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PREFACE.

Tuis edition of Kuclid's First Book has heen prepared
in accordance with the wishes of many teachers. [t con-
sists merely of a reprint from our complete © Text book of
Euclid's Elements” together with a small collection of
Miscellaneous Examples. It will probably be found that
these and the easy exercises interspersed throughout the
text provide suflicient practice for beginners.  Teachers
who require more examples and problems will find a large
number, carefully arranged and classitied, on pages 87 119
of our complete edition.

H. 8. HALIL,
F. H. STEVENS.

May 1884,
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EUCLID’S ELEMENTS.

BOOK I

DerinttioNs.

1. A point is that which has position, but no mag-
nitude.

2. A line is that which has length without breadth,
The extremities of a line are points, and the intersection of two
Jines is & point.
3. A straight line is that which lies evenly betwoen
its extreme pointa.
Any portion cut off from a straight line is called a segment of it.

4. A surface is that which has length and breadth,
but no thickness.
The boundaries of a surface are lines.

5. A plane surface ix oue in which any two points
being taken, the straight line between them lies wholly in
that surface. -

A plane surface is frequently referred to simply as a plane.

Nore. Euclid regards a point merely as a mark of position, and
he therefore attaches to it no idea of size and shape.

Bimilarly he considera that the properties of a line arise only from
ita lergth and position, without reference to that minute Hrcadth which
every line must really have if actually drawn, even though the most
perfect instruments are used.

The definition of a surface is to be understood in a similar way,

H.E 1



] EUCLID'S ELEMENTS.

6. A plane angle is the inclination of two straight
lines to one another, which meet together, but are not in
the same straight line.

The point at which the straight lines mect is called the vertex of
the angle, and the straight lines themselves the arms of the angle.

When several angles are at one point O, any one (o
of them is expressed by three letters, of which the
letter that refers to the vertex is put between the
other two. Thus if the straight lines OA, OB, OC
mect at the point O, the angle contained by the
straight lines OA, OB is named the angle AOB or
BOA ; and the angle contained by OA, OC is named
the angle AOC or COA. Similarly the angle con-
tained by OB, OC is referred to as the angle BOC
or COB, Butif there be only one sngle at a peint,
it nomy bho expressed by a single letter, a8 the angle
at O.

Of the two straight lines OB, OC shewn in the
adjoining figure, we recognize that OC 18 more in-
elined than OB to the straight line OA: this we
express by saving that the angle AOC is greater
than tha anglo AOB. Thus an angle must b
regarded a8 having magnitude.

It should be observed that the angle AOC is the sum of the
angles AOB and BOC; and that AOB is the difference of the angles
AOC and BOC.

The beginner is cautioned against supposing that the sizo of an
angle is altered either by increasing or diminishing the length of its
ATILS,

[Another view of an angle is recognized in many branches of
mathematics ; and though not employed by Euclid, it is here given
because it furnishes more clearly thau any other a conception of what
in meant by the magnitude of an angle.

Suppose that the straight line OP in the figure (o)
is capable of revolution about the point O, like the /
hand of a watch, but in the opposite direction; and .
suppose that in this way it has passed successively S -
from the position OA to the positions occupied by frl
OB and OC.

Such a line must have undergone more turring % A
in passing from OA to OC, than in passing from OA to OB; and
consequently the angle AOC is said to be greater than theangle AOB. )



DEPINITIONS, 3

7. When a straight line standing on [
another straight line makes the adjacent
angles equal to one another, each of the an-
gles is called a right angle ; and the straight
hne which stands on the other iz called a
perpendicular to it.

8. An obtuse angle is an angle which /s
is greater than one right angle, but less /
than two right angles.

9. An acute angle is an angle which is ~
less than a right angle. N .
SN
(In the adjoining figure the straigzht line B.
OB may be supposed to have arnved at S

its present position, from the position occu- 4
pied by OA, by revolution about the point O -
in either of the two directions indicated by A

the arrows: thus two straight lincs drawn o
from a point may be connidered as forming (/) N2/ A
neo angles. (marked (i) and (ii) in the figure)

of which the greater (i) is said to be reflex.

If the arms OA, OB are in the xama e
straight line, the apgle formed by them B o A
on either side is called a straight angle.]

10.  Auny portion of a pline surface hounded bv one
or more lines, straight or curved, is called a plane figure.

The sum of the bounding lines iz called the perimeter of the figure.
Two figures are said to be ¢qual in area, when they enclose . qual
portions of a plane surface.

11. Acircle is a plane tigure contained
by one line, which is called the circum-
ference, and is such that all straight lines
drawn from a certain point within the
figure to the circuinference are equal to one
another : this point is called the centre of
the circle.

A radius of a circle is a straight line drawn trom the
centre to the circumference,

1-2



4 EUCLID'S PLEMENTS.

12. A diameter of a circle is8 a straight line drawn
through the centre, and terminated both ways by the
circumference.

13. A semicirele is the fizure bounded by a diameter
of a eirclo and the part of the circumference cut off by the
dinmeter.

14. A segment of a circle is the fizure hounded by
n straight line and the part of the circumference which it
vuts off.

15. Rectilineal figures are those which are bounded
by straight lines.

16. A triangle is a plane figure bounded by
straight lines.

Any one of the angunlar points of a triangle may be regarded as its
vertex; and the opposite side is then called the base.

17. A quadrilateral is a plane figure bhounded by
JSour straight lines.

The straight line which joins opposite angular points in a quadri.
1ateral is called a dlagonal.

18. A polygon is a plane figure bounded by more
than four straight lines.

19, An equilateral triangle is a triangle  /

whose three sides are equal. /

of whose sides are equal.

20.  An isosceles triangle is a triangle two :/'l ,

21. A scalene triangle is a triaugle which
bas three unequal sides,




DEFINITIONS, )

22. A right-angled triangle is a triangle
which has a right angle. // —]
= ai—
The side opposite to the right angle in a right-angled triangle in
calied the hypotenuse.

23.  An obtuse-angled triangle ix a - //

triangle which has an obtuse angle.

PrOsSS— g

24, An acute-angled triangle is a triangle \

which has three acute angles.

i
e

[It will be seen hereafter (Book I. Proposition 17) that every
triangle must have at least two acute angles. )

25. Parallel straight lines are such as, being in the
same plane, do not moet, however far they nre producnd in
either direction.

26. A Parallelogram is a four-sided ’ D
figure which has its opposite sides pa- /
rallel. PR

27. A rectangle is a parallelogram which v ]
has one of its angles a right angle. |

28, A square is a four-sided figure which
has all its sides equal and all its angles right
angles.

[It may easily be shewn that if a quadrilateral
has all its sides equal and one angle a right angle, L__» . _,,J
then all its angles will be right angles.}

29. A rhombus is a four-sided figure
which has all its sides equal, but its
angles are not right angles.

30. A trapezium is a four-sided figure : —
which has two of its sides parallel.
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ON THE POSTULATES.

In order to effect the constructions necessary to the study of
geometry, it must be supposed that certain instruments are
available: but it has always been held that such instruments
should be as few in number, and as simple in charncter as
posaible.

For the purposes of the fimst Six Bookx a straight ruler and
a pair of compusses are all that are needed; and in the follow-
ing Postulates, or requests, Euclid demands the use of such

instruments, and assuimnes that they suffice, theoretically as well
as practically, to carry out the processes mentioned below.

PosTrLATES.

Last it be granted,

1. That a straight line may be drawn from any one
point to any other point.

When we draw a straight line from the point A to the point B, we
are uaid to join AB.

2. That a finite, that is to say, a terminated straight
line may be produced to any length in that straight line.

3. That a circle may be deseribed from any centre, at
any distance from that centre, that is, with a radius equal
to any finite straight line drawn from the centre,

It is important to notice that the Postulates include no means of
direct measurement: hence the straight ruler is not supposed to be
ygraduated ; and the compasses, in accordance with Euclid’s use, are
not to be employed for transferring distances from one part of a figure
to another.

ON THE AXIOMN,

The science of Geometry is hased upon certain simple state-
ments, the truth of which 18 assumed at the outset to be self-
evident.

These self-evident truths, called by Euclid Common Not
are now known as the Axioms.
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GENFERAL AXIOME

The necesary characteristics of an Axiom am

(iy That it should be self-erident; that ix, that it truth
should be immediately accepted without proof.

(it That it should be fundamental; that ix, that it truth
shondd not be derivable from any other truth more siple thau
daelf.

(i1i)  That it should supply a basis for the establishment of
further truths.

These characteristics may be summed up in the following
definition,

Deriximion.  An Axiom is a self-evident truth, which neither
resquires nor s capable of proof, but which serves as a founda-
tion for future reasoning.

Axioms are of two kinds, general and geometrical.

General Axioms apply to magnitudea of all Lipds. Geometri-
cal Axiom refer exclusively o geometricnl magnitudres, such an
have been already indicated in the detinitions.

GENERAL AXioM8,

1. Things which are equal to the same thing are equal
to one another.

9@
-

If equals be added to equals, the wholes are equal,

3. If equals be taken from equaly the remainders are
equal.

4. If equals be added to unequals, the wholes ars un
equal, the greater sum being that which includes the greater
of the unequals,

5. If equals be taken from unequals, the remainders
are unequal, the greater remainder being that which is lefs
from the greater of the unequals,

6. Things which are double of the same thing, or
of equal things, are equal to one nnother.

7. Things which are halves of the same thing, or of
equal things, are equal to one another.

9.# The whole is greater than its part. .

* To preserve the classification of ceneral nnd geometrical axivma,
we have placed FEuclid’s ninth axiom befure thie eighthe
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GROMETRICAL AXIOMS.

8. Magnitudes which can be made to coincide with one
another, are equal.

This axiom affords the uitimate test of the equality of two geome-
trical magnitudes. It implies that any line, angle, or figure, may be
supposed to be taken up from its position, and without change in
size or form, 1aid down upon a second line, angle, or figure, for the
purpose of comparison.

This process is called superposition, and the first magnitude ia
said to be applied to the other.

10.  Two straight lines cannot enclose a space.

11, All right angles are equal.

[The statement that all right angles are equal, admits of proof,
and is therefore perhaps out of place as an Axiom.]

12, If a straight line meet two straight lines 8o as to
make the interior angles on one side of it together less
than two right angles, these straight lines will meet if con-
tinually produced on the side on which are the angles which
ure together less than two right angles,

A

That is to say, if the two straight
lines AB and CD are met by the straight
line EH at F and G, in auc{\ a way that
the angles BFG, OGF are together less
than two right angles, it is ssserted that
AB and CD will meet if continually pro.
duced in the direotion of B and D.

[Axiom 12 has been objected to on the double ground that it cannot
be connidered seif-evident, and that its truth may be deduced from
simpler principles. It is employed for the first time in the 29th Pro-
}mt(ilon of Book L, where a short discussion of the difficalty will be

ound.

The converse of this Axiom is proved in Book I. Proposition 17.)
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INTRODUCTORY,

Plane Geometry deals with the properties of all lines and
figures that mny be drawn upon a plane surface.

Fuclid in his first Six Books confines himself to the propertios
of straight lines, rectilineal figures, and circles.

The Definitions indicate the subject-matter of these books:
the Postulutes and Axioms lay down the fundamental principles
which regulate all investigation and argument relating to this
subjoct-matter.

Euclid's method of exposition divides the subject into o
number of separate discussions, called propositions; each pro-
position, though in one sense complete o itself, i derived from
results previously obtained, and itself Jeads up to subsequent
propositions,

Propositions are of two kinds, Problems and Theorems.

A Problem proposes to effect some goometrical construction,
such as to draw some particular line, or to construct soie re-
quired figure.

A Theorem proposes to demonstrate some geometrical truth,
A Proposition consists of the following parts:

The General Enunciation, the Particular Enunciation, the
Construction, and the Demonstration or Proof.

(i) The General Enunciation ix a }nn-.liminary statement,

deseribing in general terms the purpose of the proposition,

In a problem the Enunciation states the construction which
it is proposed to effect: it therefore names first the Data, or
things given, secondly the Qusesita, or things required.

In a theorem the Enunciation states the property which it
is proposed to demonstrate: it names first, the h hesis, or
the conditions assumed ; secondly, the Oonclusion, or the asser-
tion to be proved.
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(iiy The Particular Bnunciation repeats in special terms
the statement already made, and refers it to a dingram, which
cuables the rewder to follow the reasoning morv easily.

(iii) The Construction then directs the drawing of such
straight lines and circles as may be required to effect the purpose
of n problemn, or to prove the truth of a theorem.

(iv) Tastly, the Demonstration proves that the object pro-
posed in & problem has boen accomphshed, or that the property

stated in o theorem ix true.

Fuelid’s reasoning is said to be Deductive, because by a con-
nocted chain of argument it deduces new truths froma truths
already proved or admitted.

The initinl letters Q. E.¥., placed at the end of a problem,
stand for Quod erat Faciendum, w/ih e to he done.

The letters g E. 1. are appended to a theorem, and stand for
Quod erat Demonstrandum, which was to be proved.

A Corollary is a statement the truth of which follows readily
from an established proposition; it is therefore appended to the
pm}unitiuu ns an inference or deduction, which usually requires
no further proof.

The following symbols and abbreviations may be employed
in writing out the propositions of Book 1., though their use is not
recommended to beginners.

Jor therefore, par (or ) for parallel,
.. » I8, or are, equal to, par= + parallelogram,
& . angle, 8. . square,
rt. L, right angle, rectil. .« rectilineal,
& , triangle, st. Line . straight line,
perp. o, perpendicular, pt. w  point;

and all obvious contractions of wonds, such ax opp., adj., diag.,
&e., for opposite, adjacent, diagonal, &e.
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SECTION L
Prorosrrion 1. Prosuru.

To descrile an equilateral triangle on a yivew finils
straiyht line.

Let AB be the given straight line,

1t is required to deseribe an equilateral trinngle on AB,
Construction.  From centre A, with radius AB, describe
the circle BCD. LPont. 3.

From centre B, with radius BA, describe the cirele ACE.
FPost, 3.
From the point © at which the citeles cut one another,
draw the straight lines CA and CB to the points A and B.
Post. 1.

Then simll ABC be an equilateral triangle,

Proos. Because A is the centre of the cirele BCD,

therefore AC is equal to AB, Def 11,
And becnuse B is the centre of the circle ACE,
therefore BC is equal to BA, Def 11,

But it has been shewn that AC is equal to AB;
therefore AC and BC are each equal to AB.

But things which are equal to the same thing are equal
Ar 1.

to one another.,
Therefore AC is equal to BC.
Therefore CA, AB, BC are equal to one another.
Therefore the triangle ABC is equilateral ;

and it is described on the given straight line AB. Q.n.F.
.
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ProrosiTion 2. ProBLEM.

From a given pmnt to draw a straight line equal to a
given atraight line,

Lat A be the given point, and BC the given straight line.

It is required to draw from the point A a straight line
equal to BC.

Conatruction., Join AB ; Poxst. 1.
and on AB describe an equilateral trinngle DAB. 1. 1.
From centre B, with radius BC, deseribe the circle CGH.
' Post. 3.
Produce DB to meet the circle CGH at G, Post. 2.
From centre D, with radius DG, describe the circle GKF,
Produce DA to mect the circle GKF at F. Post. 2.
Then AF shall be equal to BC.

Proof.  Because B is the centre of the circle CGH,
therofore BC is equal to BG. Def 11,
And because D is the centre of the circle GKF,
therefore DF is equal to DG ; Def 11,

and DA, DB, parts of them are equal;  Dest 19,
therefore the remnainder AF is equal to the remainder BG.
dx 3.

And it has been shewn that BC is equal to BG;

therefore AF and BC are each equal to BG.

But things which are equal to the same thing are equal
to one another. Az 1.
Therefore AF is equal to BC;
and it has been drawn from the given point A. QEF.
[This Proposition is rendered necessary by the restriction, tacitly

imposed by Euclid, that compasses ahall not be used to tramsfer
distances.]
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ProrosiTiox 3. Proborew.

From the greater of two given strasght lines to eut of a
part equal to the leas.

Iet AB and C be the two given straight lines, of which
AB is the greater.
It is required to cut off from AB a part equal to C.

Construction. From the point A draw the straight line

AD equal to C; L2
and from centre A, with radius AD, describe the cirele DEF
meeting AB at E. Poat.

Then AE shall be equal to C.

Proof. Because A is the centre of the circle DEF,
therefore AE is equal to AD. Def. 11,
But C is equal to AD. (‘onstr,
Therefore AE and C are each equal to AD.
Therefore AE is equal to C;
and it has been cut off from the given straight line AB.

Q.E¥

EXERCISES.

1. On s given straight line describe an isosceles triangle having
each of the equal sides equal to a given straight line.

2. Ona given base deacribe an isosceles triangle luvmg each of
the equal sides double of the base.

3. In the figure of 1. 2, if AB is equal to BC, shew that D, the
vertex of the equilateral triangle, will fall on the circumference of the
sircle CGH.
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Obs. Every triangle has six parts, namely its three sides
and threo angles.

Two trisngles are said to be equal in all respects, when
they can be made to cvincide with one another by superposition
(»ev note on Asiom 8), and in this case each part of the one is
equal to a corresponding part of the other.

Prorosition 4. THEOREM.

If two triangles have two sides of the ons equal to two
wides of the other, each to each, and have also the angles
contained by those sides equal ; then shall their bases or thin
siden be equal, and the triangles shall be equal in area, and
their remaining angles shall be equal, each to each, namely
thowe to which the equal xides are opposite : that is to say, the
triangles shall be equal in all reapects

A D

8 I E F
Let ABC, DEF be two triangles, which have the side AB
equal to the side DE, the side AC equal to the side DF, and
the contained angle BAC equal to the contained angle EDF.
Then shall the base BC be equal to the base EF, and the
trinngle ABC shall be equal to the trinngle DEF in area;
and the remaining angles shall be equal, each to each, to
which the equal sides are opposite,
namely the angle ABC to the aungle DEF,
and the angle ACB to the angle DFE.

For if the triangle ABC be applied to the triangle DEF,
80 that the point A may be on the point D,
and the straight line AB along the straight line DE,
then because AB is equal to DE, Hyp.
therefore the point B must coincide with the point E.
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And because AB falls along DE,

and the angle BAC is equal to tho angle EDF, Hyp.
therefore AC must fall along DF.
And because AC is equal to DF, Hyp.
therefore the point C must coincide with the point F.
Then 8 coinciding with €, and C with F,
the base BC must coincide with the base EF;
for if not, two straight lines would enclose a space ; which
iz impossible. RERS (V2
Thus the base BC coincides with the base EF, and i
therefore equal to it A, 8,
And the triangle ABC coincides with the trisngle DEF,
and is therefore equal to it in area. Ar. 8,
And the remaining angles of the one coineide with the re-
maining angles of the other, and are therefore equal to them,
namely, the angle ABC to the angle DEF,
and the angle ACB to the angle DFE.
That is, the triangles are cqual in all respects. Q. E. b,

Nore. It follows that two triangles which are equal in their
several parts are equal also in area; but it should be obwerved that
equality of area in two tnangles does not necessarily imply equality in
thojr several parts: that is to say, triangles may be equal in areq,
without being of the same shape.

Two triangles which are equal in all reapects have identity of form
and magnitude, and are therefore said to be identically equal, or
congruent.

The following application of Proposition 4 anticipates
the chief ditliculty of Proposition 5.

In the equal sides AB, AC of an isosceles trinngle
ABC, the points X and Y are taken, so that AX
is equal to AY ; and BY and CX are joined.

Shew that BY is equal to CX,

In the two triangles XAC, YAB,

XA is equal 1o YA, and AC is equal to AB; Jyp.

that is, the two sides XA, AC are cqual to the two
sides YA, AB, each to each;

and the angie at A, which is contained by these
sides, is eon‘g;mn to both triangles:

therefore triangles are equal in all ; 14

80 that XC is equal to YB.mm [ X1
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Prorositiox 5. Tneores.

The angles at tha base of an isnsceles triangle are equal
to one another; and if the equal sides be produced, the
angles on the other side of the base shall also be equal to one
another,

1ot ABC be an isosceles triangle, having the side AB
equal to the side AC, and let the straight lines AB, AC be
produced to D and E:

then shall the angle ABC be equal to the angle ACB,
and the angle CBD to the angle BCE.
Conatruction. In BD take any point F;
and from AE the greater cut off AG equal to AF the less, 1. 3.
Join FC, GB.

Proof.  Then in the triangles FAC, GAB,
FA is equal to GA, Constr.
and AC is equal to AB, Hyp.
also the contained angle at A is common to the
two triangles ;
therefore the triangle FAC is equal to the triangle GAB in
all respects; - 1. 4.
that is, the base FC is equal to the buse GB,
and the angle ACF is equal to the angle ABG,
also the angle AFC is equal to the angle AGB.
Agnin, because the whole AF is equal to the whole AG,
of which the parts AB, AC are equal, Hyp,
therefore the remainder BF is equal ta the remainder CQ.

Because
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Then in the two triangles BFC, CGB,

BF is equal to CG, Proved.

R} and FC is equal to G8, Proved.
Becauso also the contained angle BFC is equal to the
contained angle CGB, Proved.

therefore the triangles BFC, CGB are equal in all respects ;
80 that the angle FBC is equal to the angle GCB,
and the angle BCF to the angle CBG. INER
Now it has been shewn that the whole angle ABG is equal
to the whole angle ACF,
and that parts of these, namely the angles €BG, BCF, are
also equal;
therefore the remaining angle ABC is equal to the remain-
ing angle ACB ;
and these are the angles at the base of the triangle ABC.
Also it has been shewn that the angle FBC is equal to the
angle GCB ;
and these are the angles on the other side of the base, Q.k.b.

Cororvany.  IHence if a triangle 18 equilateral it is
alsv equiangular.

EXERCISES,

1. AB isa given straight line and © a given point outside it : whew
liow to find any points in AB such that their distance from C shall be
cqual to s given length L. Can such points always be found

2. If the vertex C and onc extremity A of the base of an inosceles
triangle are given, find the: other extremity B, supposing it to lic on a
given straight line PQ

3. Describe a thombus having given two opposite angular points
A and C, and the length of each side.

4. AMNB is a straight line ; on AB describe a triangln ABC such
that the side AC shall be equal to AN and the side BC to MB.

5. In Prop. 2 the point A may be joined to either cxtremity of BC.
Drnct the figure and prove the proposition in the case when A is joiued
to C.

. L. 2
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The followi:&mproof is sometimes given as a substitute for the fret
part of Proposi 5:

ProrosiTion 5. ALrTErRNATIVE Proor.

A A

8 [o} c 8

1+t ABC be an isosceles triangle, having AB equal to AC :
then shall the angle ABC be ¢qual to the angle ACB.
Suppose the triangle ABC to be taken up. turned over and laid down
again in the position A'B'C’, where A'B’, A'C’, B'C’ represent the
new positions of AB, AC, BC.
Then A'B’ is equal to A’C’ ; and A'B’ is AB in its new position,
thersfore AB is equal 1o A'C’ ;
in the same way AC 1s oqual to A'B’;
and the incluided angle BAC is equal to the included angle C'A’B’, for
they are the samo angle in different positions ;
theref{:m the trianglo ABC is equal to the triangle A'C'B’ in all respects :
so that the anglo ABC is equal to the angle A'C'B". 1 4.
But the angle A'C'B’ is the angle ACB 1n its new position ;
therefore the angle ABC is equal to the angle ACB.
Q.R.D,

EXERCISFES.
CuierLy oX ProrosiTioNs 4 AND 5.

1. Two circles have the same centre O ; OAD and OBE are straight
lines drawn to cut the smaller circle in A and B and the larger circle
in D aud E : prove that

(i) AD=BE. (il) DB=EA
(iii) The angle DAB is equal to the angle EBA.
(iv) The angle ODB is equal to the angle OEA.
2. ABCD is a square, and L, M, and N are the middle points of
AB, BC, and CD : prove that
(i) LM=MN, (ii) AM =DM,
(iii) AN=AM. (ivy BN=DM.
[Draw a separats figure in each case].
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8. O is the centre of a circle and OA, OB are radii ; OM divides
the angle AOB into two equal parts and cuts the line AB in M : prove
that AM =BM,

4. ABC, DBC are two isosceles trisngles deseribed on the samo
lmso BC but on oxponita sides of it : prove that the angle ABD is
cqual to the angle ACD

5. ABC, DBC are two isosceles triangles described on the same
base BC, but on opposite sides of it - prove that if AD be joined, each
of the angles BAC, BDC will be divided into two equal parta,

8. PQR, SQR are two isosceles triangles described on the same
base QR, and on the same side of it : shew that the angle PQS is
equal to the angle PRS, and that the line PS divides the angle
Q‘PR into two equal parts.

7. If in the figure of Exercise 5 the line AD meets BCin E, prove
that BE=EC.

8. ABCD isarthombus and AC is joined : prove that the angle
DAB is equal to the angle DCB.

9. ABCD is a quadrilateral having the opposite sides BC, AD
equal, and also the angle BCD equal to the anglo ADC : prove that
BD is squal to AC,

10. AB, AC are the equal sides of an isosceles trisngle ; L, M, N
are the ;x‘liddle points of AB, BC, and CA respectively: prove that
LM =MN,

Prove also that the angle ALM is cqual to the angle ANM.

DerixiTion. Each of two Theorems is said to be the Con-
verse of the other, when the hypothesis of each is the conelusion
of the other.

It will be seen, on comparing the hypotheses and conclusions of
Props. 5 and 6, that each proposition 18 the converse of the other,

Nore. Proposition 6 furnishes the first instance of an indirect
method of arorgf, frequently used by Euclid. It cousists in shewing
that an absurdity must result from supposing the theorem to be
otherwise than true. This form of demonstration is kuown es the
Reductio ad Absurdum, and is most commonly employed in establish.
ing the converse of some foregoing theoremn.

. It must not be IG]M’\I( the converse of a trumtheorem is
itself necessarily true : for instance, it will be scen from Prop. 8, Cor.
that if two triangles have their sides equal, each to each, then their
angles will also be equal, each to each ; but it may easily be shews by
means of a figure that the converse of this theorem is not y

2.9
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Prorositiox 6. THEROREM.

If two angles of a triangle be equal to one another, then
the sides also which subtend, or are opposite to, the equal
angles, shall be equal to one another.

A

B )

Let ABC be a triangle, having the angle ABC equal to
the angle ACB :
then shall the side AC be equal to the side AB.

("onstruction.  For if AC be not equal to AB,
one of them must be greater than the other.
1f possible, let AB be the greater;

and from it cut off BD equal to AC, L 3.
Join DC.
Proof. Then in the trinngles DBC, ACB,

DB is equal to AC, Constr,

B and BC is common to both,
U8 Yulso the contained angle DBC is equal to the
contained angle ACB; Hyp.
therefore the triangle DBC is equal in area to the triangle
ACB, 1. 4.

the part equal to the whole ; which is absurd. Az 9.

Therefore AB is not unequal to AC;
that is, AB is equal to AC. Q.ED.
COROLLARY, Hence ¢f a triangle is equiangular it is
also equiiateral,
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ProposiTioN 7. THEOREM.

On ths same base, and on the same side of &, there
cannot be two triangles having their wides which are termi-
naled at one extremity of the base { to one another, and
likewise those which are terminated at the other cxtremity
equal to one another.,

)

If it be possible, on the same base AB, and on the same
side of it, let there be two triangles ACB, ADB, having their
sides AC, AD, which are terminated at A, cqual to one
another, and likewise their sides BC, BD, which are termi-
nated at B, equal to one another.

Casg I.  When the vertex of each triangle is without
the other triangle.

Cunstruction. Join CD. lPost. 1.
Proof. Then in the triangle ACD,
because AC is equal to AD, Hyp.

therefore the angle ACD is equal to the angle ADC. 1.5,

But the whole angle ACD is greater than its part, the
angle BCD,
therefore also the angle ADC is greater than the angle 8CD;
still more then is the angle BDC greater than the angle
BCD.
Again, in the triangle BCD, .
because BC is equal to BD, Hyp.
therefore the angle BDC is equal to the angle BCD: 1. 5
but it was shewn to be greater; which is impossible.
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Casxk 11, When one of the vertices, as D, is within
the other triangle ACB,

E
C

D

A B8
Construction.  As before, join CD; Post. 1.
and produce AC, AD to E and F. FPost. 2.

Then in the triangle ACD, because AC is equal to AD, I yp.
therefore the angles ECD, FDC, on the other side of the
base, are equal to one another. 1. D
But the angle ECD is greater than its part, the angle BCD;
therefore the angle FDC is also greater than the angle
BCD:
still more then is the angle BDC greater than the angle
BCO.
Again, in the triangle BCD,
beenuse BC is equal to BD, Hyp.
therefore the angle BDC is equal to the angle BCD: 1. 5.
but it has been shewn to be greater; which is impossible.
The case in which the vertex of one triangle is on a
side of the other needs no demonstration.
Therefore AC cannot be equal to AD, and «t the same
time, BC vqual to BD. Q.E.D.

Nore. Thesides AC, AD are called conterminous sides ; similarly
the sides BC, BD are conterminous.

ProrosiTiox 8. TuEORENM.

Iy tiro triangles have two sides of the one equal to two
stdes of the other, each to each, and have likewise their bases
equal, then the angle which s contained by the tuo sides of
the one shall be equal to the angle which is conlained by
the twv sides of the other.
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o G

8 E
[+) F
Let ABC, DEF be two triangles, having the two sides
BA, AC equal to the two sides ED, DF, each to each, namely
BA to ED, and AC to DF, and also the base BC cqual to the
base EF:
then shall the angle BAC be equal to the angle EDF.

Proof. For if the triangle ABC be applied to the
triangle DEF, so that the point B may be on E, und the
straight line BC along EF ;

then because BC is equal to EF, Hyp.

therefore the point C must coincide with the point F.

Then, BC coinciding with EF,
it follows that BA and AC must coincide with ED and OF :
for if not, they would have a different situation, as EG, GF;
then, on the same base and on the same side of it there
would be two triangles having their conterminous sides
equal,
But this i» impossible. L7
Therefore the sides BA, AC coincide with the sides ED, DF.
That is, the angle BAC coincides with the angle EDF, und in
therefore c-qual to it. Ax 8
Q.K.D.

Nore. In this Proposition the three rides of one triangle sre
given equal respectively to the three sides of the other; and from

this it is shewn that the two triangles may be made to coincide with
une another.

Hence we are lod to the following important Corollary.
CoOROLLARY. If in two triangles the three sides of the

one are equal to the three sides of the other, cach to eash,
then the triangles e equal in all respects.
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The following proof of Prop. 8 is worthy of attention as it is inde.
pendent of Prop. 7, which frequently presents difficulty to & beginner.

ProrosiTion 8. ALTERNATIVE Proor.
) C E\ F
\
N\ |/
\ |/
/

N,
A

Iet ABC and DEF be two triangles, which have the sides BA, AC

mnl respectively to the sides ED, DF, and the base BC equal to the
EF:
then shall the angle BAC be equal to the angle EDF.

For apply the triangle ABC to the triangle DEF, so that B may
fall on €, and BC along EF, and so that the point A may be on the
side of EF remote from D,

then € must fall on F, rince BC is equal to EF.

Lot A’EF be the new position of the triangle ABC.

If neither DF, FA’ nor DE, EA' are in one straight line,
join DA,

Cane I. When DA’ intersects EF.
Then because ED is equal to EA’,
therefore the angle EDA’ is equal to the angle EA'D. 1. 5.
Again because FD is equal ta FA',
therefore the angle FDA’ is equal to the angle FA'D. 1. 5.
Henee the whole angle EDF is equal to the whole angle EA'F;
that is, the angle EDF is equal to the angle BAC.

Two cases remain which may be dealt with in a similar manner:
namely,
Casx II. When DA’ meets EF produced.

\in Casx I1I.  'When one pair of sides, as DF, FA’, are in one straight
€.
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Prorosition 9. ProBLENM.

To biaect a given angle, that ss, to divide it snto tuv equal
parts.

A

B c

It BAC be the given angle:
it ix required to bisect it.

Construction. In AB take any point D;
and from AC cut off AE equal to AD. L 3
Join DE;
and on DE, on the side remote from A, describe an equi-
lateral triangle DEF. 1L
Join AF.
Then shall the straight line AF bisect the angle BAC.

Proof.  For in the two trinugles DAF, EAF,
DA i equal to EA, Conatr.
and AF is common to hoth;

and the third side OF ix equal to the third side
EF; Daf. 19,
therefore the angle DAF is equal to the angle EAF. 1. 8,
Therefore the given angle BAC is bisected by the straight

line AF. Q.E.F.

Because

EXERCISES.

1. If in the above fizure the equilateral triangle DFE were de-
scribed on the same side of DE as A, what different cases would arise?
And under what circamstances would the construction Iai‘)?

2. In the same figure, shew that AF also bisects the angle DFE.
8. Divide an angle into four equal parts.
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ProrosiTiox 10.° PronrLex.

To bisect a given finits straight line, thut 1s, to divida it
tnlo two equal parts.

c

A D B

14t AB be the given straight line :
it is required to divide it into two equal parts.

Conatr. On AB doseribe an equilateral triangle ABC, 1. 1.
und bisect the angle ACB by the straight line CD, meeting

AB at D. .9
Then shall AB e bisected at the point D.

Provs. For in the trinngles ACD, BCD,
AC is equal to BC, Dey. 19,
Because and CO is common to b_oth;
' also the contained angle ACD is equal to the con.
tained angle BCD; onstr.
Therefore the triangles are equal in all respects:
80 that the base AD is equal to the base BD. L4
Therefore the straight line AB is bisected at the point D.
QEF.

EXERCISES.,
1. Shew that the atraight line which bisects the vertical angle of
an isorcoles triangle, also bisects the base,

2. On a given base deacribe an isosceles triangle such that the
sum of its equal sides may be equal to a given straight line.
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Proprositiox 11. ProbLkx.

To draw a straight lina at right angles to a given straight
line, from a given point in the same,

r

\
\

5,
A D c E B
L&t AB be the given straight line, and C the given
point in it.
It is required to draw from the point C a straight line
at right angles to AB.
Construction. In AC take any point D,

~ and from CB cut off CE equal to CD. 1.3,
On DE describe the equilateral triangle DFE. 1. 1.
Join CF.

Then shall the straight line CF be at right angles to AB.

Proof. For in the triangles DCF, ECF,
DC is equal to EC, Conatr,

' and CF is common to both ;
‘and the third side OF is cqual to the third side
EF: Def 19,
Therefore the angle DCF is equal to the angle ECF: 1. &,

and these are adjacent angles,

But when a straight line, standing on another straight,
line, makes the adjacent angles equal to one another, each
of these angles is called a right angle; Def. 7.

therefore each of the angles DCF, ECF is a right angle.
Therefore CF is at right angles to AB,
and has been drawn from a point C init,  QEw.

Because

EXERCISE.

-
In the figure of the above proposition, shuw that any point in
FC, or FC produced, is equidistant from D and E.
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Prorosrriox 12. ProsLEn.

To draw a straight line perpendicular to a given straight
line of unlimited length, from a given point without u.
c

A
D

Let AB be the given straight line, which wmay be pro-
duced in cither direction, and let C be the given point with-
out it.

It is required to draw from the point C a straight line
poerpendicular to AB.

Construction. On the side of AB remote from C take

any point D;
and from centre C, with radius CD, describe the circle FDG,
mecting AB at F and G. Post. 3.
Bisect FG at N 1. 10.
and join CH.
Then shall the straight line CH be perpendicular to AB.
Join CF and CG.
P'roof.  Then in the triangles FHC, GHC,
FH is equal to GH, Conastr.
and HC is common to both;
and the third side CF is equal to the third side
CQ, being radii of the circle FOG Def. 11.
therefore the angle CHF is equal to the angle CHG; 1. 8,
and these are adjacent angles.

But when a straight line, standing on another straight
line, makes the adjacent angles equal to one another, each
of these angles is called a right angle, and the straight line
which stands on the other is called a perpendicular to it.

Therefore CH is & perpendicular drawn to the given
straight line AB from the given point C without it. Q.E.F.

Becauso

Nore. The given straight line AB must be of unlimited length,
that is, it must bo capable of production to an indefinite length in
either ;igacﬁou. to ensure its being intersected in two points by the
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RXERCISES ON PROPOSBITIONS ] TO 12,

1. Bhew that the straight line which joins the vertex of an
isosceles triangle to the middle point of the base is perpendicular
to the base,

2. Bhew that the straight lines which join the extremitioa of the
base of an isosoeles triangle to the middle points of the opposite sides,
are equal to one another,

8. Two given points in the base of an isosceles triangle are equi-
distant from the extremities of the base : shew that they are also equi-
distant from the vertex,

4. If the opposite aides of & quadrilateral are equal, show that the
opposite angies are also equal.

5. Any two isoscelen triangles XAB, YAB stand on the same base
AB: shew that the angle XAY is equal to the angle XBY; and that
the angle AXY is equal to the angle BXY.

6. Shew that the opposite angles of a rhombus are bisected by the
diagonal which joins them.,

7. Shew that the straight lines which bisect the base angles of an
isonoeles triangle form with the base a triangle which is also soscelen,

A, ABC is an isosceles triangle having AB equal to AC; and the
ungles at B and C are bisected by straight lines which mect at O:
shew that OA bisects the angle BAC.

9. Bhew that the triangle formed by joining the middle points of
the sides of an equilateral triangle is also equilateral.

10. The equal sides BA, CA of an isosccles triangle BAC are pro-
duced beyond the vertex A to the pointa E and F, so that AE i ¢qual
to AF; and FB, EC are joined: shew that FB in equal to EC.

11. Shew that the diagonals of a rhombus bisect one another at
right angles.

12. 1In the equal sides AB, AC of an isonceles triangle ABC two
points X and Y are taken, so that AX is equal to AY; and CX and BY
are drawn intersecting in O : shew that

(i) the triangle BOC is isoxceles ;
(1i) AO bisects the vertical angle BAC;
(iii) AO, if produced, bisects BC at right angles.

13. Describe an isosceles triangle, having given the base and the
length of the perpendicular drawn from the vertex to the buse.

14. In a given straight line find a point that is equidistant from
two given pointa. d

In what case is this impossible ?
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Prorositios 13. TuEorEM.

If one straight lins stand upon another strasght line,
then the adjacent angles shall be either two right angles, or
together equal to two Tight angles.

A

D B c D 8 C

Let the straight line A8 stand upon the straight line DC:
then tho adjacent angles DBA, ABC shall be either two right
angles, or together equal to two right angles.

Case 1. For if the angle DBA is equal to the angle ABC,
each of them is a right angle. Def. 7.

Case 11, But if the angle DBA is not equal to the
angle ABC,

from B draw BE at right angles to CD. L 1L
Proof. Now the angle DBA is made up of the two
angles DBE, EBA;
to each of these equals add the angle ABC;
then the two angles DBA, ABC are together equal to the
three angles DBE, EBA, ABC. Ax. 2,

Aguin, the angle EBC is made up of the two angles EBA,

ABC;

to each of these equals add the angle DBE.

Then the two angles DBE, EBC are together equal to the
three angles DBE, EBA, ABC. Az 2,

But the two angles DBA, ABC have been shewn to be equal
to the same three angles;

therefore the angles DBA, ABC are together equal to the
angles DBE, EBC. Az 1.

But the angles DBE, EBC are two right angles; Constr.
therefore the angles DBA, ABC are together equal to two

right angles, Q.E.D.
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DEFPINITIONS.

{if The complement of an acute angle is its defect from
a right angle, that ix; the angle by which it falls short of a rlght
angle.

Thus two angles are complementary, when their sum isx a
right angle.

(i) The supplement of an angle ix its defeet from two right
angles, that is, the angle by which it fulls short of two right
angles,

Thus two angles are supplementary, when their su in two
right angles.

CoroLrany.  Auglea which are complementary or supple-
mentary to the same angle are equal to one another,

EXERCISES.
1. If the two exterior angles formed by producing a side of a tri-
angle both ways are equal, shew that the triangle is isosccles.

2. The bisectors of the adjacent angles which one struight line
makes with another contain a right angle.

Norx. In the adjoining figure AOB
o given angle; and one of its arms AO
in producel to C: the adjacent angles

AOB, BOGsare bisected by OX, OY, X
Then OX and OY are ealled respact.
ively the internal and external bisectors A

of the angle AOB.
Hence Exercise 2 may be thus enunciated :

The internal and external bisectors of an angle are at right angles
to one another.

3. Shew that the angles AOX and COY are complementary.

4. Shew that the angles BOX and COX are supplementary; and
also that the angles AOY and BOY are supplewentary.
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ProrosiTion 14. THEOREM.

If, at a point sn a straight line, two other straight lines,
on opposite sides of it, make the adjacent angles togethar
equal to two right anglen, then these two straight lines shall
be in one and the same straight live.

c B )

At the point B in the straight line AB, let the two
straight lines BC, BD, on the opposite sides of AB, make
the adjacent angles ABC, ABD together equal to two right
angles

then 8D shall be in the same straight line with BC,
P'roof. For if BO be not in the same straight line with BC,

if possible, let BE be in the same straight line with 8C.
Then because AB meets the straight line CBE,
therefore the adjacent angles CBA, ABE are together equal

to two right angles. L 13.
But the angles CBA, ABD are also together equal to two
right angles. Hyp.
Therefore the angles CBA, ABE are together equal to the
angles CBA, ABD. Ar. 11

From each of these equals take the common angle CBA;
then the remaining angle ABE is equal to the r(-mmmng anbh-
ABD; the part oquul to the whole; which is impossible.
Themfnm BE is not in the same stmlght line with BC.

And in the same way it may be shewn that no other
line but BD can be in the same straight line with BC.
Therefore BD is in the same straight line with BC. Q.Eb.

EXERCISE,

ABCD is a rhombus; and the diagonal AC is Lisacted at 0. It O
u;omedtolhe angular points B and D; shew that OB and OD are
in one straight line,
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Obs. When two straight lines intersect at a point, four
sngles are formed; and any two of theso angles which uee wot
adjacent, are said to be vertically opposite to une suother.

Prorosition 15, Turorem.

If two straight lines inlersect one another, then the vertically
opposite angles shall be equal.

C E D

A

Tat the two straight lines AB, CD cut one another at
the point E:
then shall the angle AEC be equal to the angle DEB,
and the angle CEB to the angle AED
Proof.  Because AE mskes with €D the adjacent angles
CEA, AED,
therefore these angles are together equal to two right
angles, T K%
Again, because DE makes with AB the adjacent angles AED,
DEB,
therefore these also are together equal to two right angles,
Therefore the angles CEA, AED arc together cqunl to the
angles AED, DEB.
From each of these equals take the common angle AED;
then the remaining angle CEA is equal to the remaining

angle DEB. Ar. 3,
In a similar way it may be shewn that the angle CEB
is equal to the angle AED. QED

CorOLLARY 1. From this it is manifest that, 3f two
straight lines cut one another, the angles which they make
at the point where they cut, are together equal to four right
angles.

CoRoLLARY 2. Coonsequantly, when any numbet of straight
lines meet at a posnt, the sum of the anyles made by con
secutive lines s equal to four right angles.

" o 2
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ProrosiTiox 16. THEOREM.

If one mide of a triangle be produced, then the exterior angle
shall be greater than either of the interior opposite angles.

A F

w

C D

G

Lot ABC be a triangle, and let one side BC be produced
to D: then shall the exterior angle ACD bLe greater than
vither of the interior opposite angles CBA, BAC.

Conatruction, Bisect AC at E: 1 10,
Join BE ; and produce it to F, making EF equal to BE. 1. 3.
Join FC,

Proof. Then in the triangles AEB, CEF,
AE is equal to CE, Constr.
Because and E8 to EF ; Coustr,
ulso the angle AEB is cqual to the vertically
l opposite angle CEF ; 1 15,
therefore the triangle AEB is equal to the trinngle CEF in
all respects 1 4.

so that the angle BAE is equal to the angle ECF.

But the angle ECD is greater than its part, the angle ECF;
therefore the angle ECD is greater than the angle BAE;
that is, the angle ACD is greater than the angle BAC.

In a similar way, if BC be bisected, and the side AC
produced to G, it may be shewn that the angle BCG is
greater than the angle ABC.

But the angle BCG is equal to the angle ACD: 1. 15,
therefore also the angle ACD is greater than the angle ABC.
Q E.D.
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ProrositioN 17. THEURENM.

Any two anyles of a triangle are together leas than two
right angles.

A

8 C o]

Let ABC be a triangle: then shall any two of its angles, as
ABC, ACB, be together less than two right angles.

Construction. Produce the side BC to D.

I'roof. Then lecause ACD i8 an exterior angle of the
triangle ABC,

therefore it is greater than the interior opposite angle
ABC. 1 16,

To ench of these add the angle ACB :
then the angles ACD, ACB are together greater than the

angles ABC, ACB. Ax. 4.
But the adjacent angles ACD, ACB are together equal to
two right angles, L 13

Therefore the angles ABC, ACB are together less than two
right angles.
Similarly it may be shewn that the angles BAC, ACB, as
ulso tho angles CAB, ABC, arv together less than two right
angles. QR D,

Norr. It follows from this Proposition that exery trianale must
have at least two acute angles: for if one angle in obtuse, or a right
angle, each of the other angles must be less than a right angle.

EXERCIBES,

1. Enunciate this Proposition #0 as to shew that it is the converse
of Axiom 12, .

2. I any side of a triangle is produced both waya, the exterior
angles 8o formed are together greater than two right angles.

3. Shew how a proof of Proposition 17 may be obtained by
joining each vertex in turn to any point in the opposite side.

- ~
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ProrosiTioNn 18. THEROREM.

If one mde of a triangle be greater than another, then
the angle opposite to the greater wide shall be greater than
the angle oppostte to the less.

Tet ABC L a triangle, in which the side AC is greater
than the side AB :
then shall the angle ABC be greater than the angle ACB.
Construction.  From AC, the greater, cut ofl'n part AD equal
to AB. 13
Join BD.
DProof. Then in the triangle ABD,
because AB is equal to AD,
therefore the angle ABD is equal to the angle ADB. 1. 5
But the exterior angle ADB of the triangle BDC is
greater than the interior opposite angle DCB, that is,
greater than the angle ACB. 1. 16.
Therefore also the angle ABD is greater than the angle ACB;
still more then is the angle ABC greater than the angle
ACB. Q.E.D.

Euclid enunciated Proposition 18 as follows:

The greater side of every triangle has the greater angle
opposite to L.

[This form of enunciation is found to be a common source of diffi-

culty with beginners, who fail to distinguish what is gssumed in it and
what is to be proved.]

{For Exercises see page 38.]
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ProrositioNn 19. TaROREM.

If one angle of a triangle be greater than another, then
the side opposite to the greater angle shall be greater than
the sude opposite to the less.

A

8 [

Lot ABC be n triangle in which the angle ABC i8 greater
than the angle ACB :
then shall the side AC be greater than the side AB.
Proof. For if AC e not greater than A8,
it must be either equal to, or less than AB.
But AC is not equal to AB,
for then the angle ABC would be equal to the angle ACB; 1.5,
but it i3 not. Hyp.
Neither is AC less than AB;
for then the angle ABC would be less than the angle ACB; 11K,

but it is not : Hyp.
Therefore AC is neither equal to, nor less than AB.
That is, AC is greater than AB. Q.ED.

Norr. The mode of demonsatration used in this Proposition is
known as the Proof by Exhaustion. It 18 applicable to cases in which
one of certain mutually exclusive suppositions must necessarily bo
true; and it consists in shewing the falsity of cach of these supposi.
tions in turn with one exception: hence the truth of the remaining
supposition is inferred.

Euclid enunciated Proposition 19 as follows :

The greater angle of every triangle is sublended by the
greater sude, or, has the greater side opposite to it.

[For Exercises sec page 38.]
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Provosition 20. TurEoRgM.

Any two wides of a triangle are togather greater than ths
third side.

o]

B ]

Let ABC be a triangle:
then shall any two of its sides 1w um-tlw grmtcr than the
third side :
namely, BA, AC, shall be greater than CB;
AC, CB greater than BA;
and CB, BA greater than AC.

Construction. Produce BA to the point D, makiug AD cqunl

to AC. 1. 3.
J()ill DC.
P'root. Then in the triangle ADC,
because AD is equal to AC, Constr.

therefore the angle ACD is equal to the angle ADC. 1. 5,

But the angle BCD is greater than the un;,lt- ACD; Ar 9.

thercfore also the angle BCD is greater than the angle ADC,
that is, than the angle 8DC.

And in the triangle BCD,
because the angle BCD is greater than the angle BDC, /'r.
therefore the side BD is greater than the side CB. 1 10

But BA and AC are together equal to BD ;
therefore BA and AC are together greater than CB.

Similarly it may be shewn
that AC, CB are together greater than BA;
and CB, BA are together greater than AC. Q. E D,

[For Exercises see page 83.]
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Prorositiox 21. Tuzonex.

If from the ends of a side of a triangle, there be drawn
two straight lines to a point wnthin the triangle, then these
straight linas shall be less than the other two sides of the
triangle, but shall contain a greater angle.

Let ABC be a triangle, and from B, C, the cuds of the
sido BC, let the two straight lines 8D, CD be drawn to
a point D within the triangle
then (i) BD and DC shall bo together less than BA and AC;

(ii) the angle BDC shall bs greater than the angle BAC.

Construction. Produce BD to meet AC in E.

Proof. (i) In the triangle BAE, the two sides BA, AE are

together greater than the third side BE: 1. 20,
to each of these add EC

then BA, AC are together greater than BE, EC. Ar. 4,

Again, in the trinngle DEC, the two sides DE, EC are to
gether greater than OC : 120,
to each of these add 8D ;
then BE, EC are together greater than 8D, DC.
But it has been shewn that BA, AC are together greater
than BE, EC:
still more then are BA, AC greater than BD, DC.

(11) Again, the exterior angle BDC of the triangle DEC is

greater than the interior opposite angle DEC; 1 16

and the exterior angle DEC of the triangle BAE i greater

than the interior opposite angle BAE, that &, than the

anglo BAC ;. L. 16.

still more then is the angle BDC greater than the angle BAC.
Q.E.b.
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EXERCISES
ox Puoroarrioxs 18 axo 19.

1. The hypotenuse is the greatest vide of a right-angled triangle.
2. I two angles of a triangle are equal to one another, the sides

also, which subtend the equal angles, are equal to one another. Prop. 6.
Prove thix indirectly by using the result of Prop. 18.

3. BC, the basc of an isosceles triangle ABC, is produced to any
point D ; shew that AD ix greater than either of the equal sides,

4. 1fin a qundrilateral the greatest and least sides are opposite to
one another, then each of the angles adjacent to the least aide is
greater than its opposite angle,

5. In a triangle ABC, if AC is not greater than AB, shew that
any straight line drawn through the vertex A and terminated by the
base BC, is less than AB.

6. ABC is a triangle, in which OB, OC biscct the angles ABC,
ACB regpectively: shew that, if AB is greater than AC, then OB is
greater than OC.

ox Prorositiox 20,

7. The difference of any two sides of a trinngle is less than
the third side.

R, In a quadrilateral, if two opposite sides which are not parallel
are produced to meet one another; shew that the perimeter of the
wreater of the two triangles so formed is greater than the perimeter of
the quadrilateral.

9. The sum of the distances of any point from the three angular
points of a triangle ix greater than half its perimeter.

10.  The perimeter of a quadrilateral is greater than the sum of its
dingonals,

11, Obtain n proof of Proposition 20 by bisecting an angle by a
straight line which meets the opposite side.

ox Prorositiox 21,

12. In Proposition 21 shew that the angle BDC is greater than
the angle BAC by joining AD, and producing it towards the base.

18. The sum of the distances of any point within a triangle from
its angular points is less than the perimeter of the triangle.
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ProrosiTioNn 22, ProuLEs.

To describe a triangle having its sides equal to three
given straight lines, any two of which are together greater
than the third.

A
B /L'” T " B
x/ '
//1 . .K.
/ / 1 ‘%\ .
i F G H E
/M

Iet A, B, C be the three given straight lines, of which
any two are together greater than the chivd.

It is required to deseribe a trinngle of which the sides
shall be equal to A, B, C.

Conatruction.  Take a straight lino DE terminated at the
point D, but unlimited towards E.

Make DF equal to A, FG equal to 8, and GH equal to €. 1. 3.
From centre F, with radius FD, describe the circle DLK.
From centre G with radius GH, describe the circle MHK,

cutting the former circle at K.
Join FK, GK.
Then shall the triangle KFG have its sides equal to the
three straight lines A, B, C.

Proof.  Becnuse F is the centre of the circle DULK,

therefore FK is equal to FD: Def 11,

but FD is ¢qual to A; Constr,

therefore also FK is eqqual to A A, 1.

Aguin, beeause G is the centre of the circle MHK,

therefore GK is equal to GH : Def 11

but GH is equal to C; Constr.

therefore also GK is equal toC. ¢ Aux. |

And FG is equal to 8. Conatr.

Therefore the triangle KFG has its sides KF, FG, GK equal
respectively to the three given lines A, B, C. QEF.
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EXERCISE,

On a given bane describe a triangle, whose remaining sides ahall be
equal to two given straight lines. Point out how the construction
fails, if any one of the three given lines is greater than the sum of
the other two.

ProrosiTioNn 23. ProsrLeM,

At a given point in a given straight line, to make an
angle equal to a given angle.

c

D, F
B,

Let AB be the given straight line, and A the given point
in it; and let DCE be the given angle.

It is required to draw from A a straight line making
with AB an angle equal to the given angle DCE.

Construction.  Tn CD, CE take any points D and E;
and join DE.

From AB cut off AF equal to CD. L 3.
On AF describe the triangle FAG, having the remaining
sides AG, GF equal respectively to CE, ED. L 22,

Then shall the angle FAG be cqual to the angle DCE.
Proof. For in the triangles FAG, DCE,

‘ FA is equal to DC, Conatr.
Because . and AQ is equal to CE; Conatr.
ltmd the base FG is equal to the base DE : Conastr.

therefore the angle FAG is equal to the angle OCE 1. &
That is, AG makes with AB, at the given point A, an angle
equal to the given angle DCE, QEF,
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ProrosiTion 24.

If two triangles have two sidrs of the ons equal to tuo
wides of the other, each to each, but the angle contained by
the two sidea of one greater than the anyle contained by
the corresponding sides of the other ; then the base of that
which has the greater angle shall be greater than the base of the
other.

A o]

by
B8 CE w"G

o

F

Let ABC, DEF bLe two triangles, in which the two sides
BA, AC are equal to the two sides ED, DF, euch to each,
hut the angle BAC greater than the angle EDF:

then shall the base BC be greater than the hase EF.

* Of the two sides DE, OF, let DE be that which is not
vreater than DF.

Construction. At the point D, in the straight line ED,
and on the same side of it as DF, muke the angle EOG
equal to the angle BAC, 1L 23,

Make DG equal to DF or AC; L3
and join EG, GF.

Lroor. Then in the triangles BAC, EDG,

BA is equal to ED, Hyp.

Eecause and AC is equal to DG, Conatr.
also the contained angle BAC is eqyal to the

contained angle EDG ; Conatr.

Therefore the triangle BAC is equal to the trisngle EDQ in
all respects : 1. 4.

s0 that the buse BC is equal to the base EG,
* Bee note on the next page.
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A D

F

Again, in the triangle FDG,
becauss DG is equal to DF,
therefore the angle DFQ is equal to the angle DGF, 1 5.
but the angle DGF is greater than the angle EGF;
therefore also the angle DFG is greater than the angle EGF;
still more then is the angle EFG greater than the angle EGF.

And in the triangle EFG,
because the angle EFG is greater than the angle EGF,
therefore the side EG is greater than the side EF; 1. 19.
but EG was shewn to be equal to BC;
therefore BC is greater than EF. Q.E.D.

* This condition was inserted by Simson to ensure that, in the
complete construction, the point F should fall befowr EG.  Without
this condition it would e necessary to consider three cases: for F
might fall abore, or upon, or below EG ; and each figure would require
scparate proof,

We are however seareely at liberty to employ Stmson’s condition
without proecng that it fulfils the object for which it was introduced.

Thix may be done as follows:
1«t EG, DF, produced if necessary, intersect at K.
Then, since DE is not greater than DF,
that is, since DE is not greater than DG,
therefore the angle DGE in not greater than the angle DEG. 1. 18,
But the exterior angle DKG is greater than the angle DEK: 3. 16.
therefore the angle DKG is greater than the angle DGK.

Hence DG is greater than DK. 1. 19.

But DG is equal to DF ;
therefore DF is greater than DK.

Oa dhas thn mnled £ st LN 2V BN
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Or the following method may be adopted.

PunorosiTioN 24. [ALTERNATIVE Proor.]

In the triangles ABC, DEF,
let BA be equal to ED,

A D
and AC equal to DF,
wmt let the angle BAC be greater than
the angle EOF:
thien shall the base BC be greater than
the base EF.
For apply the triangle DEF to the
B C E
3

trinngle ABC, 8o that D may full on A,
snd DE along AB:
then becsuse DE is equal to AB,
therefore E must fall on B.
And because the angle EDF i lexs than the angle BAC, Hyp.
therefore DF must fall between AB and AC.
J4t DF occupy the position AG.

Carx 1. IfG fulls on BC:
Then G must be between B and C:
therefore BC is greater than BG.
But BG is equal to EF :
therefore BC is greater than EF.

Case II.  If G does not fall on BC.
Bisect the angle CAG by the straight line AK

which meets BC in K. 1. 9.
Join GK.
Then in the triangles GAK, CAK,
GA is equal to CA, Hyp.

Because and AK is common to both;
the angle GAK is equal to the c
angle CAK; Constr, B "
therefore GK is equal to CK. 14 G
But in the triangle BKG,
the two sides BK, KG are together greater than the third side BG, 1.20.
that is, BK, KC are together greater than BG;
therefore BC is greater than BQ, or EF. Q.L.D.
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ProrosiTion 25, THEOREM.

If two triungles have two sides of the one equal to two
aides of the other, each to each, but the base of one greater
than tha base of the other ; then the angle contained by the
wirles of that which haw the greater base, shall be greater than
the anyle contuined by the corresponding sides of the other,

A D
F

Lot ABC, DEF be two triangles which have the two sides
BA, AC equal to the two sides ED, DF, cach to each, but the
hase BC greater than the base EF :

then shall the angle BAC be greater than the angle EDF.

Proof.  For if the angle BAC be not greater than the
angle EDF, it must be either equal to, or less than the
angle EDF,

But the angle BAC is not equal to the angle EDF,
for then the base BC would be equal to the base EF ; 1. 4.
hut it is not, Hyp.
Neither is the angle BAC less than the angle EDF,

for then the base BC would be less than the base EF ; 1. 24,

but it is not, Hyp.

Therefore the angle BAC is neither equal to, nor less than
the angle EDF ;

that is, the angle BAC is greater than the angle EDF. Q.ED.

EXERCISE.

In a triangle ABC, the vertex A is joined to X, the middle
point of the base BC; shew that the angle AXB is obtuse or acute,
according as AB is greater or less than AC.
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ProrosiTiox 26. Turores.

If trwo triangles have two angles of the ons e to two
angles of the other, each to euch, and a side of one equal
to a side of the other, these sides beiny eilher adjacent to the
equal angles, or opposite to equud angles in each ; then shall
the triangles ba equal in all respects.

Case I. When the equal sides are adjacent to the equal
nngles in the two triangles.

B C E F

Let ABC, DEF he two triangles, which have the angles
ABC, ACB, equal to the two angles DEF, DFE, each to each;
and the side BC equal to the side EF :
then shall the triangle ABC be equal to the trinngle DEF

in all respects ;
that is, AB shall be cqual to DE, and AC to DF,

and the angle BAC shall Le equal to the angle EDF.

For if AB be not equal to DE, one must be greater than
the other, If possible, let AB be greater than DE.

Construction. From BA cut off’ BG equal to ED, 1 3.
and join GC.

Proof. Then in the two triangles GBC, DEF,

GB is equal to DE, Conatr.

B and BC to EF, Hyp.
U5 also the contained angle GBC is equal to the
contained angle DEF; Hyp.

thevefore the triangles are equal in all respects; 1. 4,
0 that the angle GCB is equal to the anglé OFE.
But the angle ACB is equal to the angle DFE; Hyp.
therefore also the angle GCB is equal to the angle ACB ; Ax.1,
the part equal to the whole, which is impossible,
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E F

Therefore AB is not unequal to DE,
that is, AB is equal to DE.

Hence in the triangles ABC, DEF,

AB is equal to DE, Proved.

Because and BC is equal to EF _ Hyp.
’ also the contained augle ABC is equal to the
contained angle DEF ; Hyp.

therefore the triangles are equal in all respects: 1. 4.
s0 that the side AC is equal to the side DF
and the angle BAC to the angle EDF. QE.D.

Casg 11, When the equal sides are opposite to equal
angles in the two triangles.

A D

8 H C € F

Let ABC, DEF be two triangles which have the angles
ABC, ACB equal to the angles DEF, DFE, each to each,
and the side AB equal to the side DE:

then shall the triangles ABC, DEF be equal in all respects ;
that is, BC shall be equal to EF, and AC to DF,

and the angle BAC shall be equal to the angle EDF.
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For if BC be not equal to EF, one must be greater than
the other. 1f possible, lot BC bo greater than EF.

Construction. From BC cut off BH equal to EF, L3
. and join AH.

Proof.  Then in the triangles ABH, DEF,

AB i3 t‘qm\\ to DE, ]/yp.

Because ll"(! BH to EF, ) Conastr.
also the contained angle ABH is equal to the
contained angle DEF ; Hyp.

therefore the triangles are equal in all respects, 1. 4.

8o that the angle AHB is equal to the angle DFE.
But the angle DFE is equal to the angle AC8; M yp.
therefore the angle AHB is equal to the angle ACB; A 1.
that is, an exterior angle of the triangle ACH is equal to
an interior opposite angle ; which is impossible, 1. 16.

Therefore BC is not unequal to EF,
that is, BC i» equal to EF.

Henee in the triangles ABC, DEF,

AB is equal to DE, Hyp.

Because and BC is equal to EF ; DProved.
T Jalso the contained angle ABC is equal to the
contained nnule DEF ; Hyp,

therefore the triangles are equal in all respects; 1. 4.
50 that the side AC is equal to the side DF,
and the angle BAC to the angle EDF.
Q.E.D.

CoROLLARY.  In both cases of this Preposition it sa seen
that the triangles muy be wmade to coincide with one another;
and they are therefore equal in urca.
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ON THE IDENTICAL EQUALITY OF TRIANGLES,

At the close of the fimt section of Book I, it i worth while
to cull special attention to those Propositions {viz. Props. 4, 8, 26;
which deal with the identival equality of two trinngles,

The results of theso Propositions may be sutnmarized thus

Two triangles are equal to one another in all respects, when
the following parta in cach are equal, cach to evach.

1. Two sides, and the included angle, P'rop. 4,

2. The throe sides. Prop. 8, Cor.
3. (1) Two angles, and the adjacent side. ?

(b) Two angles, and the xide opposite one of ¥ Prop, 26.
them, 5

From this the beginner will perhups surmiise that two tri.
angles may be shewn to be equal i all respects, when they have
three parts equal, each to cacli; but to this statement two obvious
eveeptions must be made,

(1Y Whou in two triangles the three angles of one are equal
to the thres angles of the other, vach to cach, it does o
necessnrily follow that the triangles are cqual in all respects,

(1) When in two triangles two sides of the one are equal
to two sides of the other, cach to each, and one angle equal to
one angle, these not being the angles included by the equal sides;
the triangles are not necessarily equal in all respects,

In these cises a further condition must be added to the
hypothesis, before we can assert the identical equality of the
two triangles.

[See Theorems and Exercises on Book I, Ex. 13, Page 92.]

We ohserve that in each of the thrve cases already
of identical equality in two triangles, namely in Propositions 4,
8, 26, it is shewn that the triangles may be made to eofneidr
with one another; so that they are equal in areq, as in all
other respects.  Euclid however restricted himself to the use of
Prop. 4, when he required to deduce the eguality in area of two
triaugles from the equality of certain of their parts,

This restriction has been abandoned in the present text-book.
[See note to Prop. 34.]
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EXERCISES ON PROPOSITIONS 12.-26,

1. If BX and CY. the bisectorz of the angles at the bawe BC of an
isosceles trianvie ABC, meet the urpue«itn sides o X and Y, shew that
the triangles YBC, XCB are vqual in all respects.

2. Shew that the perpendicnlars drawn from the extromitios of
the base of an isodceles trinngle 10 the opposite sides are equal,

8. Any point on the bisector of an angle is equidistunt from the
arms of the angle.

4. Through O, the middle point of a straight line AB, any straight
tine is drawn, and perpendiculars AX and BY are dropped upon it from
A and B: shew that AX is equal to BY.

5. If the bisector of the vertical anyle of a trivngle 14 at right
angles to the base, the triangle is sroseeles,

6. The perpendicular s the shortest straight line that can be
drawn froma geeen pont to a given straight line ; and of others, that
which 12 wearer to the perpendicular in leas than the muore remote; and
two, and only two cqual straight lowes can be drawn from the giren
voint to the given straight line, one ox cach side of the perpendicular,

7. From two given points on the same side of a given straight line,
draw tico straight lines, which shatl mect 1w the given straight line
wnd make equal angles with at.

Let AB be the given straight line, P
aud P, @ the given points. a /

It 14 required to dmw from P and Q N :
to a point in AB, two straight lines g K .
that shall be equally inclined to AB. ';H 8

Cunstruction.  From P draw PH Tep’

perpendicular to AB: produce PH to
P, making HP’ equal to PH. Draw QP wcting AB in K. Join
PK.

Then PK, QK shall be the required lines.  [Supply the proof. ]

K. In a given straight line find & point which iv equidistant from
two given intersecting straight hnis. In what case is this wspossibile?

9. Through a given point draw a straight line such that the wer-
pendiculars drawn to it from two piven points may be squai,
In what case is this impossible ?
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SECTION IL
PARALLEL STRAIGHT LINES AND PARALLELOGRAMS.

DeriviTioN.  Parallel straight lines are such as, being
in the same planc, do not meet however far they are pro-
duced in both directions.

When two straight lines AB, €D aro met by a third straight
line EF, eizkt angles are formed, to which
for the sake of distinction particular A E
DAINeR AT givon, 2 g
Thus in the adjoining figure, 3
1, 2, 7, 8 are called exterior angles,
3, 4, 5, 6 are called interior angles, /6

4 and 6 are suid to bo alternate angles; T 8,7 ]
i

80 also the angles 3 and 5 are alternate to
one another,
Of the angles 2 and 6, 2 is referred to as the exterior angle,
and 6 us the interior opposite augle on the same side of EF,
2 and 6 are sometimes called corresponding angles,
So also, 1 and b, 7 and 3, 8 and 4 are corresponding angles.

Euclid’s treatment of Yarullol straight lines is hased upon his
twelfth Axiom, which we hore repeat.

Axion 12, If a straight line cut two straight lines so
as to make the two interior angles on the same side of
it together less than two right angles, these straight lines,
being continually produced, will at length meet on that
side on which are the angles which are together less than
two right angles.

Thus in the figure given above, if the two angles 3 and 6 are
together less than two right angles, it is asserted that AB and
CD will meet towards B and D.

This Axiom is used to establish 1. 20: some remarks upop it
will be found in & note on that Proposition. pon
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Prorositiox 27. Turorxa,

If a straight line, falling on two other straight lines, makn
the alternate angles equal to one anuther, then the straight
lines shall be parallel,

Let the straight line EF cut tha two straight lines AB,
CD at G and H, s0 as to make the alternate angles AGH,
GHD equal to one another:

then shall AB and €D be parallel.

Prosr.  For if AB and CD be not paraliel,

they will meet, if produced, either towsrds B and D, or to-
wards A and C.

If possible, let AB and €D, when produced, meet towards 8
and D, at the point K,

Then KGH is a triangle, of which one side KG is produced
to A:

therefore the exterior angle AGH is greater than the interior
opposite angle GHK. 1. 16,

But the angle AGH is equal to the angle GHK: Iy,
hence the angles AGH and GHK are both equal and unequal,
which is impossible.

Therefore AB and CD cannot meet when produced towards

B and D.

Bimilarly it may be shewn that they cannot meet towards
Aand C: .

therefore they are parallel. Q.E.D.
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PurorosiTion 28, Turonewm.

1S a straight line, folling on two other straight lines,
make an exterior angle rqual Lo the {uteror opposite angle
on the same side of the line; or o it wmake the saterior
anylea on the same side together equal o two right anyles,
ther the tiro straight lives shall be paralled,

E

Cc H\
3

Lt the straight line EF cut the two straight hues AB,
€D in G and H: and
Firat, let the exterior angle EGB be equal to the interior
opposite angle GHD:
then shall AB and €D be parallel.
Proot. Beeause the angle EGB is equal to the angle GHD;
und because the angle EGB is also equal to the vertically op-
posite angle AGH; 1. 15,
therefore the angle AGH is equal to the angle GHD:
but these are alternate angles;
therefore AB and CO are parallel. 127,
Q. E. D,
Secondly, let the two interior angles BGH, GHD be to-
gether equal to two right angles:
then shall AB and €D be parnllel,
Proof. Because the nngles BGH, GHD are together equal

to two right angles; Hyp.
and beeause the adjacent angles BGH, AGH are also together
equal to two right angles; L 13,

therefore the angles BGH, AGH are together equal to the
two angles BGH, GHD.
From these equals take the common angle BGH:
then the remaining angle AGH is equal to the remaining
angle QHD: and these are alternate angles;
therefore AB and CD are parallel. L 27,
Q.E.D.
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ProposiTiox 29. Turores.

I7 a straight Line fildl on tiro parallel straight lines, then it
shall sniike the alternate angles equal to one another , and the
erterior angle rqual to the Snterior opponite angle on the
wime side ;. and alwo the two interior anyles on the same
side equal o o might angles.

Let the steaight line EF full on the parallel steaight
lines AB, CD:
then (i) the alternate angles AGH, GHD shall b equal to
one another;
{it) the exterior angle £GB shall be equal to the interior
opposite angle GHD,;
(1i1) the two interior angles BGH, GHD shall be together
equal to two right angles
Proof. 1) Forif the angle AGH be not equal to the angle
GHD, one of them must be greater than the other.
I possible, let the angle AGH be greater than the angle
GHD ;
add to each the angle BGH:
then the angles AGH, BGH are together greater than the
angles BGH, GHD,
But the adjacent angles AGH, BGH are together equal to
two right angles ; 113
therefore the angles BGH, GHD are together less than two
right angles;
therefore AB and CD meet towards Band ©. 4. 12,
But they never meet, since they are parallel.  /{yp.

Therefore the angle AGH is not unequal to the angle GHD:
that is, the alternate angles AGH, GHD are equal.

(Over)
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(i1) Agnin, because the angle AGH is equal to the verti-

cally opposite angle EGB; L1h,
and becauso the angle AGH is equal to the angle GHD;
Proved.

therefore the exterior angle EGB is equal to the interior op-
posite angle GHD.

(iii) Lastly, the angle £GB is equal to the angle GHO;
Proved.
add to each the angle BGH;
then the angles EGB, BGH are together equal to the angles
BGH, GHD.
But the adjncent angles EGB, BGH are together equal to

two right angles: L 13
therefore alko the two interior angles BGH, GHD are to-
gether cqual to two right angles, Q.ED.

EXERCISES ON PROPOSITIONS 27, 28 20,

1. Two straight lines AB, CD bisect one another at O: shew that
the straight lines joining AC and BD are parallel, [1. 27.}

2. Straight lines which are perpendicular to the same straight line
are parallel to one another. {r. 27 or 1, 28.)

8. If a straight line meet two or more parallel straight lines, and is
perpendicular to one of them, it is also perpendicular to all the vthers.
L 29.]

4. If two straight lines are parallel to tawo other straight lines, each
to each, then the angles contained by the first pair are equal respectively
to the angles contained by the second pair. [r. 29.}
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Note oN THE TWELFTH AXioM.

It must be admitted that Euclids twelfth Axiom is un-
satisfactory as the basis of a theory of parallel struight lines,
It caunot be regarded as either simple or self-evident, and it
therefore falls short of the exsential characteristios of au axiom:
nor is the ditticulty entirely removed by considering it as a cor-
rollary to Proposition 17, of which it is the converse

Muny substitutes have been proposed ; hut we need only notice
here the systemn which has et with most general approval.

This system resty on the following hypothesis, which s put
forwand as o fundamental Axion,

Ax10M. Thwo intersecting straiht {ines connot be both paradlel
to a third straiyht Line.

Thix statement is known as Playfair's Axiom; and though
it is not altogether free from objection, it is recommended as
both simpler and more fundamental than that cmployed by
Euclid, and more readily adimitted without proof.

Propositions 27 and 2~ haviug been proved in the usial way,
the first part of Proposition 29 s then given thas

Prorosrrion 20, [AvreryaTive Proor.]

If a straight line fall on two paralel straight Lnes, then it
shall make the altrrnate angles equal.

Let the straight line EF mect the two
parallel straight lines AB, CD, at G
und H:
then shall the alternate angles AGH, B

GHD b cqual. A=
For if the anzle AGH is not equal to the /

angle GHD:
at G in the straight ine HG make the € ™
angle HGP equal to the angle GHD, /

anl alternate to it 1 24,
Then PG and CD are parallel. 7. 27.
But AB and CD are parallel:  Hyp.
therefore the twu intersecting straight lines AG, PG are both parallel
W CD:
which is impossible. Playgir's Ariom,
Therefore the angle AGH is not uneyual to the angle GHD,
that is, the alternate angles AGH, GHD are oqual. ¢ x.n.
The second and third parts of the Proposition may then b deduced
as in the text; and Eoclid's Axiom 1% follows as & Corollary.
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Prorosition 30. THEOREM.

Straight lines which are parallel to the same etraight lins
are parallel 1o one a nother,

E/

/
—7
A

Q
L/

i
/

Lot the straight lines AB, CD be each parallel to the
straight line PQ:
then shall AB and €D be parallel to one another,

Conatruction.  Draw any straight line EF cutting AB, CD,
and PQ in the points G, H, ana K.

Progf. Then beenuse AB and PQ are purallel, and EF
meets them,
therefore the angle AGK is equal to the alternate angle GKQ.
124,
And because €O and PQ are parallel, and EF meets them,

therefore the exterior angle GHD is equal to the intertor
oppusite angle HKQ, L 29,

Therefore the nngle AGH is equal to the angle GHD;

' and these are alternate angles;
therefore AB and CD are parallel. 1. 27,
QED.

Nore. If PQ lies between AB and CD, the Proposition may be
extablished in a similar manner, though in this case it scarcely needs
proof; for it is incouceivable that two straight lines, which do not
meet an intermodiate straight line, should meet one another.

The truth of this Proposition may be readily deduced from
Playfair's Axiom, of which it ia the converse.

For if AB and CD were not parallel, they would meet when pro-
duced. Then there would be two intersecting atraight lines both
paraliel to a third straight line: which is impossible.

Therefore AB and CD never meet; that is, they are parallel.
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Provrosition 31. Prosrex.

To draw a straight line through a given point parallel
to a yiven straight line.

—L

[+)

Let A be the given point, and BC the given straight line.
Tt is required to draw through A a straight line parallel to
BC.

Construction.  In BC take any point D: and join AD.
At the point A in DA, muake the angle DAE equal to the
angle ADC, and aiternate to it 1235,
and produce EA to F.
Then shall €F be parallel to 8C.

Proof.  Because the straight line AD, meeting the two
straight lines EF, BC, makes the alternate angles EAD, ADC

equal; Conatr,
therefore EF is parallel to BC: 12T,
and it has been drawn through the given point A
QL
EXFERCISES,

1. Any straight line drawn paraliel to the base of an isoxceles
triangle makes equal angles with the sides.

2. If from any point in the bisector of an angle a straight line is
drawn parallel to cither arm of the angle, the tniangle thus furned is
inosceles

8. From a given point draw a straight line that shall make with
& given straight line an angle equal to a given angle.

4. From X, a point in the base BC of an isosceles trigngle ABC, s
straight line is drawn at right angles to the base, cutting AB in Y, and
CA produced in Z: shew the triangle AYZ is 1osceles.

5. If the straight line which bisects an exterior angle of a triangle
is parsllel to the opposite side, shew that the trangle is isonceles.
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ProprosiTion 32. Turores.

If a wide of a triangle be produced, then the exterior
angls shall be equal to the sum of the two interior opposite
angles: also the three suterior anyles of a triangle are together
equal to two right angles.

A

B C [>]

Lot ABC he a triangle, and let one of its sides BC be
produced to D:
then (i) the exterior angle ACD shall be equal to the sumn
of the two interior opposite angles CAB, ABC;
(ii) the three interior nngles ABC, BCA, CAB shall
be together equal to two right angles.

(‘onatruction. Through C draw CE parllel to BA. 1. 31.

Proof. (1) Then because BA and CE are parallel, and AC
meets them,

therefore the angle ACE is equal to the alternate angle
CAB. 1 29,

Agnin, beenuse BA and CE are parallel, and BD meets them,
therefore the exterior angle ECD is equal to the interior
opposite angle ABC. L 29,
Therefore the whole exterior angle ACD is equal to the
sumn of the two interior opposite angles CAB, ABC.

(ii) Again, since the angle ACD is equal to the sum of
the angles CAB, ABC; Proved.
to each of these equals add the angle BCA:
then the angles BCA, ACD are together equal to the three

angles BCA, CAB, ABC.
But the adjacent angles BCA, ACD are together equal to
two right angles; 1 13
therefore also the angles BCA, CAB, ABC are together equal
to two right angles. Q. E.D.
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From this Proposition we draw the following important
inferences.

1. If two triangles have two angles of the one rqual to taw angles of
the other, cach to each, thew tha third angle of the one is equal to the
third angle of the other.

2. In any right-angled triangle the two acute anmgles are com.
plementary.

8. In a right-angled isosceles triangle each of the cqual angles
is half a right angle.

4, If one angle of a triangle (s equal to the sum of the other two,
the triangle is nght-angled.

5. The sum of the angles of any quadriluteral fiqure ta equal to
four right angles.

6, Each angle of an equilateral triangle is two-thirds of o vight
angle.

EXERCIRES ON PROPOSITION A2

1. Prove that the three angles of a triangle wie together equal to
two right angles,
(i) by drawing through the vertex a straight line parallel
to the base;

{ii) by joining the vertex to any point in the base.

2. If the base of any triangle is produced both wuvk, xhew that
the sum of the two exterior angles diminished by the vertical angle is
equal 1o two right angles.

8. If two straight lines are perpendicular to two other straight
lines, each to each, the acute angle betwesn the Jirst pair in equal
to the acute angle between the sccond pair,

4. FEvery right-angled triangle in divided into tico isosceles tri-
angles by a straight line drawn from the right angle to the middle point
of the hypotenuse.

Hence the joining line is equal to half the hypotenuse,

5. Draw a straight line at right angles to a given finite straight
line from one of ils extremities, without producing the ymm straight
line.

[Let AB be the given straight line. On AB describe any isosceles

triapgle ACB. Produce BC to D, making CD equal to BC. Join
AD, TbandmnApbeparpendxmhrmAa]
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6, Trisect a right angle.

7. The angle contained by the bisectors of the anglea at the basa
of an isosceles trisngle 18 equal to an exterior angle formed by pro-
ducing the base.

8. The angle contained hy the bisectors of two adjacent angles of
a quadrilateral is equal to half the sum of the remaining angles.

The following theorems were added as corollaries to
Proposition 32 by Robert Simson.

Conontany 1. AN the tnterior angles of any rectiliveal
Sapure, with four right angles, are together equal to tice as
many right angles as the figure has sides.

Lot ABCDE be any rectilineal tigure.
Take F, any point within it,
and join F to ench of the angular points of the tigure.

Then the figure is divided into as many trisngles as it has
nides,

And the three angles of each triangle are together equal
to two right angles, 132,

Henee all the angles of all the triangles are together equal
to twice as many right angles as the tigure has sides.

But all the angles of all the triangles make up the in-
terior angles of the figure, together with the angles
at F;

and the angles at F are together equal to four right
angles: L 15, Cor.

Therefore all the interior angles of the figure, with four
right angles, are together equal to twice as many right
angles as the tigure has sides. QED.
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COROLLARY 2. IS the sides of a rectiliveal frpure, which
has no re-entrant angle, are produced tn order, then ail the ex-
tertor angles ao formed are together equal to four vight anyles.

For at each angular point of the figure, the interior angle
and the exterior angle are together equal to two rizht
angles. Lo

Thervefore all the interior angles, with all the enterior
angles, are together equal to twice as many right angles
as the figure has sides

But all the interior angles; with four right angles, are to-
gether equal to twice as wany right angles an the fizure
has sides. a2, Cor L

Therefore all the interior angles, with all the eatenor
angles, are tagether equal to all the interior augles, vith
four right angles,

Therefore the eaterior angles are together equal to four
right angles. Q. F.D.

EANERCISEN ON SIMBON'S € OROLLARIES,

{A polyeon is said to be regular when it has all its sides and all its

anyles equall]

1. Express in terms of a right angle the magnitude of esch angle
of {1} a regular hexagou, (1) & rerulur octagon,

2. If one side of a regular hexagon is produced, shew that the ex.
t rior angle 18 equal to the angie of an equiiateral triangle,

3. Prove Simson’s first Corollary by juining one vertex of the
rectilineal figure to each of the other vertices.

4. Find the magnitude of each angle of a regular polygon of
n sides. .

5. If the alternate sides of any polygon be produred to mest, the
sum of the included angles, together with eight right angles, will
be equal to twice as many right angles as the figure has sides.
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ProrostTioNn 33, Turogex.

The wtraight lines which juin the extremitios of two equal
and porallil straight lives towards the same parts are then
selves equal and parallel.

Let AB and €D be equal nnd parallel strajght lines;
and let thew be joined towards the same parts by the
struight line- AC and 8D:

then shall AC and BD e cyual and parallel.
Clonstrction. Join BC.

Proof. Then beeanse AB and €D are parallel, and 8C
meets them,
therefore the alternate angles ABC, BCD are equal. 1. 29,

Now in the triangles ABC, DCB,
AB is equal to DC, Hyp.
Becnuse ‘ and BC 1s commeon to hoth;
also the angle ABC is equal to the angle
\l DCs; Proved.
therefore the trisngles ave equal in all respects; 1. 4.
so that the base AC is equal to the base DB,
and tho angle ACB cqual to the angle DBC;
but these are alternate angles;
therefore AC and BD are parallel: 1.2
" and it hag been shewn that they are also equal.
QE.D.

Derixitios. A Parallelogram is a four-sided figure
whose opposite sides are parallel,
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Prorusttion 3. Tureorex,

The opposite sides and angles of a parvallelogram are
rqual to one another, and each diagonal bisects the parallelo-
gram.

Lot ACDB be a parallelogram, of which BC is n disgonal:
then shall the opposite sides and sugles of the tigure bo
equal to one unother; and the dingonal 8C shall bisect it.

Proof.  Because AB and CD are parallel, and B8C mects
them,
therefore the alternate angles ABC, DCB urv cqual. 1. 24,
Again, because AC nnd BD are parallel, and BC eety
themn,
therefore the alternate angles ACB, DBC are equal. 1 24,
Hence in the triangles ABC, DCB,
the angle ABC is equal to the angle DCB,
and the angle ACB is equal to the angle DBC;
also the side BC, which is adjacent to the equal
angles, is common to both,
thereforns the two triangles ABC, DCB nre equal in all
respects, 1. 26,
50 that AB is equal to DC, and AC to DB;
and the angle BAC is equal to the angle COB8.

Also, because the angle ABC is equal to the angle DCB,
and the angle CBD equal to the angle BCA,
therefore the whole angle ABD is equal to the whole angle

DCA.
And since it has been shewn that the triangles ABC, DCB
are equal in all respects,
therefore the diagonal BC bisects the pamlldogram ACDB.
QEDb.

Because

{Bee note un next page.]
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Note. To the proof which i here given Enclid added an applica-
tion of Proposition 4, with & view te shewing that the triangles ABC,
DCB are myual én area, and that therofore the diagonal BC bisccts the

rallologram. This equality of area is however sufficiently established
y the step which depends upon 1. 26, [See page 43.]

EXERCISES,

1. If onc angle of a parallclepram s a right angls, ol Us angles
wre righl angles,

2 U U opposide ides of « quadyilateral are rqual, the Sigure s «
parallelogramn,

3. I the oppusite angles of a quadridnteral are equal, the figure &
a perallclogram,

4. If « quadrilateral s all its sides equal and one angle o right
angle, all s anglis are right angles.

b The diagonals of a paralleloiram biseet cach other.
6. I the diugonals of o quadridateral bisect each other, the figure
i a parallelogram.

-

7. If two opposite angles of a parallelogram are bisected by the
dingonal which joins them, the figure is equiluteral,

8. If the diagonals of & parallelogrem are oqual, ull its angles are
right anglos,

0. Ina parallclogram which is not wetangular the diagonals are
uncqual.

10.  Any straight line drawn through the middle point of a diagonal
of a paraliclogram and termmated by a pair ol oppusite sides, is
bisectod at that point.

11, If two parallelograms have tiwo adjacent sides of one equal to
tico adjacent sides of the other, cach to cach, and one angle of one egual
o one angle of the other, the parallelograms are equal in all respects.

12, Two rectamgles are cqual if two adjacent sides of ome are
equal to tico adjacent sides of the other, each to each.

13. In a parallelogram the perpendiculars drawn from oue pair of
oppodite augles to the diagonal which joins the other pair are equal.

14, If ABCD ia a parallelogram, and X, Y respectively the middle
points of the sides AD, BC; shew that the figure AYCX is a parallelo-
gram.
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MISCELLANEOUS EXERCISES ON SEUCTIONS 1. AND 1L

1. Bhew that the construction in Proposition 3 may genorally be
performed in eight different ways. Point out the exeeptional case,

2. The biscctors of two vertically opposite angles are in the same
straight line.

3. In the figure of Proposition 18, if AF is juined, shew
{i) that AF is equal to BC;

{ii) that the triangle ABC is equal to tho triangle CFA in all
Yespoots.

4. ABC ian triangle right angled st B, and BC is produced to D:
shew that the angle ACD is obtuse.

5. Bhew that in any regular polygon of » sides each angle containe
3(—'%:«21 right angles.

6. The angle contained by the bisectors of the angles at the base
of any triangle in equal to the vertical angle togother with half the
sum of the base anglea.

7. 'The angle contained by the bisectors of two exterior angles of
any triangle is equal to half the sum of the two curresponding interior
angles.

8. If perpendiculars are drawn to two intersecting straight linm
from any point between them, shew that the bisector of the angle
between the perpendiculars is parallel to (or coineident with) she
bisector of the angle between the given straight lines.

9. If two points P, Q be taken in the equal sides of an isosceles
triangle ABC, 50 that BP is ¢qual 1o CQ, shew that PQ is parallel to
8C.

10. ABC and DEF are two triangles, such that AB, BC are equa!
;l;i‘mnuel:ooi. EF, each to each; shew that AC is equal and
to OF.

11. Prove the socond Corollary to FProp. 83 by drawing through
auy angular point lines paraliel to all the sides.

12. If two sides of a quadrilateral are parallel, and the remaining
two sides equal but not parallel, shew that the opposite angles ate
supplementary; also that the diagonals are equal.

5—2



SECTION 111

THE AREAX OF PARALLELOGRAMS AND THRIANGLES,

Hitherto when two figures have been said o be eyuul, it has
buen implied that they are identically qual, that is, equal iu all

In Section 111, of Euclid's fist Book, we have to consider
the equality in area of parallelograms and trisngles which are
1ot necessarily equal in all:

[The ultimate test of equality, as we have slready seen, in afforded
by Axiom B, which asserts that magnitudes which may be made to
coincide with one another are cqual. Now figures which are not identi-
cally equal, cannot be made to cvincide without first undergoing some
change of form: hence the method of direct superposition is unsuited
to the purposes of the present section.

We shall sce however from Euclid's proof of Proposition 35, that
two figures which are not identically equal, may nevertheless be so
related to a third figure, that it in possible to infer the equality of
their arvas.]

DEFINITIONS.

1. The Altitude of a parallelogram with reference to a
given side as base, is the perpendicular distance between
the base and the opposite side.

2. Tho Altitude of a triangle with reference to a given
side as base, is the perpendicular distance of the )
vertex from the '
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Prorosrriox 35, TuroreM.

Parallelograms on the same base, and boticern the same
parallels, are equal in area,

A ? FA DE F A E 5 F
8 c 8 c B c
Iet the parallelograms ABCD, EBCF Im on the same
hase BC, and between the same parallels BC, AF :
then shall the parullelogranm ABCD be equal in area to
the parallelogram EBCF.

Case 1. If the sides of the given parallelograms, oppo
site to the common base BC, are terminated at the same

point D:
then because each of the parallelograms is double of the
triangle BDC 134,
therefore they are equal to one another. Ar, 6,

Case T, But if the side< AD, EF, opposite to the base
BC, are not terminated at the same point:
then becnuse ABCD is a parallelogran,
therefore AD is equal to the opposite side BC; 1. 31
and for a similar reason, EF is equal to BC ;
therefore AD is equal to EF, A 1
Hence the whole, or remninder, EA is equal to the whole,
or remainder, FD.
Then in the triangles FDC, EAB,
FD is equal to EA, Lroved.
and DC is equal to the opposite side AB, 1. 34.
also the exterior angle FOC is equal to the interior
opposite angle EAB, 1. 29,
therefore the triangle FOC is equal to the triangle EAB. 1. 4.
From the whole figure ABCF take the triangle FDOC;
and from the same figure take the equal triangle EAB ;
then the remainders are equal ; ¢« Az 3
that is, the parallelogram ABCD is equal to the parallelo-
gram EBCF. Q.ED,

Because
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Prorostriox 36, THEORENM.

Parallelograms on equal bases, and between the same
varallels, are equal in aren.

G

1ot ABCD, EFGH be parallelograms on equal hases BC,
FG, and between the same parallels AH, BG:
then shall the parallelogram ABCD be equal to the paral-
lelogram EFGH.

Construction. Join BE, CH.
Proof.  Then because BC is equal to FG; Hyp.
and FQ is equal to the opposite side EN; 1. 34
therefore BC is equal to EH: Ax 1.
and they are also parallel; Hyp.
therefore BE and CH, which join them towards the same
parts, are also equal and parallel, 1. 33

Therefore EBCH is a parallelogram, Def. 26.
Now the parallelogram ABCD is equal to EBCH ;
for they are on the same base BC, and between the same
parallels BC, AH. 1. 35,
Also the parallelogram EFGH is equal to EBCH;
for they are on the same base EH, and between the same

parallels EH, BG. 1. 35,

Therefore the parallelogram ABCD is equal to the paral-

lelogram EFGH. Ar. 1.
QED.

From the last two Propositions we infer that :

() A parallelogram 1t equal in area to a rectangle of equal
' base and equal alt{t‘:lc,

(ity Paralldograms on equal bases and of equal altitudes are
ogual sn arva,
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(iti) Of two alograma of equal altitudes, that is the greuter
which hus the greater buse ; and of two paralldograma
on e pual basea, that is the groater whick has the groates
altitude.

ProrositioNn 37, Turorkws.

Trianyles on the sama base, and brtween the same paral
lels, are equal in area.

Iet the trinngles ABC, DBC Lo upon the same base 8C,
and between the same parallels BC, AD.
Then shall the triangle ABC be equal to the triangle DBC.

Construction. Through B draw BE parallel to CA, to
meet DA produced in E; 1. 31,
through C draw CF parallel to CD, tomert AD produced in F.

Proof. Then, by construction, each of the figures EBCA,
DBCF is n paraltelogram. Defl 26,
And EBCA is equal to DBCF;
for they are on the same base BC, and between the sane

parallels BC, EF. L35

And the triangle ABC is half «f the parallelogram EBCA,
for the diagonal AB bisects it 1 34

Also the triangle DBC is half of the paralielogram DBCF,
for the diagonal DC bisects it. 1 34.

But the halves of equal things arc equal; Ar 7.
thervfore the triangle ABC 1s equal to the triangle DEC.
QED,

[For Exercinoa sce page 7.3.]
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Prorosition 35, THrOREM.

Triangles on equal banen, and betwreon the same parallels,
are equal in area.

G_ A D H

/
p

B CE F

Let the triangles ABC, DEF be on equal bases BC, EF,
and between the same parallels BF, AD :
then shall the trinngle ABC be equal to the triangle DEF.

Construction.  Through B draw BG parallel to CA, to
meet DA produced in G; 1. 3L
through F draw FH parallel to ED, to meet AD produced in H.

Proof. Then, by construetion, each of the figures GBCA,
DEFH is a paralielogram. Der 26,
And GBCA is equal to DEFH ;
for they are on oqunl basexs BC, EF, and between the same

parallels BF, GH. 136,
And the triangle ABC is half of the parallelograin GBCA,
for the diagonal AB hisects it. 1. 34
Also the triangle DEF is half the parallelogram DEFH,
for the diagonal DF bisects it. 1. 34.

But the halves of equal things are equal:  Ar. 7.
therefore the trinngle ABC is equal to the trinngle DEF.
Q.E.D.
From this Proposition we infer that :
() Triangles on equal bisen aud of equal altitude are aqual
0 e,

(it)  OFf two triangles of the same altitude, that i the greater
which has the greater base : and of tico triungles on the same baar,
or on equal bases, that is the greater which has the greater altitude.

[For Exercises sce page 73.]
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ProrogiTion 3%, THrOkEM.

Equal triangles on the same base, and on the same side
of it, are between the same parallels,

Let the triangles ABC, DBC which stand on the sune
base BC, and on the same side of it, be equal in area .
then shall they be between the same parallels ;
that is, if AD be joined, AD shall be parallel to BC.

(Construction. For if AD be not parallel to BC,
if possible, through A draw AE parailel to 8C, IRNTD
meeting BD, or BD prisduced, in E.
Juin EC.
Proos. Now the triangle ABC is equal to the trinngle EBC,
for they are on the same base BC, and between the samne
parallels BC, AE. 137,
But the triangle ABC is equal to the triangle DBC; /1 yp.
therefore also the triangle DBC is equal to the triangle EBC;
the whale equal to the part ; which is impossible,
Therefore AE i3 not parallel to BC.
Similarly it can be shewn that no other straight Jine
through A, except AD, is parallel to BC.
Therefore AD is parallel to BC.
QK.

From this Proposition it follows that
Equal triangles on the same base have equal allitwle.

{For Exercites nee page 73.]
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ProrosiTion 40. Turorexs.

Equal triangles, on equal bases in the sams straight lina,
and on the same side of it, are betuven the same parallels.

Lot the trinngles ABC, DEF which stand on equal bases
BC, EF, in the same straight line BF, and on the same sido
of it, ho equal in area:

then shall they bo between the same parallels;
that is, if AD bo joined, AD shall bo parallel to BF.
Conatruction.  For if AD be not parallel to BF,
if possible, through A draw AG parallel to BF, 1. 31,
weeting ED, or ED produced, in G.
Join GF,

Proof. Now the triangle ABC is equal to the triangle GEF,
for they are on equal bases BC, EF, and between the
same parallels BF, AG. 1L 38
But the trianglo ABC is equal to the triangle DEF: J/yp.

therefore also the triangle DEF ix equal to the trianglo GEF :

the whole equal to the part; which is impossible,
Therefore AG is not parallel to BF.
Similarly it can bLe shewn that no other straight line
through A, excopt AD, is parallol to BF,
Therefore AD is parallel to BF,

Q.ED.

From this Proposition it follows that :

(i) Equal trianyles on equal bases have equal altitudes
(i) Equal triangles of equal altitudes have equal hares.
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KXERCISKS ON PROPOSITIONS 37— 40,

Dewixiriox. Each of the three straight lines which join
the angular points of a triangle to the middle pointa of the
opposite sides is calied a Median of the triangle.

ox Pmor. 87.

1. If, in the figure of Prop. 37, AC and BD intersect in K, show that
(i) the triangles AKB, DKC are equal in area.
(1) the quadrilaterals EBKA, FCKD are equal.

2. In the figure of 1. 16, shew that the triangles ABC, FBC are
equal in area.

3. On the base of a given triangle coustruct a second triangle,
equal in area to the first, and having its vertex in a given straight
line.

4. Describe an isowccles triangle oiqual in area to a given triangle
and standing on the same base:.

ox Pror. 34.

5. A triangle is divided by each of its medians inty two parts of
equal area.

G. A parallelogram is divided by its diagonals inw four triangles
of equal area.

7. ABC is a triangle, and its baso BC in birectex at X; if ¥
be any point in the median AX, shew that the triangles ABY, ACY are
equal in area.

8. In AC, a diagonal of the parallelogram ABCD, any point X is
taken, and XB, XD are drawn: show that the triangle BAX is equal
to the triangle DAX.

9. If two triangles have two sides of one rexpectively equal to two
sidea of the other, and the angles contained by those sides supplement.
ary, the triangles are equal in area.

ox Pror. 39.

10. The straight line which joins the middle pointa of txcoe sidres of
a triangle is parallel to the third side.

11. I two straight lines AB, CD intersect in O, so that the triangle
AOC 15 equal to the triangle DOB, shew that AD and CB gre paraliel.

ox Pmor. 40.

12. Deduce Prop. 40 from Prop. 39 by joining AE, AF iu the
figure of page 72.



74 FUCLID'S RILEMENTS,

ProrosiTiON 41. Turoren.

If a parallrlogram and a triangle be on the same bass
and between the same parallels, the parallelogram shall he
double of the triangle,

D 3

\ 7
s

8 (o}

lat the parallelogram ABCD, and the triangle EBC be
upon the same base BC, and Iwtween the same parallels
BC, AE:
then shall the parallelogrnm ABCD b double of the triangle
EBC.
C'onatruction. Join AC.
Proof. Then the trinngle ABC is equal to the triangle EBC,
for they are on the same base BC, and hetween the same
parallels BC, AE. 1 37,
But the parallelogram ABCO is double of the triangle ABC,
for the dingonal AC hisects the parallelogram, 134,
Therefore the parallelogram ABCD is also double of the
trinngle EBC. Q.ED,

EXERCISES,

1. ABCD is u parallclogram, and X, Y are the middle pointa of
the siden AD, BC; if Z is any point in XY, or XY produced, shew
that the triangle AZB is one quarter of the paralielogram ABCD.

2. Describe a right-angled isosoeles triangle equal to a given square.

8. If ABCD isa parallelogram, and XY any points in DC and AD
respectively : shew that the triangles AXB, BYC are equal in ares.

4. ABCD is a parallelogram, and P is any point within it; shew
gtt the sum of the trianglea PAB, PCD is equal to hall the paral.
ogram.
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ProrosiTion 42, ProsLea.

T'o describe a paradlelogram that shall be equeal to « given
triangle, and have vne of 1ts angles equal to a yiven angle.

8 E C

Let ABC b the given triangle, and D the given angle,
It is required to describe a parallelogrnm equal to ABC, and
having one of its angles equal to D,

Construction, Bisect BC at E. 110,
At E in CE, make the angle CEF equal to O; 1. 23,
through A druw AFG parallel to EC; L 3L

and through € draw CG parallel to EF.
Then FECG shall be the parallelogram required.
Join AE.

Proof. Now the triangles ABE, AEC are «vual,
for they are on equal bases BE, EC, and between the mune
parallels ; 1. N,
therefore the triangle ABC is double of the triangle AEC.
But FECG is a parallelogram by construction : e/l 26,
and it is double of the triangle AEC,
for they are on the same base EC, and between the same
parallels EC and AG. 1L 4L
Therefore the parallelogram FECG is equal to the trinngle
ABC;
and it has one of its angles CEF equal to the given angle D.
QEP

EXERCISES,
L 3
1. Desctibe a paraliclogram equal to a given square standing on
the same base, and having an angle equal to half a right angle.

2. Describe a rhombas equal to s given parallelogram and stand-
ing on the same base. When does the construction fail?



76 EUCLID'S ELEMENTS.

Derixition.  1f in the diagonal of a paraliclogram any
point is taken, and straight lines are drawn through it
parallel to the sides of the parallelogram; then of the four
parallelograms into which the whole figure is divided, the
two through which the diagonal passes are called Paral-
lelograms about that diagonal, and the other two, which
with these make up the whole figure, are called the
complements of the parallelograms about the diagonal.

Thus in the figure piven bolow, AEKH, KGCF are parallelograms
about the diagonal AC; and HKFD, EBGK are¢ the complements of
thoss paraliclograms.

Nore. A panallelogram is often named by two letters only, these
being placed at opposite angular points,

Prorosition 43, THEOREM.

The complements of the parallelograms about the diagonal
of any parallelogran, are equal (o one another.

A _H D
E K

8 G c
Lot ABCD be a parallelogram, and KD, KB the comple-
ments of the parallelograms EH, GF about the diagonal AC:
then shall the complement BK be equal to the comple-
ment KD.

Proof. Because EH is a parallelogram, and AK its diagonal,
therefore the triangle AEK is equal to the triangle AHK. 1. 34.
For a similar reason the triangle KGC is equal to the

triangle KFC.
Hence the triangles AEK, KGC are together equal to the
triangles AHK, KFC.
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But the whole triangle ABC is equal to the whole triangle

ADC, for AC bisects the parallelogram ABCD ; 1. 34,
therefore the remainder, the complement 8K, is equal to the
remainder, the complement KO. QED,
EXEKCISES.

In the tigure of Prop. 43, prove that
(i) The parallclogrum ED is equal to the parallelogrumm BH.

(i) 1f KB, KD are joined, the triangle AKB is equal to the
trinngle AKD.

ProrosiTios 41, Prosres.

To a yiorn straight lne to apply a parallelogram wiiich
shall be equal to a giren triangle, and have one of its angles
equad to a given angle,

Iat AB be the given straight line, C the given triangle,
and D the given angle.

It is required to apply to the straight line AB a paral-
lelogram equal to the triangle C, and having an angle equal
to the angle D.

Construction. On AB produced describe a parallelogram
BEFG equal to the triangle C, and having the angle EBG

equal to the angle D; 1. 22 and 1. 42%,

through A draw AH parallel to BG or EF, to meet FG pro-

duced in H. 1. 31
Join HB. .

* This atep of the construction is eflocted by first describing on AB
produced a triangle whose sides are respectively equal to those of the
triangle C (1. 22); and by then making a parallelogram equal to the
triangle so drawn, and having an angle equal to D (1. 42).
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Then because AH and EF are parallel, and HF meots then,
therefore the ungles AHF, HFE are together equal to two
right angles: 1. 29.
hence the angles BHF, HFE are together less than two
right nugles;
thercforo HB and FE will meet if produced towards B
aud E. deo 12
Produce them to nect at K.
Through K draw KL paralle] to EA or FH; 1. 31,
and produce HA, GB to et KL in the points L and M.
Then shall BL be the parallelogram required.

Proof. Now FHLK is a parallelogram, Cunatr,
and LB, BF are the complements of the parallelograums
about the disgonal HK:
therefore LB is equal to BF. 1. 43,
But the triangle € is equal to BF; Conatr,
thevefore LB is equal to the triangle C.
And beeause the angle GBE is equal to the vertically oppo-
site angle ABM, 1. 15,
and is likewise equal to the angle D; Constr.
therefore the angle ABM is equal to the augle D.
Therefore the parallelogram L8, which is applied to the
straight line AB, is cqual to the triangle C, and has the
angle ABM equal to the augle D. Q.E.F.
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ProrosiTioN 45, Prosukm.

To describe a parallelogram oqual to a given rectiineal
Sfigure, and having an angle equal to 6 given angle.

A FoG L
[ ]
8 [ K H M

Let ABCD be the given rectilineal figure, and E the
given angle.

It is required to describe a parallelogram equal to ABCD,
and having an angle equal to E.

Suppose the given rectilineal figure to be a quadrilateral.

Construction. Join BO.
Describe the parallelogram FH equal to the trinngle ABD,
and having the angle FKH equal to the angle €. 1. 42
To GH apply the parallelogram GM, equal to the triangle
DBC, and having the angle GHM equal to E. 144
Then shall FKML be the parallelogram required.

Proof. Because each of the angles GHM, FKH is equal to E,
therefore the angle FKH is equal to the angle GHM.
To each of these equals add the angle GHK ;
then the angles FKH, GHK are together equal to the angles
GHM, GHK.
But since FK, GH are parallel, and KH meets them,
therefore the angles FKH, GHK are together equal to two
right angles : 1. 29.
therefore also the angles GHM, GHK are together equal to
two right angles :
therefore KH, HM are in the same straight lime. 1. 14.

ok ' G
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A F.G L
-
/l .
f i
) C K H M

Again, because KM, FG are parallel, and HG meets them,
therefore the alternate angles MHG, HGF are equal: 1. 29
to each of these equals add the angle HGL ;
then the angles MHG, HGL are together equal to the angles

HGF, HGL.
But beeause HM, GL are parallel, and HG meets them,
therefora the angles MHG, HGL are together equal to
two right angles: 129,
therefore also the angles HGF, HGL are together equal to
two right angles:
therefore FG, GL are in the same straight line. 1. 14,
And beeause KF and ML are each parallel to HG, Conatr.
therefore KF is parallel to ML ; 1. 30.
and KM, FL are parallel; Constr.
therefore FKML is a parallelogram.  Defl 26,
And because the parallelogramm FH is equal to the triangle
ABD, Constr,
and the parallelogram GM to the triangle DBC ; (onatr.
therefore the whole parallelogram FKML is equal to the
whole figure ABCD ;
and it has the angle FKM equal to the angle £

By a series of similar steps, a parallelogram may be
constructed equal to a pectilineal figure of more than ‘four
sides, Q.E.F.
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Prorosiriox 46. Prosrem.

T'o describe a square on a given straight line.

¢! .
b 3
A B

1ot AB be the given straight line;
it is required to describe a square on AB.

Conatr, From A draw AC at right angles to AB; 1. 11,
and make AD equal to AB. L3
Through D draw DE parallel to AB; 1. 31
and through B draw BE parallel to AD, meeting DE in E.
Then shall ADEB be a square.

For, by construction, ADEB is a parallelogram :
therefore AB is equal to DE, and AD to BE. 1. 34,
But AD is equal to AB; Conatr.
therefore the four straight lines AB, AD, DE, EB are equal
to one another;
that is, the figure ADEB is equilateral.

Aguain, since AB, DE are parallel, and AD meets them,
therefore the angles BAD, ADE are together equal to two
right angles ; 1. 29,
but the angle BAD is a right angle ; Constr.
therefore also the angle ADE is a right angle.
And the opposite angles of a parallelogram are equal ; 1. 34,
therefore each of the angles DEB, EBA is u right angle :
that is the figure ADEB is rectangular. «
Hence it is a square, and it is described on AB.
: QEY.

CoroLLARY. If one angls of a parallelogram ia a right
angle, all its angles ars right angles.

Prooy.

6—2
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ProrosmiTion 47, Turoren.

In a rightangled triangle the square described on tha
wpotenwse s8 equal to the sum of the rpuares described on

he other two sides.

E

5

Let ABC be a rightangled trinngle, having the angle
BAC a right angle:
then shall the square deseribed on the hypotenuse BC bo
equal to the sum of the squares described on BA, AC.

Construction. On BC describo the square BDEC; 1. 46.

sud on BA, AC describe the squares BAGF, ACKH.
Through A draw AL parallel to 8D or CE;
and join AD, FC.

1. 3L

Proof.  Then because each of the angles BAC, BAG is a

right augle,
therefore CA and AG are in the same straight line. 1. 14,
Now the angle CBD is equal to the angle FBA,
for each of them is a right angle.
Add to each the angle ABC:
then the whole angle ABD is equal to the whole angle FBC.
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Then in the triangles ABO, FBC,
| AB is equal to FB,
Because and BO is equal to BC,
‘ulm the angle ABD is cqual to the angle FBC;
therefore the triangle ABD is equal to the triaugle F8C. 1.4.

Now the paraliclogram 8L is double of the triangle A8D,
for they are on the same base 80D, and butween the same
parallels BD, AL. L 41

And the square GB8 is double of the triangle FBC,
for they are on the same base FB, and hetween the sume

parallels FB, GC. 1 41
But doubles of equals are equal : Az 6,
therefore the parallelogram BL is equn{ to the square GB.

In n similar way, by joining AE, BK, it cean bo shewn
that the parallelogram CL is equal to the square CH.
Therefore the whole gquare BE is cqual to the sum of the
squares GB, HC:

that is, the square described on the hypotenuso BC in equnal
to the sum of the squares desceribed on the two sides
BA, AC. Q.K.I.

Norr. It is not necensary to the proof of this Proposition that
the three squares should be described external to the triangle ABC,
und since each square may be drawn either towards or away from the
tnangle, 1t may be shewn that there are 22« 2, or eight, possible
constructions,

EXERCISES,

1. In the figure of this Proposition, shew that
(1) 11 BG, CH are juincd, these straight lines sre parallel;
(iiy The points F, A, K are in one straight line;
(iii) FC and AD are at right angles to one another;

(v 1 GH. KE, FO are joined, the trisngle QkH is equal
to the given triengle 1o all respocts; and the trisngles

FBD, KCE are each equal in area to the triangle ABC.

{Bes Ex. 9, p. 78.}
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Prorostrion 48. TuEoRKM.
If the square described on one side of a triangle be equal

to the sum of the squares described on the other two sides, then
the angle contained by these two sides shall be a right angle.

D
/\\

A .
Z&
[+

8
and let the square described on

Let ABC bo a triangle;
8C be squal to the sum of the squares described on BA, AC
then shall the angle BAC be a right angle.
Construction. From A draw AD at right angles to AC; 1. 11.
and make AD equal to AB. 1. 3.
Join DC.
Progf. Then, because AD is equal to AB, Conatr
thercfore the square on AD is equal to the square on AB.
To ench of these add the square on CA;
then the sum of the squares on CA, AD is equal to the sum
of the squares on CA, AB
But, because the angle DAC is a right angle, Conastr.
therefore the square on DC is equal to the sum of the
1. 47.

uares on CA, AD.
And, by hypothesis, the square on BC is equal to the sum
of the squares on CA, AB;
therefore the square on DG is equal to the square on BC:
therefore also the side DC is equal to the side BC.
Then in the triangles DAC, BAC,
DA is equal to BA, Conastr.

Recuuse and AC is common to both;
7" Jalso the third side DC is equal to the third side
BC; Proved.
therefore the angle DAC is equal to the angle BAC. 1 8.
But DAC is a right angle ; Constr.
QED.

therefore also BAC is a right angle.
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ON THE IDENTICAL EQUALITY OF TRIANGLER,

1. 1fin a trinngle the perpendicular from the vertex on the base
bisects the base, then the triangle is isosecles.

2. If the bisector of the vertical anyle of a triangle is also por.
pendicular to the baxe, the triangle ix isoscclos.

8. 1f the bisector of the vertical angle of u triangle also bisccts
the base, the triangle is isosceles,

[Produce the bisector, and complete the construction sfter the
msauner of 1. 16.]

4. If in a triangle & pair of atraight lines drawn from the ex.
tremitie « of the base, making oqual angles with the sides, are oqual, the
triangle is isoscelea.

5. If in a triangle the perpendiculars drawn from the extremitios
of the base to the opposite sides are equal, the triangle is isosceles.

6. Two triangles ABC, ABD on the same base AB, and on opposite
sides of it, are such that AC is equal to AD, and BC ix cqual to BD:
shew that the line joining the points C and D is perpendicular to AB.

7. ABC is a triangle in which the vertical angle BAC in bisected
by the straight line AX : from B draw BD perpendicalar to AX, and
produce it to meet AC, or AC produced, in E‘: then shew that BD ix
equal to DE.

8. In a quadrilateral ABCD, AB is ¢jual to AD, and BC iz cqual
to DC : shew that the diagonal AC bisccts cach of the angles whicli it
joius.

9. 1In a quadrilateral ABCD the opposite sides AD, aro equal,
and also the diagonals AC, BD are cqual: if AC and BD intersect ut
K, shew that each of the triangles AKB, DKC ix isosceles.

10. If oneangle of a triangle be equal to the sum of the other two,
the greatest side is double of the distance of its middle point from the
opposite angle.
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ON PARALLELS AND PARALLELOGRAMS,

11 1€ & siraight line meets two parallel straight lines, and the
two iuterior angles on the same side are bisected; shew that the
bisectors meet at right angles. [1. 29, 1. 82.]

12, The straight lines drawn from any point in the bisector of an
angle parallel to the armn of the angle, and terminated by them, are
vqual; and the resulting figure is & rhombus.

13, The widdle point of any straight line which meets two paraliel
straight lines, and is terminated by them, is equidistaut from the
parallels,

. A straight hne drawn between two parallels and ternnnated
by then, in bineeted; ’hew that any other straight line passing through
the middle poiut and termiuate 1 by the parallels, is also bisected at
that point.

15, 1 through a point equidistant from two parallel straight hnes,
two straight lines are drawn cutting the parallels, the portions of the
latter thus intercepted are equal,

16. AB and CD are two given straight lines, and X ix a given
point in AB: find & point Y in AB such that YX may be equal to the
perpendicular distance of Y from CD.

17. ABC ix an isosceles triangle; required to draw u straight liue
DE parallel to the base BC, and meeting the equal sides in D and E,
so that BD, DE, EC may be all equal,

18, The straight line drawn through the middle point of a side of
» triangle parallel to the base, bisecta the remainng side.

19, The straight line which joins the middie poiuts of two sides
of a triangle, is paralle] to the third side.

20. The straight line which joins the middie points of two sides
of a triangle is equal to half the third side.

21.  Bhew that the three straight lines which join the middle points
of the sides of a triangle, divide it into four triangles which are
identically equal.

2. Any straight line drawn from the vertex of a triangle to the
base is bisected by the straight line which joins the middle points of
the other sides of the triangle.

33, AB, AC are two given atni'ght lines, and P ix a given point
between them ; reyuired to draw through P a straight line terminated
by AB, AC, and bisected by P.
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24. ABCD is a parallelogram. and X, Y are the middle points of
the opposite sides AD, BC : shew that BX and DY trisect the dia.
gonal AC.

23. I the middle points of adjacent sides of avy quadrilateral bo
joined, the figure thus formed is a parallelogram,

36, Bhew that the straight lines which juin the middle points of
opposite sidea of a quadrilateral, biseet one another.

ON AREAS,

27. Shew that a parallelogram 18 bisccted by any straght line
which passes through the middle point of une of its diagonals. [1. 29,
26.]

28, Biseet a parallclogran by a straght line drawn through a
given point.

29. Bisect a parallelogram by a straight line drawn perpendicular
to one of its sides.

30, Bisect a parallelogram by a straight line drawn parallel 1o »
given struight line.

31. ABCOD i« a trapecium in which the xide AB 1x parallel to DC,
Shew that its area is equal to the area of a parallclogram fornud by
drawing through X, the middle pouint of BC, a straight line paraliel
to AD. (1. 29, 26.)

32, If two straight lines AB, CD internect at X, and if the straight
lines AC and BC, which join their extremitics are parallel, shew that
the triangle AXD is equal to the triangle BXC.

83. If two straight lines AB, CD intersect at X, xo that tho
trisngle AXD is equal to the trisngle XCD, then AC and BD are
1mrallel.

B4. ABCD is a parsllclogram, and X auny point in the diagonal
AC produoced ; shew that the triangles XBC, XDC are equal. [Sc:
Ex. 13, p. 64.]

35. If the middle points of the sides of & quadrilateral be juined
in order, the paraliclogram so formed [see Ex. 23] is equal to half the
given figure.

-
MIBCELLANEOUS EXAMPLES.

36. A is the vertex of an isosceles triangle ABC, and BA is pro-
duced to D, so that AD is equal to BA; if DC is drawn, shew t
BCD is a right angle.
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87.  The straight line joining the middle point of the hypotenuse
of & right-angled triangle to the right angle is equal to half hypo-
tenuse,

88, From the extremitics of the Lase of a triangle perpendiculars
ure drawn to the opposite siden (produced if necessary); shew that the
straight lines which join the middle point of the base to the feet of the
perpendiculars are equal.

39, In a trinngle ABC, AD is drawn perpendicular to BC; and
X, Y, Z wnre the widdle puints of the vides BC, CA, AB respectively :
shew that cach of the angles ZXY, ZDY is equal to the angle BAC.

40. 1In a right-angled triangle, if a perpendicular be drawn from
the right angle to the hypotenuse, the two triangles thus formed aro
equinngular Lo one another,

41, I{ from the middle puints of the sides of a triangle per.
pendiculars be drawn to the sides, shew that they will meet in one
point,

42, Shew that the bisectors of the angles of a triangle mect in
one point.

43, Bhew that the bisectors of twu exterior angles of o triangle
meet on the biseetor of the third angle.

44, Prove that the mediany of a triangle meet in one point.

45. 1n a trinngle ABC, if AC is not greater than AB, shew that
uny straght line drawn through the vertex A, and termiuvated by the
baso BC, i lesu than AB,

46, ABC is a triangle, and the vertical angle BAC is bisected
by a straight line which meets the base BC in X ; shew that BA is
grester than BX, and CA greater than CX. Henoe obtain a proof of
1, 20.

47.  The perpendicular is the shortest straight line that can be
drawn from a given point to a given straight line; and of others,
that which is nearer to the perpendicular is less than the more
remote; and two, and only two equal straight lines can be drawn
from the given point to the given etraight line, one on each sido of
the perpendicular.

48. The sum of the distances of any point from the three angular
points of a triangle is greater than half its perimeter,

49. The sum of the distances of any point within a triangle from
its angular points is less than the pecimeter of the triangle.

50. The perimeter of a quadrilateral is greater than the sum of its
diagonals.



EXERCIRES ON BOOK I j11

51. In the figure of 3. 47, aliew that
{i) the sum of the squares on AB and AE is equal 1o the sum
of the squares on AC and AD.
tii) the square on EK is squal to the square on AB with four
times the square vn AC.
(iii} the sum of the squares on EXK and FD ix equal to five
the squaro on BC.

62. Two right-angled triangles which have their hypoteuuses
equal, and one side of one equal to one ride of the other, ate identically
equal.

63. Usxc the properties of the equilateral trinngle to trisect o
given finito straight line,

64. Construct a triangle having given the bage, one of the angles
at the base, and the sum of the remaiming sides.

55. Construct o trisngle having given the base, one of the angles
nt the base, and the difference of the remaining mides.



Ricaarp Cray axp SoNs, Limtren,
LONDON AKD BUXGAY



MESSRS. MACMILLAR AND CO'S PUBLICATIONS
By H. S HALL,M.A., and 8. R. KNIGHT, B.A,

ALGEBRA FOR BEGINNERS. By H. 8 Haw,
M.A., anl 8. B Kxtaur, B.A, M.B,, Ch.B. Globe 8vo. 2
With Answers. 2. 64

ELEMENTARY ALGEBRA FOR SCHOOLS.
By H. 8. Haur, M. A, and 8. R Kxiour, B.A.  Sixth Edition,
Revised and Enlarged. Globe 8vo. 3a. 84, With Answers, 4s. 64,

ACADEXMY. - We do not remember 10 have seen a better book . It is the
onteome of & jong experience of school teacking, and 8o s a thatw‘hlumxtml
book . . . Buy or borrow the buook fur yourselvon and Judge, or write s

R CJ. Nixon, M A., Royal Academical Institution, Heifast ' — [ think it ia by
far the best mrmomm Algebra with which 1 am aoquatuted, and 1 do not see how
it could e murh better.”

KEY. Crown 8vo. R8s 6d.

ANSWERS TO EXAMPLES IN ELEMENTARY
ALGEBRA. Feap. 8vo, Sewed. 1la

HIGHER ALGEBRA. A Bequel to Elemontary Algebra
for Schools. By H. 8. HaLt, M.A., and 8. R. Kyiony, B A.
Fourth Fdition, Revised and Enlarged.  Crown 8vo, 7a. 8d.

ATHENZUM.—** We unhesttati: “ﬁly sasert that it is by far the beet work of
it kind with which we are acquain it supplios 8 want mueh felt by leachers **

KEY. Crown 8vn. 10s. 6d.

ALGEBRAICAL EXERCISES AND EXAMINA-
TION PAPERS.  With or withont Anawers. By H. 8. HaLy,
M A, and 8 R Kxiaur, B.A  Third Edition revised and en.
larged.  Globe 8vo, 28 644,

ARITHMETICAL EXERCISES AND EXAMINA.-
TION PAPERS. With an Appendix coutaining Questions in
LOGARITHMS AND MENS TION, ‘{x or withont
Answers. By H. 8. Hati, M A, and B. R. K:mmf B.A. Third
Edition, revised and enlarged. Globe 8ve. 2. 6d.

ELEMENTARY TRIGONOMETRY. By H.S. Haw,
M.A,, and 8. R KvicuT, B.A.  Globe 8vo. 45 6d.

EDUCATIONAL REVIEW —* The authors have tha! instinctive knowlodgr of
the needs, both of the pupil and of the tearher, whicli only buhm to the practical
teacher . . . Onthe w it is the best elcmentary treatise cmetry we

have scen.
G!MRDM.’J- ‘nw'y are l:;.ld and comcise In expowition, their methods are

and the
z.?ctn'x-"u is mot w much 1o say of this book, that it # the very bast
clase brok that can be placed in the hands of beginners

MACMILLAN AND CO.,, LONDON,
1]










