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NOTICE.

Tuis Lecture was one of the series delivered to science
teachers last summer in connection with the Loan
Collection of Scientific Apparatus. 1 have taken the
opportunity afforded by its publication to slightly
enlarge it and to add several notes.  For the illustra-
tions I am indebted to my brother, Mr. H. R, Keurg,
without whose able and indefatigable co-operation in
drawing them and in constructing the models furnished
hy me to the Loan Collection T could hardly have
undertaken the delivery of the Lecture, and still less
itg publication,
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HOW TO DRAW A STRAIGHT LINE:
A LECTURE ON LINKAGES.

Tue great geometrician Fuclid, before demonstrating to
ux the various propositions contained in his Alements of
tseometry, requires thut we should b uble to effect cortain
praocesses.  These  Poxtulates, ns the  requirements are
termed may roughly be wiid to demand that we should
b able to deseribe strnight lines and cireles, And
s great iy the venerntion that i paid to this master
goometrician, that there are muny who would refuse the
dosignation of * geometrieal ' to a demonstmtion which
requires any othor construction than enn be eoffacted by
straght lines and circles.  Hence many problems--such ua,
for example, the trisection of an angle—which can rendily
be effected by employing other simple means, are auid to
huve no geometrical solution, since they cunnot be solved
by straight lines and circles only.

It becomes then interesting to inquire how we can eflect
these preliminary requirements, how we can describe these
circles and these straight lines, with as much accurucy
ns the physical circuinstances of the problems will admit of.

B
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As regards the circle we encounter no difficulty. Taking
Fuclid's definition, and assuming, as of course we must,
that our surface on which we wish to describe the circle is
a plane, (1) we see that we have only to make our tracing -
point preserve a distance from the given centre of the circle
constant und equal to the required radius. This canreadily
he effectod by taking a flat piece of any form, such as the
pieco of cardboard I huve here, und passing a pivot which
i fixed to the given surface at the given centre through a
hole in the piece, and a tracer or pencil through another
hole in it whose distance from the first is equal to the
given mdius; we shall then, by moving the pencil, be able-
even with this rude apparatus, to describe a circle with con-
siderable accuracy and ease ; and when wo come to employ
very small holes and pivots, or even large ones, turned with
all that marvellous truth which the lathe affords, we shall
get a result unequalled perhaps among mechanical appar-
atua for the smoothness and aceurney of its movement. The
apparatus | have just deseribed is of eourse nothing but n
simple form of a puir of compasses, and it is usual to sav
that the third Postulate postulates the compasses.

But the straight line. how are we going tn doscribe that !
Kuclid defines it as “lying evenly between its extreme
points.”"  This does not help us much.  Our text-books say
that the first and second Postulates postulate a ruler (2.
But surely that is bagging the question. If wo are to draw
a straight line with a ruler, the ruler must itself have a
straight edge; and how are we going to make the edge
straight ! We come back to our starting-point.

Now I wish you clearly to understand the difference

} These figures refer to Notes at the end of the lecturs.
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between the method I just now employed for describing »
circle, and the ruler methad of deseribing a straight line.
I I applied the ruler methud to the description of a cirvle,
I should take a circulur laniing, such ax a penny, and tmee
my circle by pussing the pencil round the edge, nnd 1 should
have the same difficulty that T had with the straight edge.
for 1 should first have to make the lamina itself circular.,
But the other method T emploved involves no hegging the
question, T do not first sssume that 1 have a circle and
then uxe it to truce one, but simply require that the distanee
between two points shall be invariable. T am of course
aware that we do employ cireles in our simple compans, the
pivot and the hole in the moving piece which it fits are
such; but they are used mot becuuse they are the curves
we want to describe (they are not so, but are of a different
size), ns is the case with the straight edge, but because,
through the impoxsibility of constructing pivots or holea of
no finite dimensions, we are foreed to adopt the best sub
stitute we ean for making one point in the moving piece
romain at the same spot.  H we employ a very small pivot
und hole, though they be not truly circulur, the error in
the description of a circle of moderate dimensions will be
practically infinitesimal, not perhaps varying beyond the
width of the thinnest line which the tracer ean be made to
describe ; and ¢ven when we employ lurge pivots and holes
we shall get results as accurute, beasuse thoxe pivots and
holes may be mnde by the employment of very small ones
in the machine which mukes them.

It appears then, that althongh we bave an easy and aceu-
rate method of describing a circle, we have at first sight no

corresponding means of describing a straight line; and
B2
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there would seem to be a substantial difficulty in producing
what mathematicians call the simplest curve, so that the
question how to get over that difficulty becomes one of a
decided theoretical interest.

Nor is the interest theoreticul only, for the question is
one of direct importance to the practical mechanician. In
a large number of machines und scientific apparatus it is
requisite that some point or points should move accurately
in a straight line with as little friction as possible. If the
ruler principle ix adopted, and the point is kept in its path
by guides, we have, besides the initial difficulty of making
the guides truly straight, the wear and tear produced by
the friction of the sliding surfaces, and the deformation
produced by changes of temperature and varying strains.
It becomes therefore of real consequence to obtain, if
posgible, some method which shall not involve these ob-
jectionablo features, but possess the accurncy and ease
of movement which chameterise our  cirele-producing
apparatus,

Turning to that appamtus, we notice that all that is
requisite to dmw with aceurney a circle of any given
radius ix to have the distance between the pivot and the
tmcer properly determined. and if 1 pivot a second * piece "
to the tixed surface nt a seeond point having a tracer as
the first piece has, by properly determining the distance
between the second tracer and pivot. I ean describe a second
circle whose radius bears any proportion I please to that of
the first circle.  Now, removing the tracers. let me pivot
a third piece to these two radial pieces, as I may call them,
at the points where the tracers were, and let me fix a tracer
at any point on this third or trarersing piece. You will
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at once see that if the rmdial pieces were hig enough the
tracer would describe circles or portions of circles on them,
though they are in motion, with the ramne case and aceurney
as in the cuse of the simple cirele-drmwing apparatus ; the
tracer will not however describe a cirele on the jired surface.
but a complicated curve,

This curve will, however, be deseribed with ull the ease
and accurmey of movement with which the cirelos were de
seribed, nnd if T wish to reproduce in o second apparatus the
curves which 1 produce with this, 1T have only to get the
distances between the pivots snd timeers necurately the same
in both cases, and the curves will nlso be accurmtely the sume.
1 could of course go on ndding fresh picces ad libitum, and
1 should get points on the structure produced, doseribing in
general very complicated curves, but with the same results
as 1o necuracy and smoothness, the reproduction of any par.
ticular curve drpending solely on the correct determination of a
certain definite number of distances,

These systems, built up of pieces pointed or pivoted
together, and turning about pivots attached to a fixed base,
80 that the various points on the pieces all describe definite
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curves, I shall term “ link-motions,” the picees being termed
“links.” As, howover, it sometimes facilitates the con-
sideration of the properties of these structures to regard
them apart from the base to which they are pivoted, the
word “ linkago ” is employed to denote any combination of
pioces pivoted together. When such a combination ix
pivoted in any way to a fixed base, the motion of points on
it not being necessarily confined to fixed paths, the link.
structure is ealled a * linkwork ;" a “ linkwork ” in whicl
the motion of every point is in some definite path being,
us before stated, termed a ¢ link motion.” 1 shall only add
to these expressions two more : the point of a link-motion
which deseribos any curve ix called & * greaph,” the carve
being ealled o “gram " (3.

The consideration of the various properties of these * link-
neex” has occupiod much attention of late years amonz
muthematiciang, and is a subject of much complexity and
ditlieulty.  With the purely mathematieal side of the
question I do not, however, propose to deal to-day, as we
shall have quite enough to do if we confine our attention to
the practical results which mathematicians have obtained,
and which T believe only mathematicians could have ob.
tained.  That these results are valunble cannot 1 think
be doubted. though it may well be that their great beauty
has lod some to attribute to them an importance which they
do not really possess; and it may be that tifty years ago
they would have had & value which, through the great im
provements thut modern mechanicians have effected in the
production of true planes, rulers und other exact mechanical
structures, cannot now be ascribed to them. But linkages
have not at present, I think, been sufficiently put before
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the mechanician to enable us to say what value should
really be set upon them.

The practical results obtained by the use of linknges
are but few in number, and are closely connected with the
problem of * straight-line motion,” having in fact been
Jdiscovered during the investigation of that problem, and 1
shall be naturully led to consider them if T make * straight-
line motion” the backbone of my lecture. RBefore, howover,
plunging into the midst of these linkages it will be useful
1o know how we can practically construct such models us
we require ; and here is one of the great advantages of our
subject - we cun get our results vigibly before us so very
caxily. Pins for tixed pivots, cards for links, string or cotton
for the other pivots, and a dining-room table, or a drawing-
hoard if the former Le thought objoctionable, for a fixed
base, are all we require.  If romothing more artistic be
preferred, the plan adopted in the modols exhibited by me
m the Loan Colleetion ean be employed.  The models were
constructed by my brother, Me 1L K. Kempe, in the follow
ing way. The bases are thin dea]l bonrds painted blnck ;
the links are neatly rhaped out of thick cardboard (it is
hard work nwking thew, you have to sharpen your knife
ubout every ten minutes, as the eardboard turns the edge
very rapidly): the pivats are little rivets mnde of eatgut,
the beads being formed by pressing the face of a hested
steel chisel on the ends of the gut after it is pissnd through
the holes in the links ; this gives a very firm and smoothly-
working joint.  More durable links may be made of tin-
plate ; the pivot-holes must in this cise be punched, and
the eyelets used by bootmakers for laced boots employed
as pivots ; you cun get the proper tools at a trifling expense
at any large tool shop.
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Now, as I have said, the curves described by the
various points on these link-motions are in general very
complex. But they uare not necessarily so. By pro-
perly choosing the distances at our disposal we can
make them very simple. But can we go to the fullest
extent of simplicity and get a point on one of them moving
nccurately in a straight line? That is what we are going
to investigute,

To solve the problem with our single link is clearly
impossible : all the points on it describe circles. We must
therefore go to the next simple case - our three-link motion.
In this ease you will see that we have at our disposal the
distance between the fixed pivots, the distances between the
pivots on the mdial links, the distunce between the pivots
on the traversing link, and the distances of the tracer from
those pivots; in all six different distances. ('an we choose
those distunces so that our tracing-point shall move in u
straight line !

The first person who investigated this was that great man
James Watt. * Watt's Parllel Motion” (1), invented in
1784, is well known to every engincer, and is employed in
noarly every beam-engine.  The appuratus, reduced to its
simplest form, is showun in Fig. 2,

The radisl bars are of equal length,—I employ the word
“length” for brevity, to denote the distance between the
pivots ; the links of course may be of uny length or shape,—
and the distance between the pivots or the traversing link
is such that when the rudial bars are parullel the line
joining those pivots is perpendicular to the rudial bars.
The traciug-point is situnte half-way between the pivots
on the traversing piece. The curve described by the tracer
is, if the npparatus does not deviate much from its mean
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position, approximately a straight line. The reason of this
is that the circles described by the extremities of the
radial bars have their concavities turned in opposite direc
tions, and the tracer being half-way between, describes a
curve which is concave neither one way nor the other, and
is therefore n strnight line. The curve is not, however,
uccurately straight, for if T allow the trucer to deseribe the
whole path it is capable of deseribing, it will, when it
gets some distance from its meun position, deviate congider

ably from the struight line, and will be found to deseribe «
figure &, the portions at the crossing being nearly straight
We know that they are not quite atmight, beciuse it is
impossible to have such a curve partly stmight and pertly
curved,

For many purposes the struight line described by Watt's
apparatus is sutliciently acenmte, but if we requite nn exnet
one it will, of course, not do, and we must try nguin, Now
it is capable of proof that it is impossible to solve the
problem with three moving links; closer spp
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to the truth than that given by Watt can be obtained, but
still not actual truth.

1 have here some examples of these closer approxima-
tions. The first of the-e, shown in Fig. 3, is due to Richard
Roberts of Manchester.

Fig. 3.

The radial bars are of equal length, the distance
hetweeon the tixed pivots is twice that of the pivots on the
traversing piece, and the trueer is situate on the truversing
piece, at a distance from the pivotson it equal to the lengths
of the mdial bars. The tracer in consequence coincides
with the straight line joining the fixed pivots at those
pivots and half-way botween them. It dees not, however,
coinvide ut any other points, hut deviates very slightly
botwoen the fixed pivots. The path described by the
tracer when it passes the pivots altogether deviates from
the straight line.
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The other apparatus was invented by Professor Tchobi-
cheff of St. Petersburg. It is shown in Fig. 4. The mdial
bars are equal in length, being each in my little modol
five inches long. The distance between the fixed pivots
must then be four inches, and the distance between the
pivots or the traversing bar two inches. The tracer iy
taken half-way between these Inst.  If now we draw a
strmight line ~1 had forgotten that we eannot do  that

Fig. 4.

vet, well, if we draw a straight line, popularly so callel

through the tracer in its mean position, as shown in
the figure, parallel to thut forming the fixed pivots, it
will Le found that the tracer will coincide with that line at
the poiuts where verticuls through the fixed pivots cut it ns
well us at the mean position, but, ux in the case of Roberts’s
parallel motion, it coincides nowhers else, though its doviation
is very small as long as it remaing betwoen the verticals.
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We have failed then with three links, and we must go on
to the next case, a five-link motion—for you will observe
that we must have an odd number of links if we want an
apparutus describing definite curves. Can we solve the
problem with five? Well, we can; but this was not the
first sccurnte purnllel motion discovered, and we must give
the tirst inventor his due (although he did not find the
simplest way) and proceed in strict chronological order.

In 1864, eighty years after Watt's discovery, the problem
was first solved by M. Peaucellier, an officer of Engineers

in the French army.  His discovery was not at first esti-
mated at its true value, fell almost into oblivion, and wax
rediscoverad by o Russian student named Lipkin, who got
u substantinl reward from the Russian Government for his
supposed originality,  However. M. Peaucellier’'s merit
has at last been recognized, and he has been awarded the
great mochanical prize of the Iustitute of France, the
* Prix Montyon.”

M. Peaucellier's apparatus is shown in Fig. 5. 1t bas.
as you see, soven pieces or links. There are first of all
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two long links of equal length. These are both pivoted at
the same fixed point ; their other extremities are pivoted to
opposite angles of a rhombus composed of four equal shorter
links. The portion of the apparatus 1 have thus fav
described. considered apart from the fixed base, ix a linknge
termed a * Peaucellier cell.”  We then take an ertra link,
and pivot it to a fixed point whose distance from the first
tixed point, that to which the cell is pivoted. ix the same ax
the length of the extrn link: the other end of the extrm
link is then pivoted to one of the free angles of the
rhombus ; the other free nugle of the rhombus hax a peneil
at its pivot.  That pencil will accurately deseribe n steaight
line.

I must now indalze in n little simple geometry, It s
absolutely necessary that I should do xo iu onder that you
may understand the principle of our apparatas.

In Fig. 6, ¢ " is the extr link pivoted to the tixed point
¢, the other pivot ou it (' deseribing the circle O I, The
straight lines 12 W and 7* M are supposed to he perpendicular
to M RGOM,

Now the angle (7 €' It, being the angle in a sewmicirele, is
n right angle.  ‘Therefore the trinnglas ) €' R, O M I’ ure
similar,  Therefor,

OC:onRr . 0M ;0D

Therefore,

O0COr- 0MOR,

wherever (7 iy be on the circle. That ix, since &) M and
O R are both constant, if while  moves in a circle I’ movos
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Fig. 6.

a0 that O, C, P are alwavs in the same straight line, and
so that OO is always constant ; then P will deseribe
the straight line > M perpendicular to the line 0 Q.

It is also clonr that if we take the point 7” on the other
side of O, and if O/"0I” is constant /7 will describe the
straight line /"', This will be seen presently to be im-
portant.

Now, turning to Fig. 7, which is a skeleton drawing of
the Poaucellier cell, we see that from the symmetry of the
construction of the cell, 0, C, P, all lie in the same straigh
line, aud if the stmmight line 4 n be dmwn perpendicular
to € P — it must still be an imaginary one, as we have not
proved yet that our apparatus does draw a straight line
-—Cn is equal to nl.
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Now,
0 A2 = On® + An?
A 2. Pu? g An?
therefore,
O A2-- AP On?—ppt
. [On—Pn]{On + Pu)
oc-or.

Thus since O A and . P are both constant OC-0F is
always constant. however far or near (' and 7> may he to (.
If then the pivot () be fixed to the point ) in Fig. 6, and
the pivot €' be made to deseribe the cirele in the figure hy
being pivoted to the end of the extm link, the pivet 7’ will

B

satisfy all the conditions necessary to maka it move inn
straight line, and if a pencil b fixed at £ it will druw
straight line. The distance of the line from the fixed
pivots will of course depend on the mugnitude of the
quantity 0A4? — 0/ which may be varied at pleasure,

I hope you clearly understand the two eloments cow-
posing the apparatus, the extra link and the cell, anil
the part each plays, as I now wish to describe to you some
modifications of the cell. The extra link will remain the
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same as before, and it is only the cell which will undergo
lteration.

If I take the two linkages in Fig. & which are known
as the “kite ” and the “ spear-hend.” and place one on the
other so that the long links of the one coincide with those
of the other, and then amalgamate the coincident long links
together, we shall get the original cell of Figs. 5 and 7.
If then we keep the mnygles between the long links, o

Fig 8.

that between the short links. the same in the * kite” and
< spenr-head,” we see that the height of the “kite”
multiplied by that of the * spear-head ™ is constant.

Lot us now, instead of amalgamating the long links of
the two linkages, nmalgnmate the short ones. We then get
the linkage of Fig. 9: and if the pivet where the short
links meet is fixed, and one of the other free pivots be
made to move in the circle of Fig. 6 by the extra link.
the other will describe, not the straight line P A, but the

straight line #” ¥'. 1In this form, which is a very compact
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ope, the motion has been applied in a beautiful manner
to the air engines which are employed to ventilate the

Fig. 9.

Houses of Parliament.  The ease of working and absence
of friction and noise is very remarkabla,  The engines
were constructed and the Peaucellior appartus adapted to
them by Mr. Prim, the enginoer to the Houses, by whose
courtesy I have beon enabled to seo them, aud T ean nasure
you that they are well worth a visit.

Another moditication of the cell is shown in Fig. 10,
If instead of employing u ¢ kite " and “ spear-hend ” of the

Fig. 10.

same dimensions, T take the same * kite” as bofore, but
use a **spear-hend ” of half the size of the former one,
(4]
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‘the angles being however kept the same, the product of the
heights of the two figures will be half what it was beforo,
but still constent. Now instead of superimposing the
links of one figure on the other, it will be seen that in Fig,
10 I fasten the shorter links of each figure together, end
to end. Then, as in the former cases, if I fix the pivot at
the point where the links are fixed together, I get a cell
which may be used, by the employment of an extra link, to
describe a straight line. A model employing this form of
cell is exhibited in the Loan Collection by the Conservatoire
des Arts et Métiers of Paris, and is of exquisite workman-
ship; the pencil seems to swim along the straight line.

M. Peaucellier’s discovery was introduced into England
by Professor Sylvester in a lecture he delivered at the
Royal Institution in January, 1874 (5), which excited very
great interest and was the commencement of the considera-
tion of the subject of linkages in this country.

In August of the same year Mr. Iart of Woolwich
Acandewmy read n paper ut the Dritish Association meeting
(6), in which he showed that M. Peaucellier's cell could be
replaced by an apparatus containing only four links instead
of six. The new linkage is wrrived at thus.

If to the ordinary Peaucellior eell T add two fresh links
of the same length ax the long ones 1 get the double, or
rather quadruple cell, for it may be used in four different
ways, shown in Fig. 11, Now Mr. art found that if he
took an ondinary parallelogmmmatic linkwork, in which the
adjncent sides are unequal, and crossed the links so as to
form what is called a contra-pamllelogrm. Fig. 12, and
then took four points on the four links dividing the dis-
tances between the pivots in the same proportion, those
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four points had exactly the same properties as the four
points of the double cell. That the four points alwaya lie
in a straight line is seen thus: considering the triangle

Fig. ll.

abd, since aQ: Ob: : aP: I'd thereforo OF is parallel to
Ud, und the perpendicular distance botween the parllels is
to the height of the trinngle abe/ an Ob is to ab; the samo
reasoning applies to the straight line (°0', and sinco nb: Oh
cd: O'd und the heights of the trinngles ald, ¢lxd, aro cloarly

b Fig.12.

the same, therefore the distances of O I’ and UC from b d
are the same, and O C' P (' lic in the same straight line,

That the product OC'OF is constant appears at once
c?
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when it is seen that OLC is half a “spear-head ” and OaP
balf a “kite ;” similarly it may be shown that O'P-0'C is
constant, as also 0C-CO’ and OP-PO’. Employing then the
Hart's cell as we employed Peaucellier’s, we got a five-link
straight line motion. A model of this is exhibited in the
Loan Collection by M. Breguet.

I now wish to eall your attention to an extension of Mr.
Hart's apparatus, which was discovered simultaneously by
Professor Sylvester and myself. In Mr., Hart’s apparatus
wo were only concerned with bars and points on those bars,
but in the appurutus I wish to bring before you we have
piecos instend of bars. T think it will be more interesting
if T lend up to this appuratus by detailing to you its
history, espocially as I shall thereby be enabled to bring
hefore you another very elegant and very important link-
nge—the discovery of Professor Sylvester.

When considoring the problem presented by the ordinary
three-bar motion consisting of two radial bars and a tra-
versing bar, it occurred to me~—1 do not know how or why,
it is often very ditlicult to go back and find whence one's
ideas originate - to consider the relation between the curves
deseribed by the points on the traversing bar in any given
three-bar motion, and those described by the points on
a similar three-bar motion, but in which the traversing bar
and one of the radial bars had been made to change places.
The proposition was no sooner stated than the solution be-
came obvious ; the curves were precisely similar. In Fig. 13
let O D) and B A be the two radial bars turning about the

fised centres (7 and B, and let 1) A be the traversing bar,
and let P be any point on it describing a curve depending
on the lengths of AL, BC, "D, and DA, Now add to the
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three-bar motion the bars CE and EA P, CF being oqual to
DA, and EAequal to CD. C D A E is then o parllologram,
and if an imaginary line CP2” be drawn, cutting &4 pro-
duced in 77, it will at once be scen that 2” is a fixed point
on £4 produced. and CF” bears always a fixed proportion to
CP, viz, €D : CE.  Thus the curve describied by 1”7 in pro-
cisely the snme us that described by £, only it is larger in

ijn

ke

Fig. 13.

the proportion C£ : ('1). Thus if we take nway tho burs
€' und DA, we shall get a three bar linkwork, describing
precisely the same curves, only of different magnitude, ae
our first threc-bar motion deseribed, and this new three bar
linkwork is the same ns the old with the radial link ¢/
and the traversing link /2.1 interchanged (7).

On my communicating this result to Professor Sylvester,
he at once saw that the property was one not confined to
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the particular case of points lying on the traversing bar,
in fact to three-bar motion, but was possessed by three-piece
motion. In Fig. 14 C D A Bis a three-bar motion, as in
Fig. 13, but the tracing point or “graph” does not lie on
the line joining the joints A /), but is anywhere else on a

“ pioce " on which the joints 4 [) lie. Now, as before, add
the bar C £, C K being equal to A /), and the piece
A E P, making A £ equal to (" /), and the triangle
A £ F similar to the triangle P /) A; so that the angles
A K P/ A D P are equal, and

PE :EA::AD:DP.

It follows easily from this—you can work it out for your-
selves without diticulty—that the ratio I”C : P C is con-
stant and the angle P C P is constant ; thus the paths of
P and P, or the “ grams” described by the * graphs,” P
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and P, are similar, only they aro of different sizes, and one
is turned through an angle with respect to the other,

Now you will observe that the two proofs I have given
are quite independent of the bar 4 72, which only affects
the particular curve deseribed by P and 77, If we get rid
of A I} in both cases we shall get in the first figure the
ordinary pantagraph, and in the second a henutiful exten-
sion of it, called by Professor Sylvester, its inventor, the
Dlagiograph or Skew Pantagraph.  Like the Pantagraph, it
will enlarge or reduce figures, but it will do more, it will
turn them through any required angle, for by properly
choosing the position of £ and 7, the ratio of ' P to
CF can be made what wo plense, und also the angle
L P ean be made to have any required value, 1 the
angle 72 ' I is made e¢quul to 0 or 180, we get the two
forms of the pantugraph now in comumon use;, if it le
made to assume successively any value which is a sub-
multiple of 360", we can, hy passing the point 72 ench time
over the same pattern mnke the point /7 reproduce it
round the fixed centre (' after the fushion of n kaleidoscope.
I think you will see from this that the instrument, which
hns, as fur as [ know, never boen practically constructed,
deserves to be put into the hands of the designer, T give
here a picturs of a little model of & poxsible form for the
instirument farnished by me to the Loun Collection by
request of Professor Sylvester (K).

After this discovery of Professor Sylvester, it ocenrred to
bim and to me simultaneously -—our letters announcing our
discovery to each other crossing in the post—that the
principle of the plagiograph might be extended to Mr.
Hart's contra-parsllelogram ; and this discovery I shall
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now proceed to explain to you. I shall, however, be
more easily able to do s0 by appronching it in a different
manner to that in which T did when I discovered it.

If we take the contra-paralielogtam of Mr. Hart, and
bend the links at the four points which lic on the same
straight line, or fo+ as they are somctimes termed.
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through the same angle, the four points, instead of
lying in the same straight line, will lie at the four angular
points of a parallelogram of constant angles,—two the angle
that the bars are bent through, and the other two their
supplements—and of constant ares, so that the product
of two adjucent sides is constant.

In Fig. 16 the lettering is preserved as in Fig. 12, xo
that the way in which the apparatus is formed may be at
once seen, The holes are taken in the middle of the links,

and the bending ix through a right angle.  The four holes
¢ P (r (' lie ut the four corners of n right angled parudlelo.
gram, aud the product of any two sdjucent sidew, na for
example O ("0 P, ix constant. It follows thut if ¢ b
pivoted to the fixed point ¢ in Fig. 6, and € be pivoted to
the extremity of the extru link, 72 will descrilv n stemight
line. not P M, but one inclined to 72 3 at an angle the xms
as the bars are bent through, /o u right angle.  Thus the
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straight line will be parallel to the line joining the fixed
pivots O and Q. This apparatus, which for simplicity I
have describod nrs formed of four straight links which are
afterwards bent, is of course strictly speaking formed of
four plane links, such as those employed in Fig. 1, on which
the various points are taken. This explains the name
given to it by Professor Sylvester, the “Quadruplane.”
Its properties are not difficult to investigate, and when I
point out to you that in Fig. 16, as in Fig. 12, 0b, bC form
half a “spear-head,” and Oa, aP half a “ kite,” you will
very soon get to the bottom of it.

I cannot leave this apparatus, in which my name is
asgocinted with that of Professor Sylvester, without express-
ing my doep gratitude for the kind interest which he took
in my researches, and my regret that his departure for
America to undertake the post of Professor in the new
Johns Hopking University has deprived me of one whose
valuable suggestions and encourngement helped me much
in my investigntions.

Before lenving the Peaucellier cell and its modifications,
I must point out another important property they possess
besides that of furnishing us with exact rectilinear motion.
We have seen that our simplest linkwork enables us to
describe a circle of any radius, and if we wished to describe
one of ten miles’ mdius the proper course would be to have
a ten-mile link, but as that would be, to say the least,
cumbrous, it is satisfactory to know that we can effect our
purpose with & much smaller apparatus. When the Peau-
cellier cell is mounted for the purpose of describing a
straight line, as I told you, the distance between the fixed
pivots must be the same as the length of the “extra” link.
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If this distance be not the same we shall not get stmight
lines described by the pencil, but circles. If the difference
be slight the circles described will be of enormous magni-
tude, decreasing in size as the difference increases. 1f the
distance @ (), Fig. 6, be made greater than ¢ (°, the con-
vexity of the portion of the circle described by thoe pencil
(for if the circles are lurge it will of course ho ouly o
portion which is described) will be towanls ), if loss
the concavity. To a mathematician, who knows that the
inverse of a circle is u circle, this will be clear, but it may
not be amiss to givo here a short proof of the proposition.

In Fig. 17 let tho centres ¢, ¢ of the two circles ho at
distances from () proportional to the rudii of the cireles.
If then &) D (! I’ S be any struight line through 0, /) @
will be parallel to I @', and ' ¢ to N ¢, and O [} will
bear the saume proportion to () P that O ¢ does to O (.
Now considering the proof we gave in connection with Fig.
7, it will be clear that the product () £):1) (' is constant,
and therefore since () P beurs n constant ratio to (2 /),
O PO Cis constant.  That is if 0 (") P is constant and
C describes a circle about @, 2 will describe one about (',
Taking then O, ('und I’ as the ), C' and /” of the Paenucellier
cell in Fig. 7, we see how J’ comes to doscribo n circle,

It is hardly necessary for me to stato the importance of
the Peaucellier compass in the mechanical arts for drawing
circles of largo rudius.  Of course the various moditicutions
of the “cell ” I have describod may all bo employed for
the purpose. The models exhibited by the Conservatoire
and M. Breguet ure furnished with sliding” pivota for the
purpose of varying the distance between O and ¢, and
thus getting circles of any radius.
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My attention was first called to these linkworks by the
lecture of Professor Sylvester, to which I have referred.
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A passage in that lecture in which it was stated that there
were probably other forms of seven-link parallel motions
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besides M. Peaucellier's, then the only one known, led me
to investigate the subject, and I succeeded in obtaining
some new parallel motions of an entirely difforent charneter
to that of M. Peaucellier (9). I shall bring two of thexe
to your notice, as the investigation of them will load us to
consider some other linkworks of importance.

If T take two kites, one twice as big us the other, such
that the long links of ¢nch nre twice the length of the short
ones, and make one long link of the small kite lio on
u short one of the large, and a short one of the small on
a long one of the large, and then amnlgamnate the coineident
links, I shall get tho linknge shown in Fig. IX,

The important property of this linkage is that, slthough
we can by moving the links shout, make the poiuts I’ and
P approach to or recede from each other, the imnginary
line joining them is always perpendienlar to that demwn
through the pivots on the bottom link 2 M. It follows
that if either of the pivots /° or /7 be fixed, and the link
L M be made to move so ns always to remain parnllel to
a fixed line, the other point will describe a strdight line
perpendicular to the fixed line.  Fig. 19 shows you the
parallel motion mmde by fixing I”. It is unneeessary for
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me to point out how the parallelism of L M is preserved
by adding the link S L. it is obvious from the figure. The
straight line which is described by the point P is perpendi-
cular to the line joining the two fixed pivots; we can, how-
ever, without increasing the number of links, make a point
on the linkwork describe a straight line inclined to the line

S I at any angle, or rather we can, by substituting for the
strnight link 72 €2 a plane piece, get @ number of points on
that piece moving in every direction,

In Fig. 20, for simplicity, only the link ¢ /” and the
new picce substituted for the link /2 ¢’ are shown. The
new piece is circular and has holes pierced in it all at the
same distance~—the same as the lengths P C and P ('—
from (. Now we have seen from Fig. 19 that 7 moves in
a vertical straight line, the distance £ ' in Fig. 20 being
the same us it was in Fig. 19; but from a well-known
property of a circle, if 2/ be any one of the holes pierced in
the picce, the angle 2/ }” P is constant, thus the straight
line H F” is fixed in position, nnd // moves along it ; simi-
larly all the other holes move along in straight lines pass-
ing through the fixed pivot /”, and we get straight line
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motion distributed in all directions. This species of motion
is called by Professor Sylvester ‘tram-motion.” Tt is
worth noticing that the motion of the circular dise is the
same as it would have been if the dotted cirele on it rolled
inside the large dotted cirele; we have, in fact, White's
parallel motion reproduced by linkwork.  Of course, if wo

ié. 20.
18

only require motion in one direction, we may cut awuy all
the disc except a portion forming a bent arm containing (°,
P, and the puint which moves in the required direetion,

The double kite of Fig. 18 may be employed to form
some other useful linkworks. It is often necessary to
have, not a single point, but a whole picce moving so that
all points on it move in struight lines. I may instance
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the slide rests in lathes, traversing tables, punches,
drills, dmwbridges, etc. The double kite enables us

to produce linkworks having this property. In the link
work of Fig. 21, the construction of which will be at once

appreciated if you understand the double kite, the hori-
zontal link moves to and fro as if sliding in a fixed
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horizontal straight tube. This form would possibly be
useful as a girder for a drawbridge

In the linkwork of Fig. 22, which ix another comhination
of two double kites, the vertieal link moves so that all ita
points move in horizontal straight lines.  Thero is & modi-
fication of this linkwork which will, [ think, be found
interesting.  In the linkage in Fig. 23, which, if the thin
links are romoved, is a skeleton drawing of Fig 22, let
the dotted links be taken away and the thin ones be in-

serted . we then get a linkage which has the same property
as that in Fig. 22, but it ix seen in its new form to ho the
ordinary double parallel ruler with three wdded links.
Fig. 24 is a igure of a double parsllel ruler mado on this
plan with a slight modification. If the bottom ruler be
beld horizontal the top moves vertically up and down the
board, having no luteral movement.

While I am upon this sort of movement 1 may point out
an apparatus exhibited in the Loan Collection by Professor
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Tchebicheff, which bears a strong likeness to a complicated
camp-stool, the seat of which has harizontal motion. The
motion is not strictly rectilinear ; the apparatus being-~us
will be scen by observing that the thin line in the figure

Fig. 25.

is of invariable length, and a link might therefore be put

where it is-—a combination of two of the parallel motions

of Professor Tchebicheff given in Fig. 4, with some links

added to keep the seat parsllel with the base. Tho

variation of the upper plane from a strictly horizontsl
D2



36 HOW TO DRAW A STRAIGHT LINE:

movement is therefore double that of the tracer in the
simple parallel motion.

Fig. 26 shows how a similar apparatus of much simpler
construction, employing the Tchebicheff approximate paral-
lel motion, can be made. The lengths of the links forming
the parallel motion have been given before (Fig 4). The
distance between the pivots on the moving seat is half that

botween the fixed pivots, and the length of the remaining
link is one-half that of the radial links.

An exact motion of the same description is shown in Fig.
27. 0, C, O, P are the four focs of the quadriplane shown
in the figure in which the links are bent through a right
angle, so that O CO P is constant, and C O P a right
angle. The focus O is pivoted to a fixed point, and C is
made by means of the extra link Q@ € to move in a circle of

which the radius @ C is equal to the pivot distance O
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P consequently moves in a straight line parallel to 0 @, the
five moving pieces thus far described constituting the
Sylvester-Kempe parallel motion.  To this are added the
moving seat and the remaining link 2 0, the pivot distances
of which, P R and R O', ure equal to 0 Q.  The seat in con:
sequence slways remains paraliel to ¢ 0, and ns P moven
uccurately in a horizontal straight line, every point on

' Pg ]

it will do so also. This apparatus might be used with
udvantage where a very smoothly-working traversing table
is required.

1 now come to the second of the parallel motions 1 said |
would show you. If I take a kite and pivot the blunt end to
the fixed base, and make the sharp end move up and down in
a straight line, passing through the fixed pivot, the short
links will rotate about the fixed pivot with equal velocition
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in opposite directions; and, conversely, if the links rotate
with equal velocity in opposite directions, the path of the
sharp end will be a straight line, and the same will hold

good if instead of the short links being pivoted to the
same point they are pivoted to different ones.

To find a linkwork which should make two links rotate
with equal velocities in opposite directions was one of the
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first problems I set myself to solve. There was no difficulty
in making two links rotate with equal velocities in the same
direction,—the ordinary parallelogrammatic linkwork em-

ployed in locomotive engines, composed of the engine, the two
cranks, and the connecting rod, furnished that; and there
was none in making two links rotate in opposite directions
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with varying velocity ; the contra-parallelogram gave that ;
but the required linkwork had to be discovered. After some
trouble 1 succeeded in obtaining it by a combination of
a large and small contra-parallelogram put together just as
the two kites were in the linkage of Fig. 18. One contra-
parallelogram is made twice as large as the other, and the
long links of each are twice as long as the short (10).

The linkworks in Figs. 30 and 31 will, by considering
the thin line drawn through the fixed pivots in each as a
link, be seen to be formed by fixing different links of the
same six-link linkage composed of two contra-parallelograms
as just stated. The pointed links rotate with equal velocity
n opposite directions, and thus, as shown in Fig. 28, at
once give parallel motions. They can of course, however,
be usefully employed for the mere purpose of reversing
angular velocity (11).

An extension of the linkage employed in these two last
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figures gives us an apparatus of considerable interest. If
T take another linkage contra-parallelogram of half the
size of the smaller one and fit it to the smaller exactly as

I fitted the smaller to the larger, I get the eight-linkage of
Fig. 32. It has, you see, four pointed links radiating from
a centre at equal angles; if 1 open out the two extreme
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ones to any desired angle, you will see that the two inter-
mediate ones will exactly trisect the angle. Thus the power

we have had to call into operation in order to effect Eaclid's
first Postulate —linkages—enables us to solve a problem
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which has no ¢ geometrical ” solution. T could of

g0 on extending my linkage and get others which would
divide an angle into any number of equal parts. It is obvious
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that these same linkages can also be employed as link-
works for doubling, trebling, etc., angular velocity (12.) -

Another form of * Isoklinostat ”—for so the apparatus is
termed by Professor Sylvester—was discovered by him. The
construction is apparent from Fig. 33. It has the great
advantage of being composed of links having only two
pivot distances bearing any proportion to each other, but
it has a larger number of links than the other, and as the
opening out of the links is limited, it cannot be employed
for multiplying angular motion.

Bubsequently to the publication of the paper which con-
tained an account of these linkworks of mine of which I
have been speaking, I pointed out in a paper read before
the Royal Society (13) that the parallel motions given there
were, as well as those of M. Peaucellier and Mr. Hart, all
particular cases of linkworks of a very general character,
all of which depended on the employment of a linkage
composed of two similar figures. I have not sufficient time,
and I think the subject would not be sufficiently inviting
on account of its mathematical character, to dwell on it
here, 8o I will leave those in whom an interest in the
question has been excited to consider the original paper.

At this point the problem of the production of straight-
line motion now stands, and I think you will be of opinion
that we hardly, for practical purposes, want to go much
further into the theoretical part of the question. The
resulta that have becn obtained must now be left to the
mechanician to deal with, if they are of any practical value.
I bave, as far as what I have undertaken to bring before
you to-day is concerned, come to the end of my tether.
1 have shown you that we can describe a straight line, and
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how we can, and the consideration of the problem has led us
fo investigate some important pieces of apparatus. But I
hope that this is not all. I hope that I have shown you (and
your attention makes that hope a belief) that this new field
of investigation is one possessing great interest and impor-
tance. Mathematicians have no doubt done much more
than I have been able to show you to-day (14), but the unex-
plored fields are still vast, and the earnest investigator
can hardly fail to make new discoveries. 1 hope therefore
that you whose duty it is to extend the domain of science
will not let the subject drop with the close of wy lecture,
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(1) The hole through which the pencil passes can Le made to dearibe
a circle independently of any surface (see the latter part of Note 8),
but when we wish to describe u circle or « given plane surface that
surface must of course be assumed to be plane.

(2) ** But ™ (it is carefully adled) “not a graduated one.” Ny th
use of o ruler with only two graduations, an angle can, an s well knowsn,
be readily trisected, thus—Let 8T be the angle, and let 287 be the
points where the graduations eut the odge of the raler. Let SRS PP
Dmw R pamllel and L3 perpendicular to ST Then if we fit the
raler to the figure RSTIF wo that the edge 277 puswen through N,
P lies on £ aud P on 117, PP Ariweets the sugle BAT. Forif @ be
the middle point of 777, and K¢ be joined, the augle 787 .. the angle
QPR - the angle QRP - halfl the angle RS, that v half the angle
RSQ.

Thin solution is of courwe not a ** geometrical * one in the sense |
have indicated, bocause a grodustdd ruler and the fitting process are
employed.  But does Fuchid confine himaelf to his three Postulates of
construction ' Does he not use s graduated ruler awd thie fiting pro-
ceas? s not the side AR of the triangle ALC in Book 1. Proposition
4, graduated at A and B, and are we pot told to take it up and fit it
on to DE?

It seemns difficult to aer why Kuelid employed the second Postu-
late—that which requires *‘ that a terminated struight line may be
produced to any length in a straight line,"—or rather, why he did
not put it among the propositions in the First Haok as s problem. It is
by no means difficult by & rigid adherence to Euclid’s methods t find &
point outside a terminated straight line which is in the same straight
line with it, snd to prove it to be 80, without the employment of the
socond Postulate. That point can then, by the first Postulate, be
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joined to the extremity of the given straight line which is thus pro-
duerd, and the process can he continued indefinitely, since by the third
Postulate circles can be drawn with any centre and radius.

(8) It in important to notice that the fixed base to which the pivots
are attached is really one link in the system. It would on that account
b perhaps more seientific, in a general consideration of the subject, to
commence by ealling any combination of picces (whether those pieces
be cranks, beams, connecting-rods, or anything else) jointed or pivoted
together, a ** linkagr.” When the motion of the links is confined to
one plane or to a number of parallel plgnes, the system is called
w *“plane linkage." (It will be seen that this lecture is confined
to plane linkages ; & few remarks about solid linkages will be found
nt the end of the note.y The motion of the links among them.
welven ina linkage may be determinate or not. When the motion is
determinate the number of links must be even, and the linkage is
suid to be “romplete.” When the motion is not determinate the
finkage is said to have 1,2,3, cte. degrees of freedom, necording to the
amount of liberty the links possess in their relative motion.  These
linkages may be tormed * primary,” ** srcomdarn.” ote, linkages. Thus
it we take the linkage composed of four links with two pivots on
each, the motion of each link ns reearda the others iy determinate, and
the linkage is a ** romplete linkage” 1 one link be jointed in the
middle the linkage has one degree of liberty and is o * primary link-
age.” 8o by making fresh joints *“ secendarn ™ or ** tertiary,” ete. link-
ages may be formed. These primary, ete. linkages may be formed in
various other ways, but the example given will illustrate the reason
for the nomenclatare,  When one link of & linkage is & fixed base the
structure is called a *“lidwork.”  Linkworks, like hinkages, may be
s primary,” **secondary,” ecte. A “‘complete linkwork,” i.c. one in
which the motion of every paint on the moving part of the strneture is
definite, is called a * finknotion.”  The various ** grams ” described by
these link-motious are very difticult to deal with. 1 have shown, in a
paper in the Proceedings of the Liondon Mathematial Society, 1876,
that a link-motion can be found to describe any given algebraic curve,
but the converse problem, * Given the link-motion, what is the carve 1
in one towarnds the solution of which but little way has been made; and
the *‘ tricircular trinodal sextics,” which are the * grams ” of the simple
three-piece motion, are still under the consideration of some of our
most eminent mathematicians.

Taking them in their greatest genenality, the theoretically simplest
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form of link-motion is not the flat cirele-producing link, but & solid
iigk pivoted to a fixed centre, and capable of motion in all directions
about that centre, so that all points on it describe spheres in apace ;
and the most general furm a number of sueh links pivoted together,
forming a structure the various points on which deserite surfaces,  If
two simple solid links, turning about two fixed contres, are pivoted
together at a common point, that paint will dewrite w circle indepen

dently of any plane surface, the other points on the hinks deseribing
portiony of spheres.  The form of pivot which would have to be
sdopted in salid linkages wonld be the bulland-soeket joint, so that the
links could not ouly move about remnd the fixed centre, but rotate
about any imaginary avis through that centre, It s obvious that it
wonld be impossibie to conatruct any joint which would give the links
perfect freedem of motion, as the fixed centre nbout which any linkg
turned must be fastened to a fived base in some way, and whatever
means were adopted would interfere wirth the link i some portion of
its path.  Thix iy ot w0 in plane hukemotonn. The subpeet of solid
linkages has been but hithe conadered Hooks joint may be meon-
tioned as an example of w sohd Inkomotion. (See yla Note 11)

(4) 1 have been more than once ashed to 41y and get nd of the
ohjectionahle torm ¢ paralicl mction ™ 1 do it know haw it came ta
be employed, and it cortandy dess not oapres what s antewded. The
apparatus does not give * purallel moten, D hat approvmste *reetis
linear motion. ™ The expeession, however hovnow become crystallised,
and 1 for one cannot undertake 1o tiud a solvent,

(5) See the Trovesdings of the Royal nstduten, 1574,

(6) This paper is printed in cctonsi in the Casmbralye Mexscuger of
Mathematees, I8TH, vl v, pp ®2 1A, and contuine much valuabin
matter sbout the modhematical part of the widyet

(7) The internhange of o rubiad and traversiug bar converta Watt's
Puralled Motpm into the Guasshopper Parallel Mation. The waion
change shows na that the curves traeed by the hinkwork formed hy
fixing one Lar of a * kite ™ wre the sate as thoe traced by the link-
work foraed b fixny one Yar of a oontragotaliclogram, Thie i
interesting an soming that tere i really only ane cawe n which the
mextie curve, the © wran of theoebar motion, biraks up into a circla
and a quartic,

(%) For a full acount of thia and the piece of apparatus next
describe §, see Naturs, vol. xii,, pp. 165 and 214,
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(9) Bee the Messrnger of Mathematics, * On Some New Linkages,”
1875, vol. iv., p. 121, ~

(10) A reference to the paper referred to in the last note will show
that it is not necessary that the small kites and contra-paralielogramns
should be half the size of the large ones, or that the Jong links should
be double the short ; the particular lengths are chosen for easc of
description in lecturing.

(11) By an arrangement of Hooke's joints, pure solid linkages, we
can mnke two axes rotate with equal velocities in contrary directions
(Sce Willin's Principles of Mechanism, 2nd Ed, sec. 516, p. 456), and
thercfore produce an exact parallel motion,

(12) The **kite " and the “ contra-parallelogram " are subject to the
inconvenience  (mathematieally very important) of having ¢ dead
points.”  These can be, however, readily got rid of by employin
pins and gabs in the manner pointed out by Professor Reulenux.  (See
Reuleaux’s Kinematics of Machinery, translated by Professor Kennedy,
Macmillan, pp. 200-204.)

(18) Proccedings of the Royal Socicty, No. 163, 1875, “On a General
Methad of Obtaining Fxact Rectilinear Motion by Linkwork.” I take
this opportunity of pointing out that the results there arrived at may
be groatly extended from the following simple consideration.

If the straight link O B makes any angle D with the straight link
O A, and if instead of employing the straight links we employ the pieces
A'OA, BOB, sud if the angle A'0A4 equals the angle 208, then the
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angle BOA’ equals 1.  Tho recognition of this very obvious fact will
egable us to derive the SylvesterKempe parallel motion from that of
Mr. Hart.

(14) In addition to the authoritics already mentionad, the fullowing
may be referred to by those who desire to know more about the mathe-
matical part of the subject of ¢ Linkages.” ** Nur lvy Sustémes de Tiges
Articulées,” par M. V., Liguine, in the Nowvelles Annales, December,
1875, pp. 520—560.

Two papers ** On Three-bar Motion,” by Professor Cuyley and Mr.
S. Roberts, in the Proceedings of the Lomdon Mathonaticul Society,
1876, vol. vii.,, pp. 14 and 136.  Other short papers in the Proceed.
ings of the London Muathematical Sociely, vols. v., vi, vi., and the
Mexsenger of Mathematies, Vols. iv. and v.
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