisects DE
(1IL 8). A
Again, if CF be dicular to AB, ]
it can be proved as that it is also x

perpendicular to DE, and consequently it also bisects DE.

nxxicrg:n.-—mmniu.

If two circles cut each other, the ling joining the points
of intersection is bisected perpendicularly by the line join-
ing their oentres.

Let the circles LMN, LMR, intersect in L and M, and
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let P and Q be their centres, then PQ bisects LM perpen-
dicularly in O. :

For draw the radii PL, PM, QL, and QM ; then in the
two triangles PLQ, PMQ, the

side PL = PM, LQ = MQ, and ¥
PQis comlmon ; wherefore (Iﬁ N N
the triangles are everywa p-
;;x%@ therefore nng:;' lie& =
Again, in two tri-
angies PLO, PHO, the two sides S
. PO, are respectively equal to MP, PO, and angle

LPO = MPO; consequently the triangles are equal in
ev respect ; therefore h{) = OM, and angles POL,
POM, are also equal, and consequently (I. Def. 10) they
ll’m ll;'g:t angles ; wherefore LM is bisected perpendicularly
y

EXBRCISE III.

If two circles cut one another, and from one of the
points of intersection a diameter be drawn through each of
the circles, the other point of intersection and the other
two extremities of the diameters will be in one straight
line.

Let the circles LMN, LMR (fig. to precedin Exi{,
be two circles inte ing in L and M ; and let LN, L
be two diameters; then N, M, and R, are in one straight

F

Por join NM and MR; then the angles LMN and
LMR are angles in semicircles; consequently they are
right angles, and their sum = two right angles ; thecefore
the lines NM, MR, are in one line (1. 14)."

EXERCISE 1V.—THEOREM.

A line that bisects two parallel chords in a circle, is also
perpendicular to them.

Let the line FG bisect the parallel chords AB, DE; it is
perpendicular to them.
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ForifCFioalinejoﬁniﬁgﬂnuntre
ofthecir::ll;,nl?;dl?mmidd eb;féeBéx::
is perpendi to an

Ex.) if CF be uoed, it(wil!biu‘otA
DE perpendi in G ; hence this line p 2%
!;x“ult czf;;cide wi Fth& linedFG, joining F u
the middle points F, G; and consequently FG is perpen-
dimﬂlrtothmochords. reanenty

BXERCISE V,~——THBOREM.

Two ooncentric circles intercept between them two
equal portions of a line cutting them both.

Let PQN, RTS8, be two concentric circles, and MN a
line cutting them both ; then the
inurtepted portions MR, NS, are

ual
e‘]Fm', from the common centre O,
draw OV icular to MN ; then
MN and RS are bisected in V' ; hence
MV = VN, and RV = V8; and
therefore MV — RV = VN —V8;
that is, MR == N8.

RXERCISE VI—THEOREM.

Of these five conditions—of passing through the centre
of a circle, bisecting a chord, being perpendicular to a
chord, bisecting the subtended angle at the centre, bisect-
ing the subtended arc of the chord —if a line fulfil any
two, it will aleo fulfil the other three.

Let AMB bo a circle, AB a chord, and CF a line bisect-
ing AB, or cul it at right anglee, or

hueﬁl;gthemA E
LI CFMAB,ithBm-
F cut AB perpendiculardy, it *
Y
8. If CF bisect AB i ly, it x
passes through the centre (111 3, Cor.)
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4. If CF bisect AB, or cut AB at right angles, it will
gt DRSS

or (1L i ACF, are everyway
eqmlin(boththmeua.md hence angle ACM = BCM;
und therefore (111. 26) the arc AM == ME.

5. If CM bisect angle ACB, or the are ACB, it will also
bisect AB, and cut it at right angles.

For if angles ACF, B?;F. are equal, then since AC =
CI.B :nd CF, common to the triangles nAa(l},F’ %Cl:l,“h“}zoe
{ ) the triangles are everyway eq an re
AF =FB, and angle AFU::BE(Z}, and hence they are

es.

Al::sv‘vhmmgloAOBilbhocud,themAM:MB,

fortheymbtmdeqnd ot the centre (III. 27).
if CM biseots arc AMB, tho angles ACM,

BOM, stand on equal arcs, and are therefore equal; and
therefore it can be proved, as above, that CM also bisects
AB, and is therefore perpendicular to it.
'mﬂ.lfihloglinelo;’)i.:i;ct thewinncAMB,andhd&oAB,it

cut at right angles; it pass through the centre
C,udwilll:ine:tsthe le ACB.

For it has been proved that a line CM, drawn from the
centre to M, the middle of the arc, bisects AB ; hence the
line M‘l‘:‘,ldmwn ﬁomd'M:ilF, must ooindd‘;:rith theic‘tﬁ
mer, consequen ill pase through centre, wi
nbmAB%tmglu.ude ACB.

7. ¥ gtl::, hnemul‘f thhmllm AM and:;:tABat
an it will bisect A ill pase oentre,
:ﬁ‘wﬂlm the angle ACB. throogh

uﬁheuycanbepmvdomdyinthonmmmeru

+If CM bisect the arc AMB, and also the angle ACD,
it will bisect AB, and be perpendicular to AB, and will
evidently pass through the centre C.

mm.ﬁmmm. case is thus reduced to
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EXBRCISE VII.—THEOREM.

If a circle be described on the radius of another circle,
any chord in the latter, drawn from the point in which the
circles meet, is bisected by the former.

Let AB(;})el(;e a circle, AT a radius of it, and ADE a
eircle described on AE as a diameter;
then any chord, as AC, in the circle /—‘>\‘<
ABC, is bisected in D. T
For join DE; then nmfle ADE in
n semicircle is a nght angle (1I1. 31),
and consequently (III. 3) AC is bi-
sected in D.

RXERCISE VIII.—THEORENM.

The exterior angle of a quadrilateral figure inscribed in
a circle is equal to the interior and opposite.

Let ABDC ben quudnlateml inscribed in a circle, its
extell;or angle DBE is equal to its interior opposite angle
AC

For (111. 22) the oppomte angles ACD, ABD, together,
are equal to two t angles, also
(1. lﬂg ABD and l E are together ©
equal to two right angles; conse-
quently the first pair o slel are |
equal to the second pair; an
from both the common angle ABD
there remains angle ACD = DBE.

BXRACISE IX.— THEOREM.
Parallel chords in a circle intercept equal arcs.

Let AB, CD, be two chords in a
circle ; then the intercepted arcs AC,
BD, are equal.

For join AD; then (I.€9) the
alternate angles AD(‘, AD, are A
equal, and therefore (I. 26) the arcs
AG,BD on which the angles stand,

are equal,
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EXERCISE X.—THEOREM.

If two circles touch one another, either internally or ex-
ternally, the chords of the two arcs, intercepted between
two lines drawn through the point of contact, are parallel.

Let ACO, BDO, be two circles touching in O ; AB, CD,
any two lines through O; then the chords AC, DB, are

parallel.
For draw the line EF through O, and perpendicular to
the line joining the centres of // "

B
the circles, which passes through ‘,/"‘*
the point of contact (I1L. 12); /i ~~—~_ /’\\D
hence (IIL. 16) EF is a tan- || P, S
gent to both circles ; conse- C‘(/ ) f'\\ B 41!
auently (I11. 32) angle A = SO IS
OF, and (I. 15) COF = i

DOE, and (I11. 32) DOE = B; wherefore angle A = B,
and AC is parallel to DB (1. 27).

EXERCISE XI.—THEOREM.

If a tangent to a circle be parallel to a chord, the point
of contact bisects the intercepted arc.

Let the tangent EG and chord CD to the circle ABF
gﬂ%w 9th Ex.) be parallel, then the arc CFD is bisected
in F.

Por since EG is a tangent, therefore ﬂlll. 32) angle
CFE = CDF ; and because EG is parallel to CD, angle
CFE = FCD; consequently angle CDF = FCD; and
therefore (111. 26) the arc CF is = DF.

ERXERCISE XII.—THEOREM.

If a chord to the greater of two concentric circles be a
tangent to the less, it is bisected in the point of contact.

Let MPN, RTS (fig. to the 5th Ex.) be two concentric
circles, and PQ a chord to the greater, touching the less in
T, then PT =TQ.
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For if OT be drawn, it will be perpendicular to PQ;
and since O is the centre of the circle MPN, and OT per-
Kendicular to the chord PQ, it bisects the chord (L 3);

ence PT = TQ. :

BXERCISE XIII.——THEOREM.

If any number of circles intersect a given circle, and
through two given pointa, the lines joining the intersections
of each circle will (Kl meet in the same point.

Let A, B, be two given points, and CDFE a given circle;;
then if any number of circles ABC, ABE, be described
through A, B, cutting the circle CDFE, then the lines CD,
EF, produced, will meet AB in the same point P.

For let CD meet AB, when both are produced, in the
point P, and from P draw a line PFE, cutting the circle
CDFE in E and F; then the
circle described th:"ough A, B,
and E, will cut PE i F, the

oint in which it cuts CDEF.
‘or if not, let it cut PE in
another point F' (not shown in
the figure); then as PC, PE,
are secants of the circle CDEF,
therefore (I11. 37) PE-PF = A" P
PC:PD = PA-PB; but PA, PF'E, being secants of the
circle ABEF’, therefore PA-PB = PE : PF'; hence
PE:PF = PE ' PF'; and eoluequently PF=PF, oo F
coincides with F. Wherefore the line joining the points of
section E, F, meets AB in the same point P in which CD
meots it; and the same can be proved of any othef circle
passing through A and B, and cutting the circle CDEF.

Cor.—Hence, if the rectangles PA:PB and PE-PF
n:l;qud,ncxmlo' can be described through A, B, E,
AN .

EXRRCISR XIV.—PROBLEX.
Through two given points, to describe a circle touching
a given arcle.
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Let A, B, be the tﬁi'en ints, and CDT the given circle,
to describe a circle rougEOA and B, to (;OI‘;Ch CDT.

Let any circle passing through A and B cut the given
circle in énnd D; drav!v; Cl;o:l?d AB, and produce them
to meet in P; from P draw the ents PT, PT, to the
given circle CTD; then if a circle described inr
through A, B, and T, or through A, B, and T’, it will touch
the qiven cirale either externally or internally.

For since PT is a tangent to the given circle CTD,
thercfore PT* = PC - PD (%II. 36);
but A, B, C, D, being, by hypothe-
sis, points in the circumference of a
circle, hence PO PD = PA-PB;
wherefore PA + PB = PT?, and con-
sequently (III. 37) PT is also a tan-
gent to the circle ABT. Since PT (
18 n common tangent, the circles ,\
must touch in T; for the tangent
lies between them, so that they can meet only in the
point T.

If a circle be described through A, B, and T, it could
be 'Invimilaxly proved that it would touch the given circle’
in T

EXERCISE XV.~—THEORRM.

If two chords in a circle intersect each other perpendi-
cularly, the sum of the squares of their four segments is
equal to the square of the diameter.

Let ABDC be a circle, and AB, CE, two perpendicular
chords in it, then the sum of the squares of the segments
AF, FC, EF, FB, is equal to the square of the diameter.

For draw the diameter ED, and join CD, AC, DB,
and EB. Then angle ECD is right (II1. 81), and there-
fore == EFB; consequently (J. 20) CD ¢
is parallel to AB; and hence (9th Ex.)
the arc AC = DB; wherefore (IIL Af-.
28) the chord AC =DB. Ao mf\e F
EBD in a semicircle is right (IIL 313. .
Now (L. 47) AP’ + FO' = AC* = DB?; =
and EF® 4 FB* = EB*; also EB? 4 DB? =— DE*; conse-
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-

quentl.;, adding equals to equals, AF? + FC? + EF* 4 FB!
= DE3.

RXERCISE XVI.~——THEOREM.

Perpendiculars from the extremities of a diameter of a
circle, upon any chord, cut off equal segments.

Let ABDC be a circle, AB a diameter, CD a chord, and
AE, BF, Perpendiculzm on the chord; then the segment
CE = DF.

For draw GH through the centre O, parallel to CD, and
OI perpendicular to I‘:'l“l§ Then because E
AE, Ol, are ndicular to EF, they <
are ﬁmrallel (r%); and EI, GO, are
parallel by construction ; consequently
GI is a parallelogram, and it is rectan-
gular sI. 46, Cor.) It is similarly shown
that 1H is a rectangle ; wherefore GO =
ElL and Ol =IF. Now, in the triangles AOG, BOH,
the vertical angles at O are equal, the alternate angles at
A and B, and the side AO = OB; consequently (I. 26)
the triangles are everyway equal ; hence GO = Ol:{; where-
fore EI = IF, and (I1l. 3) CI =1ID; therefore the re-
mainder CE = DF.

EXERCISE XVII.—PROBLENM.

Given the vertical angle, the base and altitude of a tri-
angle, to construct it.

Let AB be the base, V the vertical angle, and H the
altitude of the triangle, to construct it.

On the base AB describe a ent of a circle ABDE,
containing an angle equal to the given ¢ D
angle ; and draw AC perpendicular to AB, \
and make AC = H; through C draw CD

el to the base, and let it cut the arc B
in Dand E; join AD and DB, and ADB
is the requind’ triangle. X

For the vertex of the triangle must lie in :
the line CD (1. 34, Cor.) ; it must also evi- ¥
dently lie in the arc of the segment (III. 21); hence it
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must be edther of the points D or E.  Join AD and DB,
and ADB is one of the required triangles; for it has the
given base, the given height, and vertical angle.

By joining AE and BE, it can be similarly shown
that the triangle ABE fulfils the three required conditions
of having a base, altitude, and vertical angle of the given
magnitudes.

The two triangles ADB, ABE, are evidently equal in
every respect, though they are in reverse positions. They
could not be made to coincide, without first conceiving one
of them to be turned round some line, as one of its sides, as
an axis, till it would describe half a revolution, and thus
again come into the same plane, though in a reverse posi-
tion to its present.

EXERCISE XVIII~—THEOREM.

In a circle, the sum of the squares of two lines drawn
from the extremities of a chord, to any point in a dismeter
parallel to it, is equal to the sum of the squares of the seg-
ments of the diameter.

Let ABDC be a circle, of which AB, CD, are a diameter
and a chord parallel to it ; then if X be any point in the
diameter, CE® + ED? = AE? + EBL

For draw OF perpendicular to CD, and join EF and
l(‘)C‘..o]:‘l'lmn (1L S)lgl) is bisected in . -

- is perpendicular to AB (1. 29); o \
and hence (I1. A.) CE? 4 ED® = 2 Ci® MC___Q/ '
+ 2 EF*.  Again, 2 EF =20E 4 "7 0 E )"
2 OF? (1. 47); consequently 3 CF® 4
2EF* =2CF'+20F 4+ 20F. But ~—
2CF? 4+ 20F =2 0C* = 2 AO* (L 47); therefore
2CF 4+ 2EF* = 2 A0 4+ 2 OE* = AF? 4 EB* (11.9).
Hence CE* 4+ ED? == AE* + EB’.

EXERCIBE X1X.—PROBLEM.
Given the vertical angle, the base, and the sum of the
sides of a triangle, to construct it.

Let AB be the base, V the vertical angle, and S the sum
of the sides, to construct the triangle.
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On the base AB describe a segment of a circle ACB,

containing an m%e q;;l to V, and

another arc, of which BD is a por-

tion, containing an angle =} V; then o

with a rading AE = 8, and centre

A cat BD in D; join AD and \\\
BF, and ABF is the required tri- \//
angie. ~ - .‘H' J

A

or join BD; then angle AFB /

= twice D by construction; but vy
AFB =D 4 DBF (1.32); henoe 8§ — o
D 4 DBF = 21); and therefore DBF =D, and conse-
:glemly DF =BF. But AF+FD = AD = AE=8§;
erefore aleo AF 4+ FB = 8. The triangle ABF, there-
fore, has the given base, the given sum of the sides, and
the given vertical angle; it is, therefore, the required tri-

angle.

nﬂad the difference of the sides been given instead of the
sum, then, instead of describing the segment of which BD
is & part, it would have been necessary to describe a seg-
ment on AB containing an angle equal to V, added to half
its defect from two right angles; that is, to V 4 § BFD;
and then from A as centre, with a radius equal to the dif-
ference, to cut this latter arc in a point, say D; then the
remaining construction and proof would have been analo-
gous to that above.

EXKRCISR XX.~—THROREM.

If the points of contact of two tangents to a circle be
joined, any secant drawn from their intersection is divided
into three segments such, that the rectangle under the
secant and its middle segment, is equal to that under its
extreme segruents.
cbl:it PMN b&. circle, z‘fﬂ, TN, two tangents, MN a

ord joinin, e points of contact, n
and PT a segmt; tg:lnn '

PT-QR = PQ-RT.

For (I1L 87, Cor.) MT = TN, and
hence MNT is an isosceles triangle; . :
consequently (IL. D.) 4
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M= QT* + MQ QN = QT* + PQ - QR (III 35);

but MT*=PT-TR (111 36) = PQ - TR 4+ QT - TR;

hence QT +PQ QR =PQ TR 4+ QT - TR.

Or,since QT =QT-QR+4 QT TR (I1.2); '

therefore QT QR 4+ QT TR+ PQ-QR = PQ-TR 4

QT TR;

and taking QT - TR from both these equals, there remains
QT QR + PQ-QR = PQ-RT.

Or (IL 1), PT QR = PQ-RT.

EXERCISE XXJ—THROREM.

If the opposite sides of a quadrilateral inscribed in a circle
be produced to meet, the square of the line joining the
points of concourse is equal to the sum of the squires of
the two tangents from these points.

Let CDEF be a quadrilateral inscribed in a circle, and
let the opposite ai(;lea produced D
meet in A and B, then ‘
ABY =T 4. 17

where T, T°, denote the lengths
of the tangents AT, BT', drawn
from A and B to the circle.

Divide AB in G, so that
AB'BG =T?* This can be
done by drawing from B a secant ! T
to the circle CDEF equal to BA ; 4 G 8
then its external segment will be BG. Then since T? =
BD-BE (IIL 36), hence AB:-BG = DB BE, and con-
sequently a circle may be described through the points A,
G, E, and F; hence angle AGD = DEF (111. 22) ; where-
fore (L. 13, Cor., and ?II. 22) since angle AGD 4+ BGD
= two right nn%de)EF-f-DCF::two i tunglen,
therefore angle BGD = BCD, and consequently a circle
may be described through the points B, G, C, and D ; and

uently AB- AG = AD-AC=T*; but AB-BG =

T?, whence AB-AG+ AB-BG =T 4+ T

Or (IL 1), AB(AG+4BG)= AW =T 4T1.
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EXERCISE I.—PROBLEM.

Through a given point within or without a circle, to
draw a chord that shall be equal to a given line.

Let ABCD be a circle, P a point within it, and L a given
line, to draw through P a chord that shall be = L.

Place any chord AB in the circle =L, draw from the
centre O the perpendicular OD to AB,
and describe with the radius OD the
circle DEF concentric with the given
circle; from P draw the tangent PE to
the interior circle, and produce it to C
and D, then CD is the required chord.

For join O, E, then (ﬁi} is perpen- O
dicular to CD (ITI. 16); consequently (II1. 15) since
OE = OD, the chord CD is = AB, and AB = L ; there-
fore CD = L.

If the point were without the circle, as P, the construc-
tion would be the same as in the preceding case.

EXERCISE 11.—FPROBLEM.

To draw a chord in a circle that shall be equal to a
given line, and parallel to another given line, or inclined to
1t at @ given angle.

Let L be the Even line, and ABCD the given circle
(6ig. to preceding Ex).

As in the last Exercise, plice & line AB in the circle
ABCD = 1, and draw OD from the centre O perpendi-
cular to AB; then if the required chord is to be parallel
to L, draw from the centre O a line OE, in a direction
perpendicular to L, and make OE = OD; then draw a
chord DEC through E, perpendicular to OFE, and it is«the
required chord.



FOURTH BOOK. 45

For since OE = OD, therefore (TII. 14) CD = AB;
but AB was made = L ; hence CDD =L. And because
OF is perpendicular to L and CD, therefore these two lines
are parallel.

Again, if the required chord is to be inclined to L at a
given angle, then draw a line M (not shown in the figure)
through any point in I, making the given angle with L;
then, as in the former case, draw a chord equal to L, and
parailel to M, and it would evidently be the required chord.

EXERCISR 111.—PROBLEM.
To draw a tangent to a given circle, so that it shall be
parallel to a given line.

Let RLVU be the given circle, and MN the given line,
to draw a tangent to the circle

R
parallel to MN. e ol
Draw a line ON from the r"'{
centre perpendicular to MN, and / \;r
produce the line to R; then at / >
R draw QR Ezrpendicular to . Y v,

OR, and it is the required tan- * . N’
gent. S
For RN beingi dicular

to both RQ and , the alter~
nate angles at R and N are equal; and hence (I. 27) QR
is parallel to MN.

EXERCISE 1V.—PROBLEM.

To draw a tangent to a circle, so that it shall make u
given angle with a given line.

Let RLVU be the given circle, and MN the given line
(fig. to 3d Ex).

Draw MP from amy point M in MN, so as to be inclined
to MN at an angle M = the given angle; then, by the
preceding Exercise, drhw a tangent LT pamliel to MP, and

1t is the required tangent.
For if LT be progzneed to meet MN in some point W
(not shown in the figure), the angle W would be equal to
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the alternate angle M ; hence LT is inclined to MN at the
given angle,

EXERCISE V.~—PROBLEM.

To find a point in a given line that shall be equidistant
from another given point in it, and from another given
line.

Let AB, CD, be two given lines, and D a point in‘ t}xe
latter, to find another point, C, in it that shall be equidis-
tant from D and from AB.

From D draw DB perpendicular to AB, and bisect angle
CDB by DA ; let DA produced cut
ABin A; then draw AC parallel to
BD, and C is the required point.

For the slternate angles CAD,
ADB, are equal, and ADB is equal
to ADC by construction ; hence also A B
CAD = ADC, and consequently (I. 5) AC = CD, and C
is the required point. '

BXERCISE VI~—PROBLEM.

To describe a circle that shall touch a given line in a
given point, and pass through another given point.
Let QR be the given line, and P the given point, to de-
scribe a circle passing through P, and touching QR in M.
Draw MO erpengicular to QR, join MP, and draw PO,
mnkirg npgle% =OMP, then
from O as & centre, with the
radius OM, describe the circle
MPS, and it is the required §
oircle.
For since angle P = OMP, \ L
therefore OP == OM, and a
cirele described from the centre “\ /‘
0, with the radius OM, will
Fss through the points M and uov

; and wince OM is perpendicular to QR, the circle also
touches QR. %
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BXERCISE V1I.—PROBLEM.

To draw & line that sball be a common tangent to two
circles.

Let NUW, RVX, be the two circles, it is required to
draw a common tangent to them.

About the centre O, describe a circle MYZ, whose radivs
OM is the difference be- ol R
tween those of the given v,
circles ; that is O?I = M
ON —RQ ; from the ) ~x
centre Q draw MQ, a
tangent to MYZ; join _\ ¥~—%

OM, and produce OM U

to N ; draw RQ parallel T
to MN, and join NR;

then NR is the required s

tangent.

For OM = ON —RQ, but OM == ON —MN; hence
MN must = RQ, and is also parallel to it ; wherefore NR
is equal and fpmllel to MQ (1. 33), and MR is a rect-
angle (L. Def. 40, and 1. 46, Cor.); whence angles N
and R are right, and therefore NR is a common tangent
(111 18).

If from centre O, with a radius OT = the sum of ON
and RQ, an arc ST be described, and a tangent to it,
QT, be drawn from the centre Q, and QV be drawn
parallel to OT, and UV joined, it can be shown, in
exactly the same way as in the preceding case, that UQ is
& rectangle, and UV a common tangent.

EXERCISE VII]—PROBLEM.

To find & point in & given line that shall be equidistant
from another given point and a given line. 4
Let P be the given soint, and KM, OJ, the given lines,

to find & point O in OI that shall be equidistant from P
udKH.m q
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Draw PI perpendicular to OI, and produce it to N and

P, and let IN = IP; find ML, the X
side of n square equal to the rectangle

MN-MP (1I. 14); through L draw T
LO perpendicular to KM, and O is

the required point.

For if a circle LPN be described ¥ LM
through the three points LPN, then since MN-MP =
ML, MK is a tangent to the circle (111. 37) ; consequently
the centre is in LO (III. 19); also, since IO bisects the
chord PN perpendicularly, the centre of the circle is in 10
(III. 3, Cor.); consequently O must be the centre, and
therefore OL = OP; and O is the required point.

EXERCISE 1X.—PROBLEM.

To describe a circle that shall pass through two given
points, and touch a given line.

Let P, N, be the given points, and KM the given line,
to describe a circle passing through P and N, and touching
KM (fig. to preceding Ex).

Join N, I, and bisect it perpendicularly by 10 ; then, as
in the last problem, find O the centre of the circle LPN,
and describe it, and it is the required circle.

KXERCISE X.—PROBLEM.

To describe a circle that shall touch a given line in a
given point, and also touch a given circle.

~ Let PLN be the given circle, and QMR the given line,
and M the given Eomt in it, to describe a circle touching
PLN, and also QR in M.

Draw OMU dienlar to QR (fig. to 6th Ex.),
and a line VU wﬂh to QR, and at a distance from it,

ual to PK, the radius of PLN. Let K be the centre of
&N, and describe a circle (by 6th Ex.), KLU, pess-
ing through K, and touching va in U; then since OM
is icular to QR, it is so to UV, for angle OMR =
OUV (1. 29) ; hence the centre of the cirde KLU must
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lie in OU (III. 19), and its centre O is the centre of the
required circle PMS, of which OM or OP is the radius.
For OU = OK, and MU = PK; hence OM = OP;
and therefore a circle described from O as a centre, with
the radius OM, will pass through M and P ; and since OK
asses through P, and a perpendicular to OK at P would
a tangent to both circles, the circles must touch in P;
also angle OMR being a right angle, the circle PMS touches
the line QMR.

RXERCISE X1.-—THEOREM.

A regular octagon inscribed in a circle is_equal to the
rectangle under the sides of the inscribed and circumscrib-
ing square.

Let ABCD be a circle, AB a side of the inscribed rquare,
EFHG the circumscribed square, and Al IB, two sides of
the inscribed octagon ; then the area of the octagon =
AB-AC. .

For (IV. 6 and 7) the diameter AC, and the radius
BO, are mutually perpendicular, also AC | n ,
is lel to EF and GH, and equal -y —t
to the sides of the circumscribed square ; v
also the chords A, IB, being sides of the AF ,
oct;gn, are equal, and hence the arc Al - “
= IB (III. 28) ; and consequently (Gth \ ]
Ex. of Third Book) OI is perpendicular | >~ o !
to AB, and bisects it. Hence, G b "
twioe triangle OBI = 10 - BK (I. 41); also
twice triangle OAl = 10 AK ; and therefore
twice AOgBI =10 (AK 4 BK) =10-AB (1L 1);
Or, 4AO0BI =2A0-AB = AC-AB;
and the octagon is evidently four times the quadrilaters]
AOBI; hence it also = AC- AB.

EXERCISE Xi1.—PBOBLEM.

To inscribe a circle in & given quadrant.
Let LMN be the quadrant, it is required to describe a
circle in it.
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Draw LP, bisecting the right angle MLN ; from P draw
PQ parallel to LN, and P&. bisecting angle LPQ; then
from R draw RO parallel to LN, to meet LP in O, and O
is the centre of the circle required, and OP or OR its
radius. ,
For draw OS parallel to LM. Then, since PLM is half
a right angle, and ORL is a right angle ‘L -
29), hence LOR is also half a right angle,
and therefore LR = RO; but LR = 08 '3
I. 34), whence RO = 08. Agnin, angle g
PR = QPR by construction, and QPR =
PRO, being alternate (1. 29) ; therefore OPR
= PRO, and hence OR = OP; wherefore * R & 2
OR, OP, 08, are sll equal; and a circle being described,
with any of these lines as radius from the centre O, it will
pass through the points P, R, 8. It will also touch the
radii LM, LN, because the angles at R and 8 are right,
since SR is a rectangle (1. 46, Cor.); and it touches the
arc MPN in D, for the line OL, joining the centres, passes
through P, and a perpendicular to Lg’ at P would be a
tangent to the quadrantal arc and the circle PRS.

EXERCISE XI11.—PROBLEM.

To describe a circle that shall pass through a given point,
and touch a given circle in a given point.

Let KMT be the given circle, and T the given point of
contact, and P er given point; to describe n circle
passing through P, and touching KMT in T.

Th T draw the ndiulé'l‘ from the ceatre C, and
produce ; join P and T, and make angle P = OTP,
then O is the centre of the re-
quired circle ; and if from O as
centre, with a radius == OP, a o
circle, PLT, be described, it will
pass through P, and touch the %
circle KMT in T. P

For angle P = OTP; hence OT = OP, and the circle
touches MKT in T, because the circles meet in T, and a

_line perpendicular to OC at T would be a common tangent
to them (III. 16).
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EXERCHSR XIV.—THEOREM.

If a quadrilateral ciroumscribe a circle, any two of its
opposite sides are together equal to half its perimeter.

Let ABCD be a quadrilateral cirenmscribing the circle
MNPQ, then AB +qCD, or AD + BC, is = to the hulf of

AB+4BC+4CD+ AD.

For (I11. 87, Cor.) the tangent AM = AQ, BM = BN,
DP = and CP =CN; hence thesum  » _C
of the first of these four pairs of equal quan-
tities is equal to the sum of the other four; o N
that is, AM +BM + DI’ 4+ CP = AQ +
BN 4 DQ +CN.

Or, AB+4+CD=AD+BC; A B

that is, the sum of two opposite sides is equal to the sum
of the other two sides; wherefore the sum of either pair of
opposite sides is equal to half the perimeter.

Con.—The sum of one pair of opposite sides of a quadri-
lateral circumscribing a circle, is equal to the sum of the
other pair of sides.

EXERCISE XV.—THROREM.

If every two alternate sides of & polygon be uced to
t:;;t, tbe:ym of the u“liaiut aogles mus formed.P?;?th eight
ight angles, will be to twice as many right angles as
the figure has sides. q gh

Let ABCDE be a polygon, and let its sides produced
meetinF,G.H,T,&o;mthe X
sum'of the salient angles F, G, H,
T, and K, with eight right
:\e to the interior angles of

The number of triangles exterior
to the figure is evidendye‘gd to
the number of sides, and sum
of their angles therefore equal to x
two right angles repeated s often as the figure has sides
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(1. 32). But any angle, as m, at the base of one of these
triangles, is equal to the opposite angle TAE in the conti-
guous triangle AET ; hence, since the angles m, n, u, v, w,
are cexterior angles of the polygon, they are equal to four
right angles, and consequently all the angles at the bases
olg the triangles are together equal to eight riiht angles ;
wherefore the salient angles F, G, H, T, K, with twice the
angles m, n, u, v, w, that is, with eight right angles, are
equal to twice as many right angles as the figure has sides.

Cor.—The salient angles are equal to the interior angles
with four right angles; and therefore the salient angles,
with four right angles, are equal to the .interior angles of
the figure.

The proof will appear more clear and concise thus :—
Let 8 denote the ealient angles,
B the angles at the bases of the triangles,
1 the interior angles of the polygon,
R a right angle, and
n the number of the polygon’s sides ;
then since the exterior angles m, n, u, r, w, are equal to
their vertically opposite angles, all the angles at the bases ;
that is,
B = 8 right angles.
But S+ B = 2 R repeated as often as there are triangles,
orS4+8R=2R x n.
Again, I+4R=2R x n (I.32,Cor. 1);

hence S4+8R=144R;
and taking away 4 R from these equals,
there remains S4+4R =1

EXERCISE XVI.—TREOREM.

If on two opposite sides of a rectangle semicircles be de-
scribed lying on corresponding sides of their diameters, the
mixtilineal space contaned by their arcs, and the other two
sides of the rectangle, is equal to the rectangle.

Let ML be the rectangle, KPL, MQN, semicircles de-
scribed on its opposite sides KL, MN ; then the mixtilineal
space KMQNLYD is equal to the rectangle. :
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For from the whole figure KMQNLK take away the

semicircle MQN, and there remains the
KMNL; and from the same /&\
P

figure take away the other semicircle KPL, » N
and there remains the mixtilineal space \
KMQNLP; and since the semicircles are

equal, as their diameters are so, therefore X 1.

the remainders are equal ; that is, the given rectangle ML
is equal to the mixtilineal space KMQNLP.

EXERCISE XVII[.—PROBLEM.

To describe a circle that shall touch two given lines, and
pass through a given point.

Let MN, NQ, be the two given lines, and I the given
point ; to describe a circle through P, and touching MN
and NQ. .

Draw N8 bisecting angle MNQ (I. 9), then, by the 8th
Exercise, find a point, R, in NS equidistant from P and
the line NQ (by the 8th Ex.); and R is the centre of
the required circ{o.

For (by the 8th Ex. in First Book) R is equidistant
from MN and NQ, and also —
from I’ and NQ; hence RRT,
RM, RP, are equal, and a
circle described from the centre
R, with either of these three
lines as radius, will
through P, T, and M. m
circle will also touch MN, NQ,
for the angles at M and T are -
right angles.

W v %

EXERCISE XVIII—PFROBLEM.
To describe a circle that shall touch two given lines and
a given circle.
Let MN, NQ, be the given lines, and PTU the given
circle ; to describe a circle tonchinﬁhe given lines and the
given circle. (See the fig. to last Ex.)
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Draw a line WX at a distance from NQ, equal to the
radius OP of the given circle, and parallel to NQ; bisect
angle MNT by NS, and, as in the preceding Exercise, find
a point I in N, the centre of a circle passing through O,
the centre of the given circle, and touching WX in V;
then R is the centre of the required circle. For draw the
radius RV ; then, as in the 10th Exercise, it can be easily

ved that, since RV = RO, TV = PO, and therefore

T = RP, the circle described from R as a centre,
with either RT or RP as a radius, will touch the circle
PTU in P, the line NQ in T, and consequently (by the
preceding Ex.) it will ulso touch NM ; hence MPT is the
required circle.

FIFTH BOOK.

EXERCISE 1.—THEOREM.

If all the terms, or any two homologous terms, or the
terms of either of the ratios of an analogy, be multiplied or
divided by the same number, the resulting magnitudes are
still proportional.

Let A:B=C:D, and m, n, any two numbers; then,
First, mA:mB = mC:mD.

Second. +A:iB=l0:lD.
» ] m

"

Third, mA:B=m(C:D.

Fourth, —l—A:B=lC:D.
" ™

Fifih, mA:mB=C:D.

Sixth, lA:-’-B:C:D.
m m

First. Since A:B=mA:mB, and C: D = mC:mD
(VC 15)1,) hence, from equal ratios (V. 11), mA:mB =
mu i mi).
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Second. Since A and B are multiples of %A and %B by

m, therefore A :B=-A: 1B (V. 15); similarly, C:D =

1,1 1,1 1.1
;;‘C!;;D, oonsequendy (V. l]) -'-n-A : ;;‘-B..—. ;C H ;D-

Third. Since A : B =C:D, therefore (V. 4,Cor.)mA : B
=mC:D.

It is similarly proved that A :nB = C:nD; for this is
the case of m == 1 in V. 4; as in the corollary in the case
of m=1.

Fourth. Since A:B = €:D, by alternation A.C =

B:D; and therefore, as in the second cuse above, %A %C

=B:D; and aguin, by alternation, --A: B = C: D,

Fifth. Since A:B=C:D, and (V. 15) A:B=
mA : mB, therefore, by equal ratios (V. 11), mA :mDB =
C:D. :

Sixth. Since A:B=C:D, aud since A, B, are equi-
multiples of ;];A, —:—‘B, by m ; therefore (V. 15) A:B =

1,1 1, 1
A1 B; and consequently (V. 1) ;;A:;B:C:D.

m

XXRRCISE 11.~—~THEORRM.

If any number of magnitudes be in continued proportion,
the difference between the first and second terms is to the
first, as the difference between the first and last to the sum
of all the terms except the last.

Let A, B, C, D, E, be in continued proportion, then
A~B:A=A~E:A4+B4+C+D.
Since i)v. Def. 15) A:B=B:(C, B:C=C:D, snd
C:D =D:E; therefore (V. 12)
A:B=A4+B+C+D:B4+C+D+E.
Hence (V. D), by conversion, A:A~B=A+B4C+
D:A~E; for Prop. D of V. is true when the differences
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of A, B, and of C, D, are taken in the case of B=> A, and
consequently D = C; also the difference between the third
and fourth terms above is evidently A~E. By inversion
of the last analogy,

A~B:A=A~E:A4+B4+C+D.

EXERCISE I11.-——THEORKM.

If the same magnitude be added to the terms of a ratio,
it will be unchanged, increased, or diminished, according as
it is a ratio of equality, minority, or majority.

Let A, B, be the terms of g ratio, and C a third 'quan-
tity ; then,

First, if A=B,A+C:B4+C=A:B;
Sccond, fA B, A4+ C:B4+C=>A:B;
Third, if A=>B,A+4+C:B4+C < A:B.

First. Since A = B, therefore A 4+ C = B + C; there-
fore (V. 7) A4+ C:C =B+ C:C, and by alternation,
A4+C:B+C=C:C. It issimilarly proved that A: B =
C:C; and consequently (V. 11) A4+ C:B4+C=A:B.

Second. Here A = B; and if B— A =D, then B =
A4D.

Let p be such a number that pC = A ; also, let nD be
the least multiple of D that exceeds pA, so that
PA = nD; and hence pA + A = nD, or = nD;
und consequently pA + pC = nD, or p (A 4 €C) = aD.

Let m be a number, such that m =n+4p, or p=
n—n;
then, since pA =nD,p=m—n,and D=B—A4;
therefore (m —n) Aéul&B—A);
or, mA —nA ZnB—grA;
whence mA = nB, by adding nA to each of the preceding
unequals.

Again, since  p (A +C)=aD,

erefore PA+pC=n(B—A);
or, MA —nA 4+ mC—nC>nB-—ni;
that is, mA + mC = nB 4 nC, by adding wA 4 nC to
each of these uncquals.

‘Wherefore m(A4+CY=>al(B4+CL
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Bat it was proved above that mA < nB; consequently
(V.Def. 14) A4C:B4C>A:B.

Third. Here A= B; and if A—~B =D, then A =
B4+D.

itetpbe such a number that pC = B ; also, let mD be
the least multiple of D that exceeds pB, eo that

B .<mD; and kence pB + B = mD, or = mD;

and consequently pB 4 pC = mD, or p (B + C) = mD.

Let n be anumber guch thatn =m 4 p,or p—=n—m;
then, since pB mD,p=n—m,and D=A—B;
therefore (n—m)B.om(A—B);
or, 2B —mB - mA —mB;
whence nB = mA, or mA == B, by adding mB to each
of the preceding unequals.

Agam, since (B4 C)=mD,
therefore pB+pC > m(A—DB);
or, 2B —mB 4 2C—mC = mA —mB;
that is, wB 4 nC > mA + mC, by adding mB 4+ mC to
each of these unequals.
Wherefore n(B4+C)=>m (A+C), or m (A+4C) <

But it was proved above that mA _~ nB; consequently
(V. 14) o T T
EXERCISE 1V.—THROREM,

The difference of the successive terms of a series of con-
tinued proportionals are also in continued proportion.

let A:B=B:C,B:C=C:D,and C:D=D:E;
then, if A== B, A—B:B—C=B~—C:C—D, and
B—~C:C—D=C—D:D~—E.

For since A:B=B:C,
therefore, by division, A—B:B=B—C:C;
and alternately, A—B:B—C=B:C.
Aguin, because B: C = C: D, it is similarly proved that

B—C:C—D=C:D.

But by hypothesis, B: C = C: D ; consequently, by equal
ratios (V. 11), A—B:B—C=B—C:C—D.
It is similarly proved that B—C: C—D =C—D: D—E;
consequently A — B, B— (', C—D, and D—E, are in
continued proportion.



" The samb iis sim oved when A =B that &
case, when A => B the series is evidently increasing, for

when A = B, then B = C, also C =D, and D =

FEXERCISE V.—THEOREM,

The first term of an infinite decreasing series of quan-
tities in continued proportion, is 8 mean proportional be-
tween its excess above the second and the sum of the
series.

For whatever be the number of terms of the series, it is
shown, as in the 2d Exercise, that, Z denoting the last
term, 8 the sum of all the terms, and A, B, the first and
second terms, A—B:A=A—Z:8—2Z.

But the series may be so far extended, that the last term
Z will be less than any assignable quantity, however small ;
hence the limits of the values of A—2Z and §—2Z are
A and S; therefore

A—B:A=A:S )

SIXTH BOOK.

EXERCISE 1.—THEOREM.

Lines that intersect any three parallel lines are cut pro-
portionally.

Let the two lines AE, BF, intersect the three parallcl
lines AB, CD, EF; then AC: CE = BD: DF.

For produce AR, BF, to meet in G; then (VI. 2) since
CD is parallel to AB, a side of the G
triangle ABG,

AC:CG =BD.:DG;
altermately, AC:BD = CG:DG.
Agnin, because CD is el to EF,
a side of the triangle , therefore

CE:CG =DF:DG;
and alternately, CE:DF =CG:DG.
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But it was ve:‘labwn&atAgQBgD:'bgﬂmDG,
wherefore, ratios, * ¢ == 1 D¥;
“M,eq AC:CE = BD:DF

EXERCISE 11.—THEOREN.

If & straight line be divided into three ents, such
that the rectangle under the whole line and the middle
segment is equal to that under the extremne segments, the
line is cut harmonically.

Let the line MN be cut into three segments in P and Q,
such that MN - PQ = MP-QN; then will MN: NQ =
MP:PQ.

Since MN - PQ = MP - QN, therefore (VI. 16) the
sides of these rectangles are reci- "

Krocal roportional ; L x
mlyp B MN:NQ=MP:PQ.

EXERCISB IIT~~THEORE),

If from any point in the circumference of a circle a per-
pendicular be drawn on any radius, and a tangent from the
same point to meet the radius produced, the radius will be
a mean proportional between its segments, intercepted be-
tween the centre and the points of concourse.

Let PVS be a circle, V any point in its circumference,
PS a diameter, VX a J:erpend{cula: on it frgm V, and VT
s

a nn%\c meetin diameter uced in T; then
wWX: =WS§ :gWT. prod - !

For join V, W ; then, since angle W is common to the

t‘;;an le.wxgtv;’x, WTY, and an v
are 1 angles,
therlef:)re (I 32) et rar ing _
angles are equal, and the triangles ST
are eq;viangﬁn; hence (V1. 4)
X:WV=WV:WT; R

and since WV == W8 WX: W8= WS;WT.

EXEECISE 1V.—~THEOREM.
If arcs of different circles have a commen chord, fines
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diverging from one of its extremities will cut the arcs pro-
portionally.

Let the ares AEB, ACB, of two different circles have a
common chord AB; then if the lines AC, AD, be drawn,
BF:FE = BD:DC.

For (V1. 33) BF:FE = ang]e BAF : angle EAF; and
also BD :DC = angle BAF : angle EAF; E
for angles BAF, EAF, are just &e angles r

BAD, CAD. ’
(»omequentlv from equal ratios (V. 11), m
BF: D:DC. A B

:FE =

EXERCISE V.~—PROBLEM.

To cut a straight line harmonically.
T.et AB be the given line to be divided harmonically.

Draw any line AE, and on it E
take any two ents AD and C
DC, and make CE = CD; join X

CB, and draw DF purnllel to . )i
CB; join EF, and draw CG A G F

pamllel to EF, and AB is cut harmonically in G and F

For since DF is parallel to CB, the triangles ABC, AFD,
are similar; and for a similar reason, AEF and ACG are
also similar ; consequentl

AB:BF = AC:CD (V1 4);
but AC:CD == AC:CE, because CE = CD;
also AC:CE = AG:GF (V1. 4);
since the second ratio of the first of these three analogies,
and the first ratio of the third, are equal, the first rutio
must be equal to the last ; that is,
AB:BF = AG GF;

whence AB is cut harmonically.

Or, more concisely thus :
AB:BF = AC:CD (V1.4) =AC:CE = AG:GF (V1. 4);
hence AB:BF = AG:GF, or AB: AG = BF:GF (V.
16).

ScmoLtvm.—It is evident that the line AD could be cut
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harmonically in any given ratio; for if the ratio of any
two lines M and N is the given ratio, AC and OD could
be made respectively equal to M and N, and then AB would
be cut barmonically in the given ratio.

A line can therefore be cut internally and externally in
the same ratio (1I. Def. 3, 4).

For if any line AF were given, it could be cut in @, and
goduced to B, so that AB:BF = AG:GF, by joining

F, and drawing CB parallel to DF, and then joining
EF, and drawing CG parallel to EF. (See VI. A, Scho-
lium 1).

EXERCISE VI.——FROBLEM,

To find a line such, that the first of two given lines shall
be to the second as the square of the first to the square of
the required line.

Let P, Q, be two given lines; it is required to find a
third line X, such that P: Q = P'?: X%,

Find a line X, a mean proportional between P and Q
(VL. 13), then P: X =X:Q; and P
consequently P:Q in the duplicate Q ——-——
ratio of I’ to X (V. Def. 18) ; but this X ———-—— -
latter ratio is that of P to X2 SVI. 20, Cor. 3);
hence P.Q=r:Xs

EXKRCISE V1I—PROBLEM.

To find a line such, that the first of two given lines shall
be to it as the square of the first to the square of the
second.

Let T, Q, be two given lines; to find a third line X,
such that P: X = P?: Q.

Find a third proportional X, to the lines P and Q;
then P:Q = Q:X; and therefore, ¥ - - ~e e
as in the preceding exercise (V. Def. @

18, and VL 20, Cor. 3), P: X = x -
P:Q

EXERCISE VIII—PROBLEM,
From a given angle, to cut off a triangle equal to a
) E
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given space, 8o that its sides about that angle shall have s
given ratio.

Let BAC be a given angle, M, N, two lines in a given
ratio, and 8 a line whose square is the given ; to cut
off, by a ltmight line DE, a triangle ADE = &%, and such
that AD: AE = M:N.

Make AB = M, and AC = N, and join BC; then

AB: AC is the given ratio. Find the c
side T of a square equal to the triangle E

ABC (II. 14); and find AD a fourth

proportional to T, 8, and AB (VI. 12),

and draw DE parallel to BC; then A D B

ADE is the required triangle. M

For (VI. 22) T*: 8 = AB*: AD?; N—vu—
and (VI. 22, Cor. 3) triangle ABC: B ———
triangle ADE = ADB?: AD?; T e
hence (V. 11) triangle ABC : triangle ADE =T?: 82,
But tnangle ABC ='I?; hence triangle ADE = §; also
AD: AE = AB: AC, since DE is parallel to BC (VI. 2);
wherefore AD: AE = M:N.

EXBRCISK 1X.—PROBLEM.

To cut off from a given triangle another similar to it, and
in a given ratio to it.

Let ABC be a triangle, and M, N, two lines, to cut off

from ABC another triangle ADE, similar to ABC, so that
ADE:ABC = M:N.

On AB describe the semicircle ABG ; and cut off AF, so

that AB: AF =N:M (VL 12); draw c

FG dicular to AB, and join AG A

and ; make AD = AG; draw DE Ea

parallel to BC, and ADE is the required "~ \,

triangle. Af TR 0B
‘or (V1. 8, Cor.) AB: AF = AB®: \ P

AG?; but AB:AF = N:M, and AD \:

= AG; therefore N: M — AB?: AD*. P

Aguain, the triangle ABC : triangle x
AEE_—.AB':AD*AXL 20, Cor. 3);
wbeNrefolfe triangle ABC : triangle ADE
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EXERCISR X.~—PROBLEM.

Through a given point in & circle, to draw a chord whose
segments shall have a given ratio.

Let KFL be a given circle, and the ratio of the lines
M, N, the given ratio, and P’ the given point; to draw a
chord GF ugh P, 8o that G : PF = M:N.

Through P draw the diameter KL, and PQ perpendi-

cular to it; make AB Sﬁg;’to 9th Ex.) . .

=M, and AC= N, an dalineTa

mean proportional to ADB and AC; then / //

find AD a fourth pmﬁortional to T, PQ, R;"‘;. et L8

and AB; and draw DE parallel to BC; .\ /

then AD, AE, are the required segments L

of FG. Make PG = AD, and produce R

PG to F, and PF is the required chord. »
Since T*: PQ? — AB*: AD¥(VL.22); N ..

and since the rectangles BA-AC and T —

DA - AE are similar, for BA: AC = AD: AE, thercfore

BA-AC:DA-AF = AI¥: AD® (VI. 22, Cor. 3);

consequently BA-AC:DA- AE =T PQ?;

but, by construction, BA : T =T : AC; whercfore (VI. 16)

BA-AC = T?; therefore (V. 14) DA - AE = P’Q?; but

PG PF = PQ?* (I11. 35) ; also AD = PG ; wherefore PF

= AE. Again, by construction, AD: AE = M: N ; there-

fore PG :PF = M:N.

EXERCIZE XI.——FPHOHLEM.

Given the base, the altitude, and the ratio of the sides
of a triangle ; to construct it.

Tet FE be the hase of a triangle, the altitude a line H,
and the ratio of the sides that of two lines M and N; to
construct the triangle.

Place M and N contgumu, and in a line, then cut FE in
A in the ratio of M to N (V1. 10); produce FE, and cut it
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inC, so that FC:CE =M:N
(Ex. 5, Scholium). Then on AC,
as a diameter, describe the circle
ABC; draw from A a perpendi- F
culsr to FA, and cquar H (not
represented in the figure), and
thm:lsh its ulgrcr extremity draw |
a lel to FE, cutting the circle N
ABCin B (asin the 17th Ex. of !
the Fourth Book); then draw BF, BE, and BEF is the
required triangle.

Join AB, BC, and draw the radius BD ; then, since by
construction FA:AE = M:N, and FC:CE = M:N;
therefore FC: CE = FA : AE; henece,
hy alternation (V. 16), CF:¥A =CE:EA;
by mixing (V. (), (F 4 FA:CF—FA =CE4EA:
CE—EA.

But CF4FA -=2FA+42AD =2FD,
CF—FA = AC = 2 AD,
CE 4+ EA =CA =2AD,
CE—EA=AD4+DE—EA=AE4+2DE—EA=2DE;
wherefore 2FD:2AD=2AD:2DE,
or (V.15) FD: AD = AD:DF, or ED-DF = AD?; it
therefore follows, by VI. F, that FB: BE = IFA: AE; and
consequently FBE is the required triangle.

Con. 1.—The circle ABC is the locus of the vertices of
all the trian that can be constructed on FE as a base,
and having their sides in the given ratio of M to N.

Con, 2.—If a line, ns FC, be cut in A and E, so that
FC:CE =FA: AE; then also FC: FA = CE: EA.
Con. 3.—1If the segment AC, made up of the middle and

an extreme segment, be bisected in D, then DF, DA, and
DE, are in continued proportion ; and conversely.

EXERCISE X11.—THEOREM.
If from the extremities of the base of a triangle, lines be

drawn bisecting the opposite sides, they will divide each
other in the mgo of lwgpto:lone.
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Let ABC be a triangle, and AF, BD, lines from A and
B, bisecting BC, CA, n E and D; then AO:OE =2:],
and BO: 0D =2:1.

For join DE; then since CD = DA, and CE = EB,
therefore CD : DA = CE : EB, and con- ¢
sequently (VI. 2) DE is gmdlel to AB; A
wl‘xlerefory; Em le CDE = CAB, and CED /;' \
= CBA (1. 29), and the trinfl_lglen\(rlDE, DL,
CAB, are equiangular ; therefore (VI.4) 7 ¢
CD:DE:QqCA:gXB; ¢ ‘;_'______F\‘ \
or alternately, CD:CA =DE:AB; 4 G 3
but CD = § CA; therefore DE = § AB (V. C).
Now, triangles AOB, DOE, have the vertical angles at O
equal (I.15), and the alternate angles at ID and B are
equal, wherefore the triangles are similar; hence (VI. 4)
AO:0OE=AB:DE; but AB = twice DE, therefore AQ =
20E; and it is similarly proved that BO =2 OD.

B

EXERCISE X!U1.—TUHEOREM.

If a line be drawn lel to the base of a triangle to
meet the sides, and the alternate extremities of this line
and of the base be joined, the line drawn from the vertex
through the intersection of the connecting lines will bisect
the base, and will be cut harmonically.

Let ABC (fig. to last Fx.) be a triangle, and DE any
line parallel to the base A, and cutting the sides in I) and
E, then CO produced, bisccts the base in G, and CG is cut
harmonically ; or CG: CF = GO : OF.

The triangles CDF and CAG are similar, since DE is
paralicl to AB; hence

CG:CF=CA:CD (VL 4,and V. 16).
Agnin, as in the last Exercise, it is proved that the triangles
ABC, DEC, are similar ; hence
CA:CD=AB:DE;
but, as was proved in the preceding Exercise, the triangles
ABO, DEOI,’are similar ; !bereﬁ?eg ¢
AB:DE = AO:OE.
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Now, the triangles AOG, FOE, are similar, since their ver-
tical angles at O are equal, and the alternate angles at A
and E; wherefore AO:OE = GO:OF.

In the last four analogics, the second ratio in each is the
same as the first of the succeeding analogy; hence the first
ratio is equal to the last; or
CG:CF =GO:0F;

that ¥s, CG is cut in harmonic proportion.

Again, in the similar triangles CGB, CFE,
GB:FE = CG:CF;

and in the similar triangles AOG, FOE,
AG:FE =GO0:0F;

but it was already proved that CG:CF = GO:OF;

wherefore, by equal ratios (V. 11),

GB:FE = AG:FE; hence (V. 14) AG = GB.

EXERCISE XIV.—THROREM.

The inclination of two chords of a circle is measured by
half the sum, or half the difference, of the intercepted arcs,
according as they intersect internally or externally.

Let ABED be a circle, and AD, BC, two chords inter-
secting in O ; then,

First, When the seetion is internal, angle AOB is mea-
sured by half the sum of the intercepted arcs AB, CD.

For draw DE parallel to BC; then g[l. Oth Ex.) arc
CD = BE ; wherefore arc AE = AB +BE D_

= AB+CD. Butangle AOB=D,and ¢/

D is equal half the angle at the centre, / \
standing on the arc AE (III. 20), which \ \
may be measured by that arc (VI. 33, AR
Cor. 2); hence angle D or AOD is mea- 2 /B

sured by bLalf the arc AE, or by half the
sum of AB and CD.

Secondly, Lot the section be external, then angle AOB
i EWOD by half the difference of the intercepted arcs
A -
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For if DE be drawn parallel to BC,
then, as in the preceding case, arc CD =
BE, and angle O = ADE. But angle
ADE is measured by half the arc AE,
which is the difference between the arcs
AB and BE, or AB and CD; wherefore
angle O is measured by half the difference
between the arcs AD and CD.

EXERCISE XV.—THEOREM.

If three lines be in continued proportion, the first is to
the third as the square of the difference between the first
and second, to the square of the diffcrence between the
second and third.

Let A, B, C, denote three lines, such that A:B=DB:C.
then A:C = (A~B)*: (B~ C).

For by conversion (V. D.), A:A~B=B:B~C;
by alternation (V. 16), A:B=A~B:B~C;
eonle(lt,xemly (VI.22,Cor.), A': B*= (A~BY:(B~C)%.
But (V. Def. 18, and VL. 20, Cor. 3), A:C = A*:B*;
thercfon)‘:, by equal ratios (V. 11), A:C = (A~B)?:
(B~C).

EXERCIBE XVI.~—THEOREM.

If a line bisect the angle adjacent to the vertical angle of
a triangle, and meet the base produced, the difference be-
tween the square of that line and the rectangle under the
external segments of the base, is equal to the rectangle
under the sides of the triangle.

Let ABC be a triangle, CP a line bisecting angle BCE
adjacent to the vertical angle, and cutting the iau AB pro-
duced in P, then AP PB — CP? = AC-CB.

Draw CD, bisecting angle ACB ; then since angles ACB,
BCE, together are equal to two r
right angles, their halves DCB, (/
BCP, together will be equal to 5
one right angle, or DCP = a right : /] \
angle ; hence CD* 4 CP* = DP2. < Lyt
But glr. B), AC-CB=AD-DB B E
+ CD;
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adding CP? to these equals,
AC-CB4CP!=AD -DB+4CD*4CP?;

= AD DB 4 DP?; since it was
above shown that CD? 4 CP2 = DP2.
Now (IL. 4), DP? = DB? 4 BP? 4+ 2DB- BP,

= DB+ BP? +-DB-BP 4 DB -BP.

Hence AD-DB 4 DI = AD DB+ DB?+ DB-BP 4
DB-BP 4 BI”.
But (II. 1) AP-DB=(AD+4 DB+ BP) DB=AD-DB
+DB 4+ BP-DB;
and (II. 3) DP-BP = DB-BP 4 BP%;
consequently AD-DB 4 DP* = AP-DB4 DP - BP.
Now (VI. A, Cor.) AP is cut harmonically in D and B,
hence AP:PB = AD:DB;
therefore (VI. 16) AP-DB = AD - BP.
Wherefore AD-DB 4 DP* = AD-BP 4+ DP-BP =
(AD 4-DP) BP == AP BP.
And since it was formerly proved that AD- DB 4 DI? =
AC:CB + CI”; consequently AC- CB 4 CP?* = AP - BP;
orCthe difference between AP - BP and CI%, is equal to
AC-CB,

EXERCISE XVII.—THEOREM.

If two tangents and a secant be drawn to a circle from a
point without it, and the points of contact be joined by a
straight line, the secamt wi?l( be cut harmonically.

Let ABD be a circle, PB, PA, two tangents to it from
any point P; join AB, and draw any secant PD from P,
and it is cut harmonically ; that is, DP: PF = DE: EF.

For the tangents AP, BP, are equal (Ill. 37, Cor.);
hence ABP is an isosceles triangle; 3
therefore (I1. D.) PB*—PE*=BE-EA, o AN
and (1L 35% BE'EA = DE-EF; ( —E AN
consequently PB? — PE' = DE-EF; | j —>>
that is, PBf exceeds PE! by the rect- \/./
angle DEEF; or 74

PB* = PE' 4 DE-EF.
But (II1. 36) PB* =PD-PF;
consequeatly PD:PF = PE® 4 DEEF.
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Now §H. 1) PD-PF = DE-PF 4+ EFPF + PF*;
and (II. 4) PE'*=EF*' 4+ PF 4 2EF PF;

therefore DE:PF 4 EF:PF 4 PF? = EI? 4 P}* +
2EF-PF 4 DE- EF.

‘rom both these equal quantities take away the equals;
namely, EF - PF, and also PF?, and there remains DK - PF
= EF 4-EF - PF 4 DE- EF.

But (11. 1) EF-DP = EF-DE4 EF-EF 4+ EF ‘PF;
consequently DE-PF=DP-EF;

or (‘:'(i 16) DP:PF=DE:EF;

and therefore (V1. Def. 5) the secant I’D is harmonically
divided.

EXXRCISE XVIII.—THEOREM.

If two triangles have two angles together equal to two
right angles, and other two angles equal, the sides about
their remaining angles are proportional.

Let ABC, BDE, be two triangles having the angles ut

B supplementary, and the vertical angles R,
ACB, BED, equal, then shall (,j\
CA:AB=ED:DB. g

For having placed the triungles with / W
their supplementary angles contiguous, so \A
that the sides opposite to the equal angles < /_ ' *
may be in the same straight line ABF, 4 BoovD
then draw CF parallel to ED), and therefore (1. 29) angle
BCF = BED = ACRB; consequently angle ACF is bisected
by BC; and hence (VI. 3)

AC:CF = AB:BF;
or alternately §V, 16), AC: AB = CF: BF.
But triangles BCF, BED, are evidently similar, and hence
CF:BF = ED:DB; whence, by equal ratios (V. 1),
AC:AB = ED:DB.

EXERCISE XIX.—THEOREM.

If a line be drawn through any point in the base of an
isoaceles triangle, so as to cut off from one side, and add to
the other, equal segments, it will be bisected by the base.
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Lot ABC be an isosceles triangle, and let the line DGE
cut off the segment AD from one side C
AC, and add the equal segment BE to
the other side BC, then will DE be bi-
sected in G.

For angle A = ABC (L. 5); but
ABC 4 ABE = two right angles ; hence ,
A + GBE = two right angles ; also the
vertical angles at G are equal ; it follows,
therefore (i]x 18), that in the two triangles ADG, BGE,
the sides about the angles at D and E are ional, or
AD:DG =BE: EG; whence (V. 14) DG = GE, because
AD is given = BE.

D

EXRRCISRE XX.—THEOREM.

If from the angular points of a triangle, lines be drawn
through any point within it to meet the opposite sides, and
if from the point of section of the base, lines be drawn
through the other two points of section to meet a line
drawn through the vertex parallel to the base, the inter-
cepted portion of the latter is bisected in the vertex.

Let ABC be the triangle, and O the point within it ; AD,
BE, CF, the lines through it from the G %
angular points, GIT a line parallel to
Ag; and produce kD, FE, to G and
11; then is GC = CII.

‘or draw EI, DK, parallel to CF,
then the triangles AME, AOC, are .
similar; as also AIM and AFO; BOC AT F ¥ B8
and BND ; and also BOF and BNK ; henceSL 4)

EM:CO=AM:AOQ,and AM: AQ = MI:0OF;
hence, from equal ratioe, EM : CO = MI: OF;
and alternately, EM:MI = CO:OF.
In the same manner it is proved that DN : NK = CO: OF ;
whence, from equal ratios, EM : MI — DN:NK;
by addition, EM:ElI=DN:DK;
or by alternation, EI: DK = EM:DN.
But because the tri EOM, DON, are manifestly
similar, EM:DN=0M:0D,
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and (VL. 2) OM:0D =1IF:FK;

whence, from equal ratios, EI: DK = IF: FK,

and alternately, EI:IF = DK:FK.

But triangles {EIF and GCF are evidently similar, since EI
is el to CF, and CG to IF; and hence angle IEF =
C and EFI = FGC; and it is similarly shown that
triangles DKF, CFH, are similar; | !

whence EI:IF = ¥C:CG,

and - DK:KF=FC:CH;

whence, ﬁomvulnﬁoc, FC:CG = FC:ClI;
consequently (V. 14) CG = CH.

The proportions may be stated more concisely thus, after
proving the yarious triangles similar as above :
EM:MI=CO:0F = DN :NK,or EM:MI =DN:NK.
By addition and inversion, EI: EM = DK :DN.

Or EI:DK=EM:DN=EO:ON=1F:FK;

whence El:lIF =DK:FK;
and FC:CG =EI:IF = DK:KF =FC:ClI;
and hence CG = CH.

EXERCISE XXI1.—THEOREM.

If from the extremities of the base of a triangle, lines be
drawn through any point in the perpendicular to meet the
wides, lines joining the points of section of the sides with
that of the gmse, will make equal angles with the base.

In the preceding Exercise, it was proved that CG =CH;
and hence, when CF is perpendicular to AB, or to its
parallel GH, then the two triangles FCG, FCH, have the
sides FC, CG, respectively equal to FC, CH ; and the con-
tained angles being then right angles, therefore the triangles
are everyway equal ; and hence angle CFG = CFH.

EXERCISE XX11—THREOREM.
Harmonicals cut all straight lines that intersect them
harmonically.
Let OM, ON, OP, 0Q, be harmonicals, and RU any
line intersecting them, then RU is cut harmonically.
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For the harmonicals must cut some line harmonically
(VI Def. 8); let MQ be this line, .0
and draw YW and XY parallel to
OM. Then, since VW is parallel to
OM, the exterior angle P and inte-
rior M are equal, and also the angle
Q is common to the two triangles
PQV and MQO ; they are therefore
similar (I. 32, and VL. 4), %gain,
in the triangles PNW and MNO, the alternate angles at P
and M are equal, and the vertical angles at N, therefore these
two triangles are similar; and for exactly similar reasons
the triangles TUX, RUO, STY, and , are similar;
wherefore« MO :PV = MQ:PQ (VI. 4),
and MQ:PQ = MN: NP (by hypothesis) ;
also MN:NP = MO:PW (VI.’T);
and since the second ratios of the first and second of these
three analogies are the same as the first of the second and
third respectively, the first ratio must be equal to the last ;
that is, MO:PV = MO:PW;
and consequently (V. 14) PV =PW. ... [2]

in, since XY is parallel to VW, the triangles OTY,

()I?\g‘,lare similar, and also OTX, OPV; 8
consequently PW:TY = OP:OT (VI 4),
and OP:0T=PV:TX;
whence, by e(\rual ratios, PW:TY = PV:TX (V. 11);
but PW = PV by [2] above ; hence TY = TX (V. 11).

By similar triangles, RU: TU = RO :TX (VI. 4),
and RO:T§=RO:TY, for TX =TY;
also RO:TY = RS8: T8 (V1. 4);
hence, by equal ratios, RU: TU = RS: TS;
and therefore RU is cut barmonically.

The demonstration may be more concisely stated thus,
after proving the various triangles concerned to be similar :
MO:PV = MQ:PQ = MN:NP = MO : PW; therefore
I'v="PW.

Aguin, TY :PW = QT:OP = TX:PV; but PW =PV;
hence TY =TX ;
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dso RU:TU=RO:TX =RO:TY =RS8:TS; or RU
is cut harmonically.

Cor.—If the harmonicals OM, ON, OP, 0Q, cut a line
MQ barmonically, and if another line R'U be cut harmo-
nically, so that one of the harmonicals gassel through one
of its extremities U, and other two of them through two of
the points of harmonic section S and T, then the fourth
harmonical OM must pass through its other extremity R.

“or if not, let R’ be the other extremity of the line that
is cut harmonically, then

RU:TU =R'8:8T, by hyggthesil ;

but RU:TU = RS: ST, by the Exercise ;
whence R'U:R'S=RU:RS (V. 22);
and R'U:SU = RU : 8U, by conversion ;

hence R'U = RU (V. 14);
wherefore R and R’ must coincide ; that is, the point R in
the line OM must be the other extremity of the line.

EXERCISE XXIfI.—THEOREM.

If lines be drawn from the angular points of a triangle,
through any point within it, to meet the opposite sides, and
the points of section be joined, the former lines will be cut
harmonically ; and if these lines be produced to meet the
sides produced, the latter will be cut harmonically.

Let ABC be the triangle, and O the point within it, and
through O draw AD), ilE, i

CF, and join DE, EF, and A
FD; then AD, BE, CF, are
cut harmenically.

For produce FE and FD
to G and H, and draw 1K
and GCH parallel to AB. Ry T
Then, since GH is parallel to = A ¥ by
1K, the triangles GCF, I1OF, are similar, and also the tri-
angles HCF and OKF ; therefore

GC:10 =CF:OF, and CH: OK = CF: OF ;
hence (V. 11) GC:10 = CH:OK, and GC = CH (Bx.
20) ; hence (V. 14) 10 = OK.
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Again, the triangles ADF, ODK, are similar, and also
APF and OPI, because 1K is llel to AF; -

wherefore AD: DO = AF:0K, and AP: PO = AF:10;
but the second ratios of these last two analogies are equal,
because OK = 10 ;

whence (V.11) AD:DO =AP:PO;

consequently AD is cut harmonically ; and in the same
manner it can be shown that BE and CF are similarly

out.

Let DE, EF, FD, be produced to meet the opposite sides
in N, M, and L, and these produced sides AL, BM, BN,
are cut harmonically.

For the triangles ALF, CLH, are similar, and so are
AEF, CEG, since GH is lel to AF;
whence AL:LC = AF:CH, and AE: EC = AF:CG;
hut the second ratios are equal, since CG = CH,
whence (V. 11) AL:LC = AEK:EC;
consequently AL is cut harmonically; and in the same
manner it is proved that BM and BN are cut harmoni-
cally.

EXERCISR XXIV.—THEOREM.

If through any point within a triangle lines be drawn
from the angular points to meet the opposite sides, and the
lines joining the points of section be produced to meet the
sides produced, the three points of concourse are in one
line.

Let ABC (fig. to last Ex.) be the given triangle, O the
given point, and L, M, N, the points of concourse ; they
ure in one straight line.

For join LB; then, because the lines LB, LF, LA, and
LN, cut BN harmonically (last Ex.), they are barmonicals ;
and because three of the harmonicals cut the line BM in
three points, B, D, C, of harmonic section, therefore the
fourth barmonic, LN, must pass through M, the extremity
of BM (22d Ex., Cor.); consequently the paints L, M, N,
are in one straight line.* .

® The only demonstration that I have seen of this theorem ls incor-

reot, aa it assumos DLN to be a triangle, whieh implicitly assumes
LXN to be a straight line. photy
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ScroLivm.—The propositions stated in the enunciations
of this and the preceding exercise are true, when the point
is taken without the triangle.

EXERCISE XXV.—PROBLEM.

To draw a straight line so that the part of it intercepted
between one side of a given isosceles triangle and the other
side Sroduced. shall be equal to a given line, and be bi-
sected by the base.

Let ABC be the given isosceles triangle (first figure),
and LM the given line; to draw a line DE = LM, so that
it may be bisected by AB.

Draw AP, BP, perpendiculars to AC, BC, and PF per-
pendicular to AB, bisect LM in N, und find a line GP u
fourth proportional
to AF, LN, and N
PF, and from P, / \
with radius PG, cut /
ABinG;join PG, 1/ \ N
anddrawDGEper- /s \_ 170
pendicular to PG, I\/fi:'"'“}“,") B AN S

a

=N

and DE is the re- =N

quired line. ' \\'\’ ’ -
Forangles PAD, S

PGD, are right v N » \

angles, and hence
PD is the diameter of a circle ing through the points
ADGP ; consequently angles PAG, PDQG, are angles in
the same segment of this circle, and therefore cc!nal (I1.
21); and consequently the triangles PAF, PDQ, are
similar, and thereforc PF: FA = PG :GD; but PF: FA =
PG : LN, by construction ; consequently GD = LN.

Now in the triangles PAF, PBF, the angles at F are
equal, being right angles, and those at A and B are equal,
being the complements of the equal angles CAB, CBA,
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and the side P¥ is common to both; hence the triangles
are everyway equal (1. 26) ; therefore AF — FB.
Aggin, angles PGE, PBE, being right angles, are equal;
hence PE is the diameter of a circle passing tbrough the
ints P, &, B, and E ; and hence angles PBG, PEG, would
in the same ent of this circle, and are consequently
equal (I11. 21); hence the two triangles PGE, l'?el?B, are

similar ;
and therefore PF: FB=PG:GE; but PF: FB = PG:LN
gEoonstmation, since AF == FB; therefore DG = LN =

The same proof applies exactly to the second case, repre-
sented by the second figure; that is, when PG is greater
than PB or PA, and the line DGE must be drawn without
the triangle ; only in this case angle PEG + PBG = two
right angles (III. 22), and PBF 4 PBG = two right
angles ; wherefore PBF = PEQG.

Cor.—Any line PG being drawn from P to any poit
G in AB, and a line DE (ﬁ'nwn perpendicular to it, the
latter will be bisected.

EXERCISE XXVI.—~—-PROBLEM.
Given the altitude, the vertical angle, and the sum or
difference of the sides of a triangle ; to construct it.

Let LDH (first figure) be the vertical angle, LD = DH
== half the sum of Ele sides, and DP = P, the altitude of

the triangle.
From centre D, with radius DP, describe the are PEQ;
draw LA,'HA, ndicular to D
DL and DH ; join i and AD.
Find MN a third proportional to

AR and DP; that is,
Jt AB:DP = DP: MN, or
AB-MN=DF* ... [1]
and then find the point F in
AD, #0 that DF may be a third
ional to AF and MN (1L A
14); thadis,  —
let AF:DF =DF:MN, or AF-MN =DF* ... [9]




MXTH BOOK. 7

next find a line AG & mean proportional between AB sad

AF; that is, so that .
AB:AG = AG: AF,or AB-AF = AG* ... [31

o G cad produce G both waye to 1 and K. and IDK

join GF, an uce ways to I and K, an

will be the required triangle.

For the triangles ADL, ADH, have the side DL =
DH, ﬂl?, AD c(imgont,h:ynd the angles at I;ajand :l ight
angtes ; henoce (1. are everyway ; ¢ re
mﬁ, DAL-.-.-&)A:Q. Again, the triangl?; ABL, ABH,
have the side AL = AH, and AB common, and the angle
BAL = BAH ; therefore these triangles are everyway alyul
(1. 4); consequently the angles at B are right an ow
by [3] the triangles ABG, AGF, must be similar, as the
sides about their common angle BAG are proportional
&VI. 6); hence angle AGF = ABG = a right angle.

ence, if DE be a perpendicular on IK, the triangles A(gl",
DEF, are similar, &e vertical angles at F being equal, and

the right es at G and E;
e "8\ AG = DFDE ... 4
But AF: AG* = AF: AB (VL. 8, and ,Cor.ﬂand{%;
or AF*: AG? = AF' MN: AB- MN, considering AF, AB,
as the bm)and MN as the altitude of these two rect-
hm(AF':AG'=DP:DP'by 2] and [1] above ;
or AF:AQ =DF:DP (V1. 23, Cor.)
Bat AF:AQG = DF:DE by (4) above;
hence DF:DP = DF:DE, and DE =DP (V. 14),

DE is » radins of DEQ; and being per-
pengi;uhtloll(,tha triangle DIK has the given altitude

Aguin, sinee IK is perpendicular to AG, therefore it is
Mudmnﬁnmﬂ{IL:KH(Ex.%.Cm);m
fore 1D 4+ DK = DL+ IL+DH ~KH=DL+4DH =
mofuidu;mdml{iﬂhesiunvmiulmgk;mw-
quently IDH is the required tnangle.

The seoond case is, when the difference of the sides are
iven instesd of the sum. In this case, IDK in the second
gmkﬁe;im'-ﬁdmﬂc,ninthﬁrnm;lm
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the isosoeles triangle LDH has for its vertical angle the
angle LDH supple- .. gle

mentary to 1DK, N =

and its sides DL, B

DH, are each half

the difference of the P '
sides. AG is found

as in the first case, / ™

the point F here -1 G E\K ¥

being the intersec-
tion of AD and IK, as in the first case; and it can be
froved here also (see 2d case of 25th Ex. and Cor.) that

G =GK, and IL. = KH = DK 4 DH ; whence

DI—DL=DK+4DH,or DI=DK +DL+4DH;
whence DI exceeds DK by DL 4 DH, or by the difference
of the sides. The rest of the proof is the same as in the
first case. Hence the triangle IDK has the given vertical
angle, the given altitude DE = DP, and the given differ-
ence of sides ; it is therefore the required triangle.

EXERGISE XXVIIL.—PROBLEM.

Given the base, the altitude, and the sum or difference
of the sides of a triangle ; to construct it.

Let AB be the base, H the altitude, and AC the sum of
the sides of a trjangle ; to construct it.

From A as a centre, with the radius AC, describe an arc
CFQ of a cirde; draw Q
BD perpendicular to N
AR, and make BE, ED,
each = H; find L, the
centre of a circle BDF
;.mch;ng the are CF ir': r

, and passing throug .

the points Bf D (I ¥
Ex. 14); join its centre

L with A and B, snd A le~—>8 ¢
ABL is the required .
triangle.  —

For if PE be drawn perpendicular to BD, it will be a
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chord of the circle DFB (1}11.3,00:. , and therefore the
centre L of this circle will lie in PE; and AL uced
must through the point of contact F (I11. 11); conse-
quently ALF is a straight line, and = AC; but AL+ LB
= AL+ LF; hence AL4-LB = AC. Aguin, sinos PE
and AB are both perpendicular to BD, they are

(1. 20); hence (1. 34, Cor. 1) the altitude of the triangle
is == BE = H. ABL is therefore the required triangle.

‘When the difference of the sides is given instead of the
sum, the construction is similar.

Let AG be the difference of the sides, and from the
centre A, with the radius AG, describe the are GKN;
draw BD and PE, as in the preceding case, and describe
a circle PBD through the points B, D, and touching the arc
GKN in K ; and its centre L will be the vertex of the tri-
angle, and ABL the required triangle.

‘or the line AL, joining the centres, will pass through
K;hence AK=A —-L&:AL—LB, or AL—ILDB=
AG. Hence ABL has the given base, the given height,
and the difference of its sides equal to the given difference ;
it is therefore the required triangle.

EXERCISE XXVIII~——~PROBLEM.

The altitude, the difference of the angles at the base, and
either the sum or diffcrence of the sides of a triangle being
given ; to construct it.

Let H be the altitude of the triangle, V the difference of
the at the base, and 8 the sum of the sides; to con-
struct the triangle,

Construct, by the 26th Exercise, the triangle ACD
having a vertical angle ACD

Lo
=7V, an altitude CE = H, 7N
and the sum of its sides AC, Pt
CD=8; produce AE to B, till \
EB = ED, and join BC; then \
ADC is the required trian KR B B

For the triangies CED, C -
have the sides CE, ED, respec- 4
tively equal to CE, EB, and p
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the angles at E are equal; hence (I, 4) the triangles are
everyway equal, and therefore CD =B, and angle B =
CE{ Now angle CDE = A 4+ ACD ; therefore ACD is
the difference between CDE and A, or between B and A ;
thatis,itis =to V. Also AC4+CB=AC+CD =S8. The

i ABC, therefore, has the given altitude, the sum of
its sides equal to a given line, and the difference between
the angles at its base equal to a given angle; it is therefore
the required triangle.

When the difference D between the sides is given instead
of their sum ; construct the triangle ACD so as to satisfy
the conditions by the 26th Exercise, then construct the tri-
angle ABC as in the preceding case ; then since AC — CD
=D, and AC —CD = AC —CB, therefore AC—CB=
D; and consequently ABC is the required triangle.

RXERCISE XXIX~—PROBLEM.

The altitude, the difference of the segments of the base,
and eitber the sum or difference of the two sides of a tri-
angle, are given ; to construct it.

Let H be the altitude, D the difference of the segments
of the base, and S the sum of the sides of a triangle; to
construct it.

Construct, by the 27th Exercise, the triangle ACD (fig.
to last Ex.), having a base AD = D, an altitude CE = l§,
and the sum of its sides AC, CD == 8; then complete
the triangle ABC, as in the last Exercise, and it is the
required triangle. :

For it was proved, in the preceding Exercise, that OB =
CD, and hence AC + CB = AC+CD; but AC$€D =
8; therefore AC4+CB =8; also AD = AE—ED =
AE—EB. Hence the triangle ABC has the given alti-
tude, the difference of the segments of its base equal to a
given line D, and the sum of its sides equal to 8

When the difference of the sides D is given instead of
their sum, construct the triangle ACD by the same Exer-
cise, namely, the 27th (second case), and complete the tri-
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angle ABC; and it can be shown, as in the first case above,
that ABO is the requited triangle.

EXERCISE XXX.—PROBLENX.

Given the sltitude, the vertical angle, and the perimeter
of a triangle ; to construct it.

Let ACB be the given vertical angle, AC, CB, each equal
to the semi-perimeter, and CD the altitude; to construct
the triangle.

Draw OA, OB, from A and B perpendicular reapectively
to ACand BC; from C as a eentrer?ewith the ramCD,

describe the arc DIE, and from O, with the radius OA,
describe the arc AKB; draw FKIG a common tangent to
these two arcs (IV. Exercise 7), K and I being the points
of contact ; then FCG is the required triangle.

For join OF, OG, OK, and CI; then the two triangles
OAF, OKF, have OA = OK, and OF
common, and the right angles A and
K; hence (I. C, Cor.) the triangles
are everyway equal, and therefore OF
bisects the angles AFK; and it is 4
similacly proved that OG bisects the , 2
angle BGK ; wherefore (VI.K) AF= 7, .
KF, and BG = KG; therefore CF+ /' ™
CG + FG =CF 4 FK 4 CG 4+ KG 0
=CF+FA+CGQ+GB = CA 4 CB = the given peri-
meter; also CI is perpendicular to FG (111 F(li), and it
is= CD‘b The tmu::l FCG, therefore, has the given
altitude, the given vertical angle, and the given perimeter ;
it is therefure the required triangle. grren pe
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EXERCISE I.—PROBLEM.

*

A straight line and two points without it being given, to
find a point in it such that the sum of the lines drawn from
it to the given points shall be 8 minimum.

12t P, Q, be the given points, and AB the given line;
to find a point, as G, in such that PC 4 CQ shall be

the least possible.

Draw BQ dicular to AB, and produce QB till
BD = BQ; join DP, and C is the re- »
quired point. K

For join CQ; then in the two tri-
angles 'BCQ, BCD, the side BD = /

and BC Ii?? common to both, and Ay
the angles at B are equal, being right; NG
oomq?x‘ently I 4) (%he triangles are \
everyway equal ; and therefore C) = D
cQ, am‘ly Pg + CQ = PC + CD = PD. Now if any other
{:int, a8 E, be taken in AB, and EQ, ED, be joined, it can
roved, in the same manner, that the triangles BEQ,

BED, are evei;ywny a)nal; and hence EQ = ED. Hence
PE4EQ =PE + ; but (I. 20) PE 4 ED is greater
than PD, which is equal to PC 4 CQ; consequently
PE 4- EQ ia greater than PC 4 CQ. It can si ly be
proved that PC + CQ is less than the sum of the distances
of any ather point in AB from P and Q; hence PO 4 0Q
is & minimum.

EXERCISE II.——THEOREM.

If an eccentric point be taken in the diameter of a circle,
of all the chords passing through this point, that is the Jeast
which is perpendicular to the diameter.

Jat R be an eccentric point in the diameter MN of a
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circle, then of all the chords passing through R, that which
is perpendicular to MN, namely, P& is the least.

For draw through R any other chord ST, and from the
centre()clrawO\5 eddiculart%g%; I,
then in the right triangle y
the h use8 Oﬁngs tcrgthan the N V
side OV; consequently (111. 15) the chord ;
PQ is less than ST. In the same way T
it can be proved that PQ is less than Y

any other chord passing through R; hence PQ is a

ninimum.
RXRROYSE 111.~—THEOREM.

Of all triangles that have the same vertical angle, and
whose bases lgw through a given point, that whose base is
bisected by the point is a minimum.

Let ACB be the given vertical angle of triangles whose
bases pass through a given point P, and let AB, the base
of the triangle ABC, be bisected in that point, then ABC
is the least of all the triangles.

For let DCE be another triangle, and through B draw
BF parullel to AC; then in the triangles APD, BPF, the
vertical angles at I’ are equal, and the e
alternate angles A and PBF are also
equal, and the side AP = PB; con- \\

uently the triangles are everyws D

:;Inﬂ, end tberefoge their ug‘y atz A > B
%0 ; hence triangle PBE is greater PN,
than APD. To each of these unequal
min add the teral &)PB, and the first sum,

y, the triangle CDE, is greater than the other sum,
namely, the triangle ABC. The same can be proved of the
trin.ngL ABC, and any other whose vertical angle is C, snd
whose base passes through P ; hence ABC is a minimum.

EXERCISR 1V.~—THEORKM,

The sum of the four lines drawn to the angular points of
any quadsilateral from the intersection of the diagonals, is
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less than that of any other four lines similarly drawn from
any other point.”

Let the diagonals AC, BD, of the quadrilateral ABCD
intersect in E, and let F' be any other point; then AF 4
FB + FC 4 FD is greater than AE 4+ EB 4 EC + ED.

For in the triangle AFC, AF 4 FC is greater than AC

I. 20); and similarly in triangle D ¢

FD, BF + FD is greater than BD ;
consequently AF + FC + BF 4+ FD
is greater than AC + BD); that is,
than AE 4 EB 4 EC 4 ED. Itecan
be similarly proved that the sum of A= B
the lines drawn from E to the angular points, is less than
the sum of the distances of any other point from them ;
hence the sum of the distances of E from the angular points
is & minimum.

EXERCISE V.—PROBLEM.

To find a point in a given line, such that the difference
of the lines drawn to it from two given points may be a
maximum.

Let AB be a given line, and P, Q, two given points; it
is required to find in ADB a point such that the difference
of its distances from P and Q may be a maximum.

Join PQ, and produce PQ to meet ABin R, and R is
the required point.

For take any point A in AB; join AP, AQ, and in the
line AQ cut off AC = AP, and join PC. Then (I.5) in
the triangle APC the angles ot P P
and C are equal, and therefore
each less than a right angle (1. 17); &
consequently angle PCQ is obtuse ¢
(I. 18, Cor.); and therefore the o
side PQ of the triangle PCQ must A B R
be greater than the side CQ. But PQ is the difference
between PR and QR, and CQ is the difference between
AP and AQ ; hence the difference of the distances of R
from P and Q exceeds the difference of the disances of
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any point, as A, from P and Q; consequently PQ is a
ma’ximum, and R is the required point.

When the point A is such that AP = AQ, it is manifest
that A is not the required point.

When AP is greater than AQ, interchange the letters
P and Q, and the same proof will apply.

EXERCISE VI.—PROBLEM.

A straight line, and two points on the same side of it,
being given, to find a point 1n it such that the angle con-
tained by lines drawn from it to the given points shall be u
maximum.

Let P, Q, be the given points, and MN the given line;
to find a point T in that line such that angle PTQ shall be
greater than any other angle PMQ formed at any other
point in MN, by lines drawn to it from I’ and Q.

Join PQ, and describe (IV. Exercise Oth) through the
points P, Q, a circle touching the line MN, ~ &
and the point of contact T is the required P T
point. R \\ -

For draw PT, QT, and in MN take // ., < \ "
any other point M, and join MP and ( / \\\

R&, Then angle PRQ = PTQ (111.22); \/__ R
but PRQ is greater than PMQ (I. 16); T “®
consequently PTQ is also greater than PMQ. It is simi-
larly proved that I'TQ exceeds any other angle formed at
any point in MN by lines drawn from it to P and Q;
therefore PTQ is a maximum.

EXERCISE VII~—~THEOREM.

The gum of two lines drawn from two given points to a
point in the circumference of a given circle, is when
they are equally inclined to radius or the tangent
drawn to that point.

Let E, F, be the given points, and LGK the given circle ;
any two lines EG, SF, drawn to a point G in the circum-
ference, such that they make equal angles with the radius
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OQG, are together less than the sum of EK, KF, drawn to
any other point K of the circumference.

For join IF, and draw the tangent MGI. Then because
EG, GF, make equal angles with OG,
angle EGO = FGO; from these angles
take away respectively the right angles
0GM, OGI, aud the remaining angles
EGM, FGI, must be equal. Since, then,
EG, GF, make equal angles with MI,
they are together less than the lines EI,
IF, drawn to~I (Ist Exercise); but KI
and KF are greater than IF ; to each add )
IE; thercfore FK and KE are greater A
than IF and IE; but EG and GF are less than EI and
IF; consequently EG and GF are still less than EK and
KF. The same can be proved wherever K is taken in the
circumference ; hence EG 4 GF is a minimum.

EXERCISE VIII.—PROBLEM.

Given three points; to find a fourth such that the sum
of its distances from the given points shall be a minimum.

Let E, O, F, be three points; to find a fourth G such
that the sum of its distances EG, FG, and OG, from the
three given points, shall be a minimurm.

Let OG be the distance of the required point from O,
whatever that may be, and describe the arc HGI, with
radius OG and centre O ; then the re-
quired point must lie in the arc HGI,
and the sum of the other two lines EG,
GF, must therefore be a minimum.
But this is the case (last Exercise)
when they make equal angles with the
redius OG ; that is, angle OGE = OGF. E F
In the same manner, by describing an arc from E as a
centre, and with a radius equal to the assumed distance of
the required point G, it can be ed that OG and GF
must make equal angles with EG. uently, when
the three angles at G are equal, the sum of the three lines-
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EG, FG, and OG, is a minimum. Since the three angles
are equal, each of them must be the third part of four right
angles, or equal to a right angle with the third of a n'l%t
nnlgle; tbieref:;e, if on any two of tl;.e three lines EF, ¥O,
OF, joining the points, ents of circles be described,
eachJ:ul: ning an mglmal to the third part of four
ri?ht ungles, that is, equal to double one of the angles
of an equilateral triangle, they will intersect each other in
the required point G.

PLANE LOCL

RXKRCISE I.— PROBLBM.

To find the locus of the vertices of all the triangles that
have the same base and one of their sides of a given
length.

Let AB be the given base, and the line L the given
length of one of the sides of a triangle; to find the locus of
i“ vertex. %

From A as a centre, with the radius AD = L, describe
the arc DCE, and it is the required locus.

For take any point C in the arc, and join CB; then the

triangle ABC has the given g
baoAB,andoneofiug:ides N

AC equal to the given line '

L; bence the point C is the \
vertex of a triangle fulfilling i ~
the asei itions of the A ) B

problem. It can be similarly P
ed that any other point in the arc is also the vertex of

a tri satisfying the given conditions ; consequently the
uchmh they;:g i zl‘ocxu.
! 1 —PROBLEM.
" Find the locus of a point that is at equal distances from
two given peints.
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Let E, F, be the two given points; it is required to find
the locus of all the points that are equi-
di:;am from E and F. PI

oin EF, and bisect it perpendicularly by

PL and this line is the re}r;flired locus. Y,

For take any point G in IP, and join EG,
GF. Then in the two triangles EIG, FIG,
the side EI — IF, and IG 1s common, and
the angles at I are right ; hence (1. 4) the E I F
triangles are everyway equal, and therefore
EG =GF. Now, G is any point in IP; hence IP is the
required locus.

BXERCISE 111.—~—PROBLEM.

To find the locus of a point that is equally distant from
two given lines, either parallel, of inclined to one another.

Let AC, AB, be the given lines; it is required to find
the locus of all the points that are equidistant from these
lines.

Bisect the angle BAC by the line AD, and it is the re-
quired locus.

For from any point O in AD draw the perpendiculars
OF, OF, and it can be proved (Book c
I. Ex. 8) that OE = OF ; and there- E
fore the point O is equidistant from
the two given lines AB, AC; the D
same can be similarly proved of any

other point in AD; therefore AD is -~

the required locus. A ¥ B
When the given lines are parallel, draw a line perpen-

dicular to oneng them, and it will be dicular to the

other (I, 20); then through the middle of this di-
cular draw a line parallel to the given lines, and it ia the
required locus. . ‘
For every point in the middle parallel is equidistant

mhofthepngenpnlkk(l.ﬂ.(:‘or.lu)lgmdum
point in it, namely, the middie of the above icnlar, .
18 equidistant from the given parallels, therefore every po
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in it is equidistant from them both; it is therefore the
required locus.

EXERCISE 1V.~—PROBLEM.

To find the locus of the vertices of all the triangles that
have the same base and equal altitudes.

Let MN be the given base, and A the given altitude of
a triangle ; to find g:e Jocus of its vertex.

Draw MP perpendicular to MN, and make it = A, and
through P draw geQ parallel to MN; and PQ is the re-
quired locus.

For in PQ take any point V, and join MV and NV;
then él. 34, Cor. 1) 8 perpendi- ¢ v W

cular from V on MN would be = 7§ N
MP = A ; and consequently, what- yd
ever point V is taken in PQ, the yd

triangle thus formed has the given 5
base and the given altitude ; there- N
fore PQ is the required locus of the 4
vertices.

EXERCISE V.—PROBLEM.

To find the locus of the vertices of all the triangles that
have the same base and one of the angles at the ﬁue the
same.

Let AB be the given base of the triangles, and let one
of the angles at the base be equal to the given angle V;
to find the locus of the vertices.

Draw a line AD, making with AB )
annx:lighA:V,mdADis the re-
quired locus. C

For take any point Cin AD, and
join BC; then the triangle ABC has
tbe'gnnbueAB.an an angle A A B
at the base equal to the given angle
V; and the same can be proved
wherever the point C is taken in
AD; therefors AD is the required locus.
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EXERCISE VI.—PROBLEM.

To find the locus of the angular point opposite to the
hypotenuse of all the right-angled triangles that have the
same hypotenuse.

Let AC be the given hypotenuse; to find the locus of
the angular point of the right angle of all the right-angled
triangles that can be constructed on AC.

On AC as a diameter describe the semicircle ADC, and
it is the required locus.

For in the circumference take any point D, and join AD,
DC; then (TIL 31) angle D is a right
angle; conscquently the triangle ADC is /}
right-angled, and it has the given hypo- - O
tenuse AC; the same can be proved (7
wherever the point D is taken in the eir- *
cumference ; hence the are ADC is the required locus.

EXERCISE VII.—PROBLEM.

To find the locus of the vertices of all the triangles that
have the same base and equal vertical angles.

Let AB be the given base, and G the given vertical angle
of a triangle ; to find the locus of its vertex.

On AD deseribe a circular segment AIIB, containing an
angle equal to given angle G (IIL 33);
and the arc AHDB is the required locus. I—_—

For the triangle ABII has the given S}
base AB, and its vertical angle H is e

ual
to the given angle G ; the same can (i;e proved if I were
any other point in the arc AHB; it is therefore the re-
quired locus.

n

EXERCISB VIIl.—PROBLEM.

To find the locus of the vertices of all the triangles that
have the same base and equal areas.

Let BC be the given base, und the area of the triangle
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ABC the given area; to find the locus of the vertices of
triangles that have the same base and area.

Through A draw EF parallel to BC, and it is the re-

quired locus. Y ¥
For in EF take any point D, and join = 7

BD, CD ; then the area of triangle BCD ;o

is equal to that of ABC, and it has also J“’“’;t

the given base BC; since the same can
be proved wherever the vertex 1) is taken in the line EIY;
therefore it is the required locus.

If the given area is that of any given rectilineal figure,
it can be reduced to a parallelogram by 1. 45, and the pu-
rallelogram thus found can be applied to half of the given
hase BC by I. 44 ; and then any triangle ABC being con-
structed on BC, having an altitude cqual to that of the
parallelogram, will be equal to the given area (1. 41).

EXERCISE IX.—PROBLEM,

To find the locus of the vertices of all triangles that have
the same base, and the sum of the squares of their sides
equal to a given square,

Let AB be the given base, and 8 the side of a square to
which the sum of the squares of the two sides of cach tri-
angle must be equal; it is required to find the Jocus of the
vertices of all the triangles that have AD for a base, and
the sum of the squares of their two sides equal to the
square on S.

Bisect AB in D, and then find a line G equal to the
diagonal of a square of which AD iy the side (I. 46); next
find a line H 3109@ square is equal e
to the difference between the squares TN
of Sand G; and then find a line \
CD equal to the side of a square of /
which 11 is the diagonal ; which is |
done by describing on 11, as a base, E 4 T i
a triangle having each of the angles & — - w0 -
at the half a right angle (se¢ ¢ -en e -
fig. to Prop. K of Book V., where Ii-—on. -= om
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AC is the diagonal of a square, and AB, BC, the sides);
and lastly, from D as a centre, with the radius CD, describe
the semicircle ECF, and it is the required locus.

For AC? 4 CI? = 2AD? 4 2CD2 (1. A);
and 2AD? = G* (L. 46 and 47);
also 20D =112;
consequently  AC*4-CB2 = G? 4 T2
But H? = 5? — G?, and adding G to these cquals,

2412 =80,

hence also ACP4+CB2 =82
Thercfore the sum of the squares of the sides of the tri-
angle ABC is equal to the given square of 8, and it has
the given base ; and since the same can be similarly proved
wherever the point C is assumed in the arc ECF; therefore
it is the required locus.

EXERCISE X.—PROBLEM.

1f straight lines drawn from a given point to a given line
be cut in u given ratio, to find the locus of the point of
section,

Let I be a given point, AB a given line, and M, N, two
lines in a given ratio; to find the locus of the point of
section of lines drawn from ' to AC, when they are divided
in the given ratio.

Draw any line PA from P to AB, and cut it in ) in the
iven ratio; that is, so that 7.
'D:DA =M:N; through D VN
draw DE parallel to AB, and |

it is the required locus. - LA

For in DE take any point E; e \
join PE, and produce PE to C; L
then since DE is parallel to AC, = C B
therefore (VI. 2) M e

PD:DA =PE:EC; N

but PD:DA = M: N by construction ;
hence  PE:EC = M:N by equal ratios (V. 11);
and as E is any point in DE, thercfore DE is evidently the
required locus.
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EXERCISE XI.—PROBLEM.

To find the locus of the vertices of all the trinngles that
have the same base and the ratios of their sides cqual.

Let FFE be the base of the tnangle, and let it he cut in A,
so that FA : AE is the ratio of the sides (V]. 10).
Produce FD to C, so that FC: CE may = FA: AE (VL
Ix. 5); on AC as a diameter st
describe the circle ABC, and it is ¢ -
the required locus.
For, by construction, F(C': CE
=FA:AE;
hence, by alternation, FC:FA = CE: AE;
by mixing (V. G), FC 4 FA:FC —FA = CE 4+ AE
CE—AL;
or IDF:2AD =2AD:2DI;
wherefore (V. 15) DF: AD = AD:DE;
hence (V1. 16)  ED-DF = AD%
It can therefore be proved, exactly as in Prop. F of Book
VI, that FB:BE =FA:AE;
that is, the ratio of the sides is the given ratio of FA: AE;
and .as B is any point in the circumference of the circle
ABC, therefore it is the required locus.

EXERCISE X1L.—THEOREY.

If a straight line drawn from a given point, and termi-
nating in the circumference of a given circle, be cut in a
given ratio, the locus of the point of section is also the cir-
cumference of a given circle.

Let AKE be a given circle, P a given point, and PA
any line drawn from P, and terminating in the circumfer-
ence AKE of the given circle; let PA be cut in B, so that
PA: B in a given ratio; then the locus of the point B is
also a circle.

For join A and the centre C of the given circle; draw
G
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PCK through the centre C, and BD parallel to AC; thena

circle described from

D as a centre, with //:’:J{\
radius DB, is the re- D /
quired locus BGF. ..~ A__l__lj_/.} / I

For (VI.4) PA: 1"‘\Q\\\ \\ \ :
PB = AC:BD; PN
N

wherefore AC: BD is
the given ratio; and
if any other point E be taken in the circumference of the
cirdle AKE, and the radius CE be drawn, and DF parallel
to it, the line joining I and E, namely, PE, will pass
through F.

For PD:PC=DB:CA;

therefore PD:PC =DF:CL.

Now, if PE cut DF in any other point than F, namely, F’
(not shown in the figure); then, since in the triangles
PDEF, PCE, the angles at D and C are equal (1.29), and
P is common, they are cquiangular ;

and consequently PDPC = DF': CF;

whence DF:CE =DF:(E:

and therefore DF = DI, or the point ' coineides with F.
Now B is any point in the circumterence AKE; where-
fore BGY is the required locus.

EXFRCISE XHIL—THEOREM.

If one of the extremities of straight lines drawn through
a given point be terminated in a given straight line, and
their other extremitics be determined, so that the rectangle
under the segments of cach line is equal to a given rect-
angle, the locus of thesc extremities will be the circum-
ference of a circle; and if one of the extremities be
terminated in the circumference of a circle, the locus of the
other extremities is a straight line.

Let A be the given point, and EF the given line; then
if any line, as BF, be terminated at one extremity F in the
line EF, and if the rectangle BA - AF is to be equal to a
given rectangle, namely, DA - AC; then the locus of the
point B willie a circle.



PORISMS. 95

Let DC be perpendicular to EF, and on AC deseribe a
circle ABC, and it is the required locus.

Forsince FA- AB = DA - AC, there-

fore (VI 16) FA: DA = AC: AB; but ’}f/\/—\
angles DAL, BAC, are equal (1. 15); [ R
henee (VI 5) the triangles ADE, ABC, €77 R
are similar, and hence angle ABC = S/
ADF; but ADF is o right angle, con- -7
sequently ABC is also o right angle,
DBut whatever be the direction of BF, the same can he
proved ; and as the angle in a semicircle 18 a right angle,
the point B will always lie in the circumference of a semi-
circle of which AC is the base; consequently the circle
ABC is the required Jocus.

Again, if the rectangle FA - AB s alwavs == DA - AC,
and if the extremity B of the line BEF is terminated in the
circumference of a cirele of which AC 18 the diameter, itw
other extremity I' will be terminated in a straight hne FI
perpendicular to CD.

For it can e proved, exactly as above, that the triangles
ADFEF; ABC, are similur, and therefore angle ADF = ABC,
but angle B is right (IIL 31); consequently angle ADF is
a right angle.  Whatever be the direction of the line BF,
it cun be similarly proved that the side DF iy perpendi-
cular to AD; consequently the locus of I is the straight
line EF.

Whatever rectangle is given, if M and N are its wides,
then, assuming AD for one side of another equal rect-
angle, the side AC can then be found (VI 12, wnd
V1. 16).

PORISMS.

BXERCISE 1.—PROBLEM.

Two points being given, to find a third, through which
any straight line being drawn, the perpendiculars upon it
from the two given ponts shall be equal.

Let M, N, be the given points, to find a third, as (),
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through which any line XY being drawn, the perpendi-
culars MR, N§, (f:awn upon it from M and N may be
equal.
Join MN, and bisect MN in O, and O is the required
oint.
g For draw any line XY through O, and the perpendi-
culars MR, N§, upon it. Then in .
the two triangles MOR, NOS, the v
angles at O are etiuul (L. 15), and
the angles at R and S are also equal,
being right, and the side MO = ON D
by construction; hence (I. 26) the I 4
triangles are everyway ecqual, and
therefore MR = NS, The same o
can be proved of the perpendiculars
from M and N on uny other line through O; hence it is
the required point.

EXERCISE II.—PROBLEM.

Three points being given, to find a fourth, through which
any straight line being drawn, the sum of the perpendi-
culurs upon it from two of the given points on one side of
it, shall be equal to the perpendicular on it from the third
point.

Tet A, B, C, be three points, to find a fourth E, through
which if any line GII be drawn, the sum of the perpendi-
culars AG, CH, from the two points on one side of it, ghall
be equal to the perpendicular BF from the point on the
other side of it.

Bisect AB in D, join CD, and cut CD in E, 8o that

CE:ED =2:1], and E is the re- B
quired point.
For draw AL parallel to GH, and /
D

draw DI perpendicular to GH, and
roduce IF and DI to L and K. &2 SEF__ R
hen by similar triangles ABL, |~ | }
ADK, AB:AD=BL:DK; K :\ X L\
but AB = 2 AD, therefore BL = c
2DK; and taking FL = 1K from both these equals, there-
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fore BE=2DI+ IK = 2DI + AG, for IK = AG (I. 34).
Again, since CEH, DEI, are similar triangles,

EC:ED = CH:DI;
but, by construction, EC = 2ED; hence CII = 2DI.
But BF = 2DI 4 AG; therefore BF = CI1 4+ AG; and

therefore 1 1s the required point.

Conr.—Ilence the perpendicular drawn from the middle of
a given line on any line, is equal to half the surm or half the
difference of the perpendiculars from its extremities on the
same line, according as the extreme perpendiculars are on
the same, or on different sides of the {ino.

For AB being the given line, und GIH any other line, it
waa shown that BL =2 DK ;
therefore BL—2FL=2DK—-21K;
or BF —FL. =2DIJ;
and since FL = A, henee BF — AG = 2DI.

When the perpendiculars are all on one side of the live,
the proof is niore simple.

When there are four points given, to find their mean
distance (see remark after the 2d Exercise in the Pl Ge.)

Let A, B, C, D, be the four points; find E the point of
mean distance of A, B, C, as above; join ED, and divide
ED in F, so that DF:FE = 1
3:1; then Fis the required
point.

For draw any line IFN
through F, and GH through
E parallel to IN, and AG, BL,
CN, DM, and EK, perpendi-
culars to these lines. Then,
as above shown, BR+CH = AG;
hence, since 1G, EK, RL., HN, are equal,

BR+4+RL4+CH4HN=AG+2EK; )
or  BL4CN= Al41G 4+ 2EK = Al + 3 EK.
Now, from similar triangles DMF, EKF,

DF:FE =DM:EK;
but DF = 3 FE by construction ; hence DM =3 EK.
Consequently BL4CN = Al 4DM;
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¥ is therefore the point of mean distance of A, B, C,
and D).

The demonstration may be similarly extended in succes-
sion to five, six, or any number of points.

EXENCISE I11.—PROBLEM.

A straight line and a circle being given, to find a point
such that the rectangle under the segments of any straight
line drawn through it, and limited M’ these, shall be npml
to the rectangle mnt.nnul by the extern: 1 se gment of a
diameter perpendicular to the’ line, and produced to meet
it, and the diameter itself.

Let ABC be the given cirele, and EI7 the given line, and
AC-AD the given rectangle, CD hoing perpendicular to
EF.

The extremity of the diameter A is the required point.
For draw any line BAEF through A,

and limited by the circle and given line, - v
and join BC. Then the tri; leva ADI, "’/\ \ ‘
ABC, are similar, as the opposite angles A
at A are equal, and the right angle at 1) € ’““,“\1
is equal to B, an angle in the semicirele \ /
ABC; hence the triangles are cquiun- e

gular, and consequently
AD:AF = AB:AC; and hence (VI 16) AB-AT =
AD - AC; and since the same can be proved of any other
line through A, limited by the circle and given line, there-
fore A is the required point.

PLANE TRIGONOMETRY.

EXERCISE L.—THEOREM.

If in any triangle a perpendicular be drawn from the
vertex upon the base, the segments of the base have the
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same ratio as the tangents of the parts into which the ver-
tical angle is divided.

Let ABC be a triangle, and C) perpendicular to AB,
then AD: DB = tan ACD : tan BCD.

For (PL Trig. Def. 4%) when CD s //\
made radius, C being the centre, AD 38 | \
the tangent of angle ACD, and DB is o PN
tangent of angle B¢ D henee (PLTiig 3) &7 0 7

,\l) ])B:tm ACD: .ux]l( D.

EXERCISE Tl.— THEOREM.

The base of a triangle is to the sum of its two sides as
the cosine of halt’ the sum of the angles at the base to the
cosine of half their difference.

Let ABC be any triangle, and BC its base; then
BC:BA+ AC = cos J (B4 ) reos  (B~C).
For it is proved in Prop. VI PL Trig., that angle AEC
=3O ECR= (1),
and that BD = BA 4 AC.
Now (PL Trig. 5) in triangle /
BCD, / .
BC:BD =sinD:sin BCD. o™~ .
But DEC or AEC is the complement of]) sinee I)( Fisn
right angle (PL Trig. Def. 8) ; and angle ECB is the com-
lement of BCD, as it is its difference from the right angle
CE ronsequontlv sin D) = cos DI, and sin BCD =
cos ECB;
therefore BC:BA 4 AC = cos DEC : cos I'CB.

EXERCISE 11I.—THEOKREM.

The base of a triangle is to the difference of its sidvs ns
the sine of half the sum of the angles at the base to sine of
half their difference.

Let ABC be any triangle of which BC is the hase, then
BC:AB—AC =sin § (B4 C):sin § (B~C).

* This is Definition 4th of Plane Trigonowetry.
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For it is proved, in the Gth Prop. of Pl Trig., that
BE = AB— AC, ECB = -
3 (C—B),and AEC=} (B+C); r
also (PL Trig. Def. 2) BEC is -
the supplement of AEC; and /
therefore (Pl Trig. Cor. 3 to © A = B
Def) sin AEC = sin BEC. Now in triangle BCE
(Prop. 5) BC: BE = sin BEC :sin BCE;
or BC:BE = sin AEC :sin BCE;
. that is, BC: AB—AC =sin 4 (B+C):sin } (C—DB).

EXERCISE 1V.—THEOREM.

The base of n triangle is to the difference of its segments
as the sine of the vertical angle to the sine of the difference
of the angles at the base.

Let ABC be a triangle, AE the difference of the seg-
ments of the base, and ACLE the difference of the angles
of the base, then

AB: AL = «in ACB:sin ACL.

For let CD be perpendicular to AB, make DE = DB,
and join CE; then (1. 4) the triangles c
CDB, CDE, are everyway equal, and ",'
thercfore angle CED = B. But CED Ve
= A+ ACE; consequently angle ACE /;/

18 the difference between CED and A, /0 1\
that i, between Band A or ACE= & B D B
B—A. Now, in triangle ABC (Trig. Prop. V.)
AB AC =sin ACB:sin B;

and in triangle ACE, angle AEC is the supp]emnnt of
CED ; and hence (Pl Trig. 3), sin AEC = sin CED or
sin B; also

AE:AC =sin ACE: ain AEC orsin B;
whenee, by direct equality (V. 22, or Ad. V. 11),

AB: AE = sin ACB sin ACE;

but AE = AD—ED = AD—DB = the difference between
the segments of the base, and ACE=B—A4A; therefore
AB:AD —DB = sin ACB:sin (B— A).
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EXERCISE V.-——THEOREM.

Half the perimeter of a triangle is to its excess above the
base, as the cotangent of half either of the angles at the
base to the tangent of half the other angle.

Let ABC be a triangle, then, if S= 4 (AD 4 BC 4 CA),

S:S—AB=cot3 A:tani BB;

or S:S——AB:cotiB:tnniA

For (VI. K) CF or CE =8~ AB = CM — AR,

AK = BL, ED = DL (VL H), and
MG = GK.

Now, in triangle AGK, when AK

1s radius, GK is tan GAK ; therefore //".f'

AK :GK = radius : tan GAK. Al o

I

So, in triangle BDL, when BL is ra-

dius, BL:DL = radius : tan DBL. ‘3/\ \‘\ i
But AK = BL; wherefore, by direct RN
cquality (V. 22, or Ad. V. 11), s

GK : DL = tan GAK : tan DBL.
Now (VI I1) DAL is the complement of GAK,
and hence (Trig. Def. 8) tan GAK = cot DAL
wherefore  GK : DL = cot DAL : tan DBL.
But GK = GM, and DL = DE; also triangles CMG,
CED, are similar;
wherefore GK : DI, or GM: DE = CM:CLE;
hence CM: CE = cot DAL : tan DBL.
Again (Trig. Cor. 4 from Def) cot DAL tan DAL = I* =
cot DBL- tan DBL; whence (VI. 16)

cot DAL :tan DBL = cot DBL : tan DAL

and consequently also CM : CE = cot DBL: tan DAL.
Now, CM =8, CE=8—AB, DAL=} A,and DBL =
1B;
?vhercﬁ)re S:S—AB=cot§ A:tan} BB;
and S5:8—AB=cot4{ B:tan i A.

EXERCISE VI.—THEOREM.

The excess of half the perimeter of a triangle above the
less side is to its excess above the greater, as the tungent of
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half the greater angle at the buse to the tangent of half
the less.

TLet ABC he a triangle, then S—BC:S—AC =
tun § B:tand A,

For BK = BN =CN—BC =S—BC (VL 1I);
and AK = AM = CM — AC =
S—AC; alsoin triangles AGK, BGK,
when G s radius, AR, KB, are tan-
gents of the angles AGK, BGK, re-
spectively, or cotangents of GAK and ]
GBK, the camplements of the former ; NTROTT 7\"
hence GR: KB = radius : cot GBK, M. \ !/ P \
and GK : AK = radius : cot GAK ‘\\\L/’ s
wherefore, by direet cquality, S v

BK:AK = cot GBK : cot GAK.
But (VI. H) angle DAL is the complement of GAK, and
DBL is that of GRK; henee (Trig. Def. 8)
DK :AK = tan DBL : tan DAL

or S—RBC:S—AC=tan} B:tan} A.

EXERCISE VIL—THEOREM.

In a right-angled triangle, radius is to the sine of double
one of the acute angles as the square of half the hypotenuse
to the arca of the triangle.

Let ACB be a right-angled triangle, of which C is the

right angle ; then, it AB be bisected in D,
radius : sin 2 A = AD?: arca of ABC.

For join CD, and draw CE perpendicular to AD; then
it can be proved, cxactly as in Ex. 22 c
of Book I., that CD = AD; hence 1
(L 5) angle ACD = A; but (L 32) //
angle CDE = A 4+ ACD; wherefore ’ / ‘
CDE =2 A. Now in triangle CDE, 7 '
when CD is radius, CE is sin CDE; * poE B
wherefore CD : CE = rudius : sin CDE or sin 2 A.
Now if CD, CE, be the bases of two rectangles, whose alti-

tudes are cqual to AD), then (V1. 1)
CD:CE = AD-CD: AD-CE.
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But AD-CD = AD?, and AD-CE = area of triangle
ABC; wherefore, from equal ratios,
radius : sin 2 A = AD?:area of ABC.

EXERCISE VIIL-—THFOREM,

Radius is to the tangent of half the vertical angle of a
triangle, as the rectangle under half the perimeter and s
excess above the base, to the area of the triangle.

Let ABC be a triangle; then, assuming S == half the
sum of its sides,
radius s tan } C = S (S— AD) ARG
ABC denoting the arca of the tranghe.

For angle DCE = 1 €, and when CE s radiusg BD iy
tangent of angle DCE (Trig, Detl 1) K
hence radius: tan DCE = €1 ED. . \
Now if CE, ED, are the bases of two e

rectangles, of which €M s the alti- / L \‘.\"

tude, then (VI. 1) s \
CE:-ED = CM-CE:FED-CM. CowTarT

But (VI LY ED-CM = triangle ABC, ™

CM =S (VEK), and CE=S— Al v ik

(VI K): wheretore o

CEED = S (S — AD) s trfangle AR
and henee  radius c tun ) C = S (3— AB): ABC.

END 0tF KEY T0 FIANE GEOMETRY.
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